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Kernel Association for Classification
and Prediction: A Survey
Yuichi Motai, Senior Member, IEEE

Abstract— Kernel association (KA) in statistical pattern recognition used for classification and prediction have recently
emerged in a machine learning and signal processing context.
This survey outlines the latest trends and innovations of a
kernel framework for big data analysis. KA topics include
offline learning, distributed database, online learning, and its
prediction. The structural presentation and the comprehensive
list of references are geared to provide a useful overview of this
evolving field for both specialists and relevant scholars.
Index Terms— Kernel methods, Mercer kernels, neural
network (NN), principal component analysis (PCA), support
vector machine (SVM).

I. I NTRODUCTION

K

ERNEL methods have been widely studied for pattern
classification and multidomain association tasks [1]–[3].
Kernel association (KA) enables kernel functions to operate in
the feature space without ever computing the coordinates of
the data in that space, but rather by simply computing the inner
products between the images of all pairs of data in the feature
space [4], [5]. This operation is often less computational
than the explicit computation of the coordinates [6]–[8]. This
approach is called the kernel trick. Kernel functions have been
introduced for sequence data, graphs, text, images, as well as
vectors [12], [22]–[24], [32]–[34].
Kernel feature analysis attracts significant attention in both
fields of machine learning and signal processing [14], [23],
thus there are demands to cover the state-of-the-art of this
topic [142]. In this survey paper, we identify the following
popular trends and developments on KA so that we can
visualize the merits and potentials in an organized manner.
1) Yield nonlinear filters in the input space to open up many
possibilities for optimum nonlinear system design.
2) Adapt KA into the traditionally developed machine
learning techniques for nonlinear optimal filter implementations.
3) Explore kernel selection for distributed databases
including solutions of heterogeneous issues.
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Constructing composite kernels is an anticipated solution
for heterogeneous data problems. A composite kernel is more
relevant for the data set and adapts itself by adjusting its composed coefficient parameters, thus allowing more flexibility in
the kernel choice [8]–[13].
The further key idea behind the KA method is to allow
the feature space to be updated as the training proceeds with
more data being fed into the algorithm [14]–[20]. The feature
space update can be incremental or nonincremental. In an
incremental update, the feature space is augmented with new
features extracted from the new data, with a possible expansion
to the feature space if necessary [15]–[21]. In a nonincremental
update, the dimension of the feature space remains constant as
the newly computed features may replace some of the existing
ones [11]–[13]. In this survey paper, we also identify the
following possibilities.
1) A link between the offline learning and online learning
using KA framework, which suggests other connections
and potential impact both on machine learning and
signal processing.
2) A relationship between online learning and prediction
techniques to merge them together for adaptive prediction from online learning.
3) An online novelty detection with KA as an extended
application of prediction algorithms from online learning. These algorithms listed in this survey are capable of
operating with kernels, including support vector machine
(SVM) [25]–[32] Gaussian processes [47], [62], [73],
[103], [118], Fisher’s linear discriminant analysis (LDA)
[11], [36], principal component analysis (PCA) [3],
[8], [13], [16], [18]–[24], [35] spectral clustering [108],
[111], [132], [133], [153], [155], [157], linear adaptive
filters [154], [167], [170], [189], [200], [210], and many
others.
The objective of this survey paper is to deliver a comprehensive review of current KA methods from offline and
online learning aspects [1], [11], [15]. Research studies on KA
are carried out in the areas of computer science or statistics
to give precise treatments to nonlinear pattern recognition
without unnecessary computational complexity [4], [5], [25].
This latest survey of KA may stimulate the emergence of
neural network (NN) studies in computer science applications
and encourage collaborative research activities in relevant
engineering areas [12], [22]–[24], [32].
We start to describe the kernel offline methods by basic
understanding of KA in Section II. Then, this survey paper
shows advanced distributed database technology for KA in
Section III. In the following sections, we point out online
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learning frameworks (versus offline learning in Section II)
using kernel methods in Section IV, and then prediction of
data anomaly in Section V. Finally, we conclude this paper
for the future directions of KA in Section VI.

TABLE I
K ERNEL S ELECTION A PPROACHES AND R ELATED R ESEARCH

II. K ERNEL O FFLINE L EARNING
Offline learning is a machine learning algorithm in which
the system does not change its approximation of the target function, once the initial training phase has been
absolved.
KA mainly deals with two major issues: 1) how to choose
the appropriate kernels for offline learning during the learning
phase and 2) how to adopt KA into the traditionally developed
machine learning techniques such as NN, SVM, and PCA,
where the (nonlinear) learning data-space is placed under the
linear space via kernel tricks.
A. Choose the Appropriate Kernels
Selecting appropriate kernels is regarded as the key problem
in KA since it has a direct effect on the performance of
machine learning techniques [37]–[49]. The proper kernels are
identified by priori without analysis of database, and the kernel
selection is often implemented in the initial stage of the offline
learning. Commonly used kernel functions are as follows
[39], [50]–[52].
1) The linear kernel: K (x, x̄) = x T x̄. 
d
2) The polynomial kernel: K (x, x̄) = x T x̄ + offset .
3) The Gaussian radial basis function (RBF) kernel:
K (x, x̄) = exp(−x − x̄2 /2σ 2 ).
4) The exponential Gaussian RBF kernel



K (x, x̄) = exp −x − x̄ /2σ 2 .
5)
6)
7)
8)
9)
10)
11)
12)

1/2

2
The Laplace kernel: K (x, x̄) = exp(−x −x̄2 /σ
).


The Laplace RBF kernel: K (x, x̄) = exp −σ x−x̄  .


The sigmoid kernel: K (x, x̄) = tanh β0 x T x̄ +β1 .
n
The ANOVA RB kernel: K (x, x̄) =
k=1 exp


d
k
k
2
−σ (x − x̄ ) .

2 

The Cauchy kernel: K (x, x̄) = 1/ 1 +  x − x̄  /σ .
2
1/2

.
The multiquadric kernel: K (x, x̄) = x − x̄  +σ 2
The power exponential kernel: K (x, x̄) = exp((−x−x̄2 /
2σ 2 )d ).
The linear spline kernel in one dimension

x + x̄
K (x, x̄) = 1 + x x i min(x, x̄) −
2


min(x,
x̄)3
2
× min(x, x̄) +
3
where x is the data and x̄ is the kernel center. Many
KA studies do not address appropriate kernel functions;
instead, they simply choose well-known traditional kernels empirically by following other studies [39], [40],
[53]–[56].
As shown in Table I, there are four proposed kernel
methods for choosing proper kernels: 1) linear combinations
of base kernel functions; 2) hyperkernels; 3) difference of

convex (DC) functions programming; and 4) convex optimization. The representative accuracy is calculated as the
average of maximum accuracy with its standard deviation
for each kernel selection approach 1)–4), according to the
papers listed. Based on Table I, DC approach consistently
achieved the best accuracy, assuming with a 95% level of
confidence.
1) Linear Combinations of Base Kernel Functions: The
linear combination of base kernel functions approach is based
on the fact that the combination of kernels satisfying Mercer’s
condition can generate another kernel [58]. In other words,
the appropriate kernel is chosen by estimating the optimal
weighted combination
 of base kernels [39], [52], to satisfy
Mercer’s condition
K (x, x i )g(x)g(x i )d x d x i ≥ 0.
The proper kernels [41], [42], [53], [57], [58] are decided
when base kernels k1 , . . . , k D are given from (1) [43], [58]
D

K (x, x̄) =

wd kd (x, x̄)

(1)

d=1

where D is the number of base kernels, and each kernel
function kd : χ × χ →R has two inputs and produces the
scalar as the output. Also, w1 ,…,w D are nonnegative weights
[43], [58]. As shown in (1), this method is effective because
weights wd of useless kernels kd are ideally set to zero.
2) Hyperkernels: Hyperkernels is proposed in [44], which
can be used to kernel learning for the inductive setting [40]. The definition of hyperkernels is as follows
[40], [44]–[47], [59].
Let x be a nonempty set, x̂ = x ×x and K : x ×x → R with
K x (·) = K (χ̂, ·) = K (·, χ̂). Then, K is called a hyperkernel
on x if and only if:
1) K is positive definite on x̂;
2) for any χ̂ ∈ x̂, K x is positive definite on x.
These hyperkernels are flexible in kernel learning for a vast
range of datasets since they have the property of translation
and rotation invariant simultaneously [46]. In [40], [45]–[47],
and [59], these hyperkernels are extended into a variety of
aspects in Table II.
Those hyperkernel approaches listed in Table II have
somehow overlapped the principles and advantages. These
extensions include a method using customized optimization
for measuring the fitness between a kernel and the learning
task.
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TABLE II
H YPERKERNEL M ETHOD C OMPARISON

Fig. 1. General RBF-NN [84]. The input and output layers perform functions
similar to a normal NN. The hidden layer uses the RBF kernel, denoted as
its activation function, as shown in (4).

3) DC
Functions-Programming
Algorithm:
The
kernel is selected by specifying its objective function
[41], [44], [61], [63], [65]–[67] by optimizing a predefined
family of kernels. DC-programming is one of algorithms for
those optimization problems, expressed as (2) [48], [60]
min D(ρ) = min(g(ρ) − h(ρ)
1
1
g(ρ) = 2 T
+ 2 T
n 1 1 K 1,1 1 n 2 1 K 2,2 1
2
h(ρ) =
n 1 n 2 1T K 1,2 1

(2)

where g(ρ) and h(ρ) are convex functions, 1 = {1, . . . 1}T ,
n the number of data, and [K]i,j = k(x i (x i x j ) for either class
1 or 2. This means the DC functions D(ρ) can be a nonconvex
function. Thus, DC-programming algorithm can be applied to
both nonconvex and convex problems [48], [53], [60], [62].
To solve the nonconvex problem, Neumann et al. [60] adopt
DC functions, which minimize the difference between convex
functions as the kernel choice method. Argyriou et al. [53]
propose that the DC-programming algorithm, based on minimax optimization problems involved in the greedy algorithm.
Reference [53] has a significant advantage since choosing the
kernel among basic kernels in advance is not required.
4) Convex Optimization Algorithm: The problem for
choosing the kernel can be reformulated as a manageable convex optimization problem [54], [56], [63], [64].
References [54] and [56] addressed the kernel selection in
the kernel Fisher discriminant analysis to maximize a Fisher
discriminant ratio (FDR). The basic concept of adopting
convex optimization is (3) as follows [54], [56]:
max Fλ∗ (K ) s. t. K = θ K 1 + (1 − θ )K 2

TABLE III
NN A PPROACHES R ELATED TO K ERNEL A LGORITHM

(3)

where kernel functions, ∃ K 1 , ∃ K 2 ∈ κ, and ∀θ ∈ [0, 1]. Fλ∗ is
FDR with a positive regularization parameter λ, and κ is a set
of kernel functions K .
Other kernel-based methods select the kernel optimizing
over the Gram matrix with a fixed weight vector, which has
similar computational complexity but cannot ensure that the
globally optimal kernel is always found. In the case of the
convex, the global optimization is achieved [54].

B. Adopt KA into the Traditionally Developed
Machine Learning Techniques
KA methods are used for the nonlinear extension to make
it more applicable in addition to the existing offline methods,
such as: 1) NN; 2) SVM; and 3) PCA.
1) Neural Network: NN is a very successful technique,
which uses input/output components that are trained to perform nonlinear classification [68]. This structured approach
allows KA to be incorporated within NN in different ways
[69]–[83].
Some studies [69]–[74] embed KA inside of the normal NN
structure. A common example of combining the NN with KA
is the NN RBF-NN [84]. This technique successfully uses a
RBF kernel algorithm for the activation functions of the hidden
layer in the form
S1

κi (x − x i )

η(x, w) =

(4)

i=1

where η is output and x is input with the hidden layer κ.
Other nontraditional KA used in the general structure of
the NN can be found in [75]–[79]. While commonly standalone, NN techniques such as back-propagation and recurrence
functions combine to train and expand the use of NN with
KA in [71], [72], and [80]–[83]. Table III shows the key
references of back-propagation, recurrence, RBF, and some
nontraditional techniques in conjunction with KA. Based on
Table III, many nontraditional approaches are proposed for
reaching the best classification accuracy of each study listed
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TABLE IV
SVM A PPROACHES R ELEVANT TO S OLVE O PTIMIZATION P ROBLEM

in the relevant studies. The representative accuracy consists of
the mean with one standard deviation among these relevant
studies.
A comparison among the KA and NN studies are conducted.
Some NN [72], [81], [82] outperform non-KA-based NN.
In the comparison of accuracy, more common KA techniques
outperform standalone ANN [85]–[88]. None of these references provide definitive evidence that KA or NN is generally
better for all situations.
2) Support Vector Machine: SVM originates from statistical
learning theory developed in [89], as a binary classifier. SVM
is developed as a margin classifier [90]. The task in SVM
is to find the largest margin separating the classifier hyper
plane [91]. Equation (5) is an optimization problem that
involves cross product of training data
m

αi −

L(α) =
i=1

1
2

m

yi y j αi α j xi · xj

(5)

i, j =1

where x is input, α is a Lagrange multiplier, and y is the
label for the distance criterion L. Equation (5) is a formulation
of SVM for linearly separable data. The cross product is
also called linear kernel [92]. In order for SVM to work
in nonseparable (i.e., nonlinear) data, the data are mapped
into a higher dimensional feature space, defined by the kernel
function [93]. Kernel function is the inner product in the
feature space and in the form of
K (x i , x j ) =

(x i ) ·

(x j ).

(6)

Tolerance to error needs to be introduced. The SVM learning task then becomes to minimize
m

L(α) =

αi −
i=1

1
2

m

yi y j αi α j K (x i , x j )

(7)

i, j =1



subjected to 0 ≤ αi ≤ C and αy is a measure of tolerance to
error. C is an additional constraint on the Lagrange multiplier.
Equation (7) is a quadratic programming problem and can be
solved using standard quadratic programming solver, called
the C-SVM formulation [94]. A review on different methods
to solve the optimization problem is discussed in [95]. Other
methods, sequential minimal optimization, and decomposition
methods and others to solve the optimization problems are
shown in Table IV. This table shows SVM approaches consistently reach high classification accuracy.
Among the kernel functions used for SVM [102], [103],
the three most common kernel functions used are polynomial,

Fig. 2. Principal of kernel PCA. (a) Nonlinear in input space. (b) Highdimensional feature space corresponding to nonlinear input space. The contour
lines of constant projections enable to generate the principal eigenvectors.
Kernel PCA does not actually require
to be mapped into F. All necessary
computations are executed through the use of a kernel function k in input
space R 2 .

Gaussian, and sigmoid function. SVM shows competitive
performance for classification, but not outperforms other techniques in regression problems [104]. Recent SVM developments introduce a new variant called twin SVM [105], [106],
which uses nonparallel separating hyperplane unlike original
formulation of SVM. Nonparallel hyperplanes are beneficial
for preferential classification task, where one class is more
significant than the other.
3) Principal Component Analysis: PCA, also known as
Karhunen–Loève transform or proper orthogonal decomposition, is a mathematical method for reducing dimension of
feature space by representing in the orthogonal eigenvector
space, as shown in Fig. 2.
The transformation incorporates an eigenvector and eigenvalue calculation, and is a linear transformation. The transformed space, in descending order of accounted variance,
is orthogonal if the original data set is jointly normally
distributed. PCA is sensitive to relative scaling and expected
value of the original feature. Being a linear model, PCA
efficiently uses the nonlinearity provided by KA [107] in
the form of higher dimension—making KPCA a nonlinear
component analysis tool. Bouveyron et al. [108] conduct an
evaluation of PCA and KPCA in comparison with other similar
methods for high-dimensional data clustering. In [109], PCA
is generalized to use kernel for higher dimension input space.
The developed supervised PCA as well as the supervised
KPCA aims to find the principal components with maximum
dependence on the response variables, which can be achieved
by
arg max tr (U T X H L H X T U ) s.t. U T U = I

(8)

U

where U is the optimal solution space, X is the input set,
H is the Hilbert-Schmidt space, and L is the space orthogonal
to U .
Schölkopf et al. [107] have introduced KA into PCA.
Yang et al. [110] extend Fisher discriminant analysis to associate kernel methods by incorporating KPCA and Fisher LDA.
In LDA algorithm, first the feature space is transformed by
KPCA, then, between- and within-class scatter matrices Sb and
Sw are computed. Finally, regular and irregular discriminant
features are extracted and fused using a cumulative normalized
distance for classification.
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Fig. 3. Significant research publications in various fields of KA and kernel selection for offline learning. Works related to NN, SVM, PCA, and kernel
selection are displayed according to citation number versus publishing year.

Girolami [111] uses KPCA to develop one of the early
iterative data clustering algorithms that uses KPCA. The
implicit assumption of hyperspherical clusters in the sum-ofsquares criterion is based on the feature space representation
of the data, defined by the specific kernel chosen. Proposed generalized transform of scatter matrix is given
by
 θ 
=1−
T r SW

TABLE V
PCA A PPROACHES R ELATED TO K ERNEL A LGORITHM

K

γk (x|Ck )

(9)

k=1

where (x|Ck ) denotes the quadratic sum of the elements, which are allocated to the kth cluster and
γk = Nk /N.
Liu [112] applies an extension of KPCA on Gabor-wavelet
representation of face images for recognition. He uses a
subset of fractional power polynomial models, which satisfies
Mercer’s condition to compute corresponding Gram Matrix.
Lemm et al. [113] use KPCA in brain imaging and makes
an analytic comparison with LDA. KPCA is also used for
feature space dimension reduction in biodiesel analysis [114],
characterization of global germplasm [115], and bioprocess
monitoring for its derivatives [116]. Zhang and Ma [117] use
multiscale KPCA for fault detection in nonlinear chemical
processes. Yu [118] develops a Gaussian mixture model for

fault detection and diagnosis of nonlinear chemical processes.
These studies are listed in Table V. All these studies are shown
in Fig. 3 with the publication year and number of citations.
Table V shows that PCA approaches cover many applications,
with relatively high performances.
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Fig. 4. Composition of the multiple databases. The multiple databases include
distributed and single databases, which are stored on different storage spaces
connected within a network. Three key attributes of the multiple databases are:
1) simultaneous access and modification; 2) extraction from huge amount; and
3) distributed clustering/classification.

III. D ISTRIBUTED DATABASE W ITH K ERNEL
Various KAs using offline learning may be extended to
address big data by considering distributed databases. In this
section, we show how KA adaptation can benefit distributed
databases by the procedure described in Section III-A–C.

Fig. 5. Several pregenerated kernels that are trained to access different
features in several distributed databases. The output of this kernel network is
a sum of the kernel functions that maps to the data of interest. The summation
and biasing make this method behave like a NN [140].
TABLE VI
D ISTRIBUTED D ATABASE A PPLICATION -W ISE C ONCENTRATION

A. Multiple Database Representation
Providing enhanced multiple databases to users has received
a lot of attention in the field of data engineering [128]–[134].
As shown in Fig. 4, the multiple databases consist of various
data sets in the forms of distributed and single databases. They
are sometimes separately stored on multiple storage spaces in
a network [129], [130], [135].
The multiple databases have the following three key
attributes. First, users of multiple databases can access
and modify data in the distributed database simultaneously
[129], [130]. Second, they can extract what they need among
a huge amount of data in the distributed environments.
Third, all data stored in multiple databases can be clustered/
classified [131]–[134].
To bolster these key attributes of the multiple database, the
data needs to be efficiently processed in separated storage
spaces, to be classified, or to be gathered accurately per the
requests of users [131]–[134], [136]. Hence, the studies of
multiple databases can be linked to multiple- or meta-learning,
clustering/classification problems. KA-based machine learning
can be effective solutions of those issues due to KA flexibility
[37], [55], [129].
B. Kernel Selections Among Heterogeneous
Multiple Databases
Sets of KA can be used to sort distributed databases for
quick and efficient access. References [137]–[140] show that
kernel SVM can be used to decrease the total loading time of
large distributed data sets at the cost of increased processing.
This is important because the data may not be accessible
otherwise. The reason for the increased computational load
is that the kernel-SVM must be retrained with each new
data set [137]. That is why kernels themselves are distributed

and the computational power is divided. An early method of
such distributed KA is described in [141]. Other more recent
methods can be observed in [140], and [142]–[146]. Fig. 5
shows an example where multiple kernels (MKs) can be used
in a network setting, in which each kernel holds different
configurations of the data set [140]. The nonkernel SVM has a
faster run-time, but less precision than that of KA distributed
SVM [137], [148].
C. Multiple Database Representation
KA Applications to Distributed Databases
KA is applied for a wide range of learning
problems in distributed environment. Some examples of
these applications include anomaly/fault detection, medical
field/biometrics/computer vision, and economic modeling/
forecasting/prediction. In Table VI, some relevant KA
applications of distributed databases are listed below.
Table VI shows that many SVM approaches exist for a broad
range of applications.
We show specific applications below to demonstrate how
KA distributed databases using SVM-related algorithms are
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practically implemented in the real-world setting: 1) market
analysis; 2) wireless sensor networks; and 3) distributed text
classification.
1) Market Analysis: One field that will benefit from distributed computing task is the study of market behavior since
it involves large and diverse data set from various sources.
In [150], customer behavior prediction is stored in separate
places so that the proposed machine learning technique can
be implemented in a distributed manner. MKSVM and authordeveloped approach called collaborative MKSVM are compared. The MKSVM is a variant of SVM that uses MKs in
computation, while collaborative MKSVM is a derivation of
MKSVM to accommodate the distributed and diverse manner
of data stored in a market problem. The task of learning
in this paper is to classify customer (returning or reluctant)
and willingness of classified customer (willing to repeatedly
purchase some group of products or not). Experiment results
show that collaborative MKSVM obtains higher accuracy and
lower computational time, and is more robust to noise data
compared with MK-SVM.
2) Wireless Sensor Networks: This paper implements SVM
in classification problem over distributed WSN [156], based on
sequential ascent-based algorithm. This algorithm essentially
works in a parallel way with a discriminant function to
appropriately handle this distributed scheme. SVM is trained
locally for each network node to get Lagrange multiplier
corresponding to local data set. The scheme tests the data
from UCI machine learning repository [158]. Results show no
significant difference in effectiveness compared with original
SVM, but the scheme minimizes exchange of information
between the networks (and hence increase security), and is
scalable for large-scale network.
3) Distributed Text Classification: Another implementation
of SVM is applied to classification of text in distributed
computing [159]. In addition to SVM, the relevance vector
machines is proposed. The texts data to be classified is
obtained from Reuters-21578 financial corpus and Reuters
Corpus Volume 1. This text classification task is split into
subtasks that can be disposed in a directed acyclic graph
(DAG). The DAG is then optimized for distributed computing [160]. This distributed computing framework shows that
performance of classification task using distributed scheme is
better compared with using sequential processing.
IV. K ERNEL O NLINE L EARNING
In contrast to offline learning, online learning learns one
instance at a time as new data becomes available. Online
learning may be used as a faster, more efficient replacement
for batch processing due to its lower computational and
memory requirements, or it may be implemented in a realtime system [162]. Because new data are being continuously
used for training, online algorithms must make use of memory resources to prevent unbounded growth of the support
of the classifier or regression curve. This would result in
unbounded memory consumption and growth in computational
complexity [162]–[165].
In Section IV-A, we illustrate the general principles of
kernel-based online learning algorithms, and in Section IV-B,

Fig. 6. Online kernel-based learning algorithm. As a new training sample is
added, the kernel is updated based on the online learning algorithms described
in the following section.

we demonstrate how an online kernel framework is adopted
into some traditionally developed machine learning techniques
such as: 1) NN; 2) SVM; and 3) PCA. Finally, in Section IV-C,
we establish the link between the online learning and
prediction.
A. Kernel-Based Online Learning Algorithms
The kernel-based online learning is introduced by shifting
kernel methods to an online format in the growth of the
dictionary size over time as new data is added, as shown
in Fig. 6. This growth is superlinear when batch-type offline
techniques are directly applied [166], and linear in the case
of naïve application of incremental methods [167]. To remedy
the data size, a variety of techniques is used to discard or
ignore the data whether any new information is added to the
classifier or filter [162], [167].
The so-called growing sum problem [164] is tackled by a
variety of means. Since the computational complexity grows
linearly over time, new algorithms are required to continuously
process data over prolonged periods of time. The NORMA
algorithm [162] uses a forgetting factor such that samples
are weighted in a sliding-window fashion, with older samples
weighted less than newer ones. This technique assumes that
we are only interested in the statistical structure of the newest
samples in a nonstationary series.
Alternatively, when it is desired to consider older data,
sparsification techniques may be used [167]. In these methods,
only data that adds new information to the classifier or
filter is added to the support. Various information criteria
are proposed, such as the approximate linear dependency
criterion [169], the surprise criterion [170], and the variance
criterion [171].
While sparsification methods seek to discard redundant data,
quantization methods instead limit the number of possible
input space regions that will lead to support expansion [172].
The input space is divided into discrete regions of a given size.
The region expands the support only if it has no assigned
support vector. Otherwise, the coefficient for that region is
updated instead, which limits the growth of the system [172].
Other methods are proposed for dealing with the growth
problem, including [164], which uses only finite-dimensional
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Fig. 7. Key papers for kernel online learning based on the number of citations
for the years 1998–2013, for PCA, SVM, NN, ARMA, and FSM.

kernels and replaces infinite-dimensional kernels with finitedimensional approximations. This method achieves constant
computational complexity over time [164]. Another method
is presented in [165], which projects new inputs onto a
space spanned by the previous hypothesis. This method is
guaranteed to be bounded and outperforms other perceptronbased methods [165].
The complication inherent to online kernel methods is the
selection of the kernel itself. Often it is assumed that a
suitable function is known a priori, while in reality this is
not necessarily the case [167], [173]. This issue is less well
addressed in the literature, but is handled through the use of
MK algorithms, which select the best kernel or combination
of kernels from a dictionary of possible choices, based on the
data [173], [174]. Jin et al. [174] use a combination of the
perceptron algorithm [175] and the Hedge algorithm [163]
to learn both the kernel combination and the classifier, and
present both deterministic and stochastic [176] algorithms for
doing so.
B. Adopt Online KA Framework Into the Traditionally
Developed Machine Learning Techniques
Fig. 7 shows the representative online learning studies on
kernel-based online learning using NN, SVM, and PCA.
1) Neural Network: Online NN is designed to have the
learning capabilities of online time systems [177]. Online NN
also consists of input, hidden, and output layers interconnected with directed weights (w). wi j denotes the input-tohidden layer weights at the hidden neuron j , and w j k denotes
the hidden-to-output layer weights at the output neuron k.
Learning is accomplished by comparing the actual output with
the desired output, then adjusting the weights accordingly.
A typical kernel online NN is shown in Fig. 8.
Online updates to the weights of a NN relies on algorithms
such as the commonly used Gaussian radial bias function
(RBF), which resides in the hidden layer of the NN. The
centers of the RBF function are initially chosen based on prior
knowledge of the structure of the uncertainty, and typically
we assume that the RBF centers are fixed. The application
of kernel methods allows this assumption to be relaxed [179].
Kingravi et al. [179] propose an online algorithm that connects
kernel methods to persistently exciting signals, known as
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Fig. 8. Online NN learning algorithm. An artificial NN consists of input,
hidden, and output layers interconnected with directed weights (w), where
wi j denotes the input-to-hidden layer weights at the hidden neuron j and
w j k denotes the hidden-to-output layer weights at the output neuron k [178].

budgeted kernel restructuring for model reference adaptive
control.
Similar techniques have been applied to such problems as
time-series prediction [180], and pattern classification tasks
like facial recognition [162]. NN is frequently applied in
engineering applications that require optimization of nonlinear
stochastic dynamic systems [181]. Yuen et al. [178] propose
a kernel-based hybrid NN for online regression of noisy data,
combining fuzzy ART and general regression NN models. Performance of kernel NN continues to improve due to the recent
development of new algorithms. Liu et al. [182] describe
kernel affine projection algorithms, which out-performs other
recently developed algorithms such as the kernel least-meansquare algorithm in online time-series prediction, nonlinear
channel equalization, and nonlinear noise cancellation.
2) Support Vector Machine: Online SVM [192], [193]
preserves the skeleton samples based on the geometric characteristics of SVM, as shown in Fig. 9. The SVM classifier is
updated when the distances between the samples in the kernel
space and the newly arriving samples are within a given threshold to the current classification hyperplane. Online updating of
the classifier can be achieved since only very limited training
samples are maintained in the offline step [192].
The implementation of online SVM has two possible cases.
One case is to replace batch processing when more than
a feasible amount of memory is required to generate the
classifier. The second case involves data arriving in real time,
when the algorithm classifies data as it is received. In this
case, we consider nonstationary aspects so that the classifier
can adapt—i.e., retrain—to the changing distribution of the
input data. This illuminates the need for specially designed
algorithms, as the training process for traditional batch SVMs
is notoriously slow [162].
Gruber et al. [192] adopt an online SVM to signature
variation, using kernel functions based on the longest common
subsequences detection algorithm. The model compensates
local variability of individual signatures, performs more reliably than other SVM kernel algorithms such as dynamic time
warping, and easily defeats them.
Online SVM is also widely used for novelty detection,
known as anomaly detection. The novelty detection is the
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Fig. 9. Scheme for naïve online SVM classification. The input data are
mapped to the kernel Hilbert space, and the hyperplane is generated as in
offline SVM. If an optimal solution cannot be found, a new kernel is selected.
The process repeats for newly incoming data.

process when a learning system recognizes unprecedented
inputs [193]. SVMs adapted to online novelty detection are
referred to as one-class SVMs (1-SVMs). 1-SVM distinguishes
between inputs in the normal class and all other inputs,
which are considered outliers or anomalies. Since such a
classification does not require expert labels, 1-SVMs are
considered unsupervised methods. The classifying function of
a 1-SVM returns +1 within a region capturing most of the
data points, and −1 elsewhere in the input space [182]. This is
accomplished by separating the data from the origin using the
greatest possible margin [182], [194]. Like other online SVMs,
online 1-SVMs typically prune old or redundant data from the
classifier to prevent indefinite complexity expansion [193].
Desobry et al. [195] propose an adaptive online 1-SVM
method called kernel change detection (KCD), designed for the
online case of the sequential input data. For T feature vectors
xt , t = 1, 2, . . . , T , they train two 1-SVMs independently:
one on the set of preceding feature vectors, and one on the
set of future vectors. Using the outputs from each SVM, they
compute a decision index and compare it with a predetermined
threshold to ascertain whether a change has occurred in the
feature statistics at the given t. They find that KCD is capable
of segmenting musical tracks into their component notes.
Zhang et al. [196] implement a sliding-time-window 1-SVM
using quarter-sphere formulation of the SVM, which applies to
one-sided nonnegative distributions of features [195]. Rather
than fitting a hyperplane to the data, this method fits a quarter(hyper) sphere, centered at the origin [196]. This reduces the
quadratic programming solution of the SVM dual problem
to a linear programming solution, reducing the computational
effort required for training at each time window.
Gomez-Verdejo et al. [197] create an adaptive one-class
SVM (AOSVM) that updates the SVM at every time-step
using a recursive least squares algorithm. AOSVM weights
old patterns with an exponential window, and allows them to
decay so that the SVM can adapt to changing data statistics.
Sofman et al. [198] use a modified version of the NORMA
algorithm [162] for online novelty detection in the context
of mobile robot terrain navigation. NORMA is a stochastic
gradient descent algorithm suitable for online kernel-based
learning. Sofman uses a hinge loss function, such that its
gradient is nonzero only in the case of novel inputs.

Fig. 10.
Online KPCA diagram. In the initial (offline) training phase,
the initial kernel parameters and eigenfeature space are calculated. As new
training sets are introduced, incremental (online) adjustments are made to the
parameters and updated eigenspace is generated.

3) Principal Component Analysis: Online KPCA extracts
principal components in the feature space related to nonlinear
inputs. The algorithm for extracting the components is (10)
expressed mathematically as
M

Vn •

(x) =

αin k(x i , x̄)

(10)

i=1

where k(xi , x) = ( (xi ) · (x)) is the kernel function, αi
the eigenvectors, and V n the corresponding eigenvectors in
the feature space [183]. The success of online KPCA depends
heavily on the kernel updates from the modified Gram matrix,
thus the classification accuracy relies on kernel iteration for
problem-specific data sets.
Most of the online methods begin with one or more offline
learning steps to determine suitable kernel parameters [184].
The incremental KPCA developed by Ozawa et al. [185] progresses in two stages: 1) in the initial learning phase, a number
of training sets are presented offline and the initial eigenfeature
space is found and 2) in the incremental learning phase, the
feature space is defined by solving the eigenvalue problem
with dimensions determined by the number of independent
data. Online KPCA algorithm is shown in Fig. 10.
Hoffman demonstrates the use of online KPCA in novelty detection, specifically applied to recognition of handwritten digits and breast cancer detection [186]. Classification
performance is measured against the results from Parzen
window density estimator, standard PCA, and one-class SVM.
By adjusting the parameters q (number of eigenvectors) and
σ (kernel width), KPCA achieves better generalization than
Parzen density and greater resistance to noise. Online KPCA
methods are applied to the denoising of chaotic time series
[187] and Gaussian noise in images [188].
C. Relationship Between Online Learning
and Prediction Techniques
Prediction is a scheme to estimate the future behavior of a
system. It is intimately connected with regression [200], [201]
and system modeling [189], [202], each of which seeks to
build a mathematical representation of an unknown system
or process. This mathematical representation model can be
subsequently used to predict future states.
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TABLE VII
C OMPARISONS OF P REDICTION AND O NLINE L EARNING A LGORITHMS

1) Prediction and 2) online learning have traditionally
been studies of two independent communities: 1) in signal
processing and 2) in machine learning. The two disciplines
possess different momentum and emphasis, which makes it
attractive to periodically review trends and new developments
in their overlapping spheres of influence. These two existing
communities notice that this is the key area of study for the
next generation of any intelligent systems [163], [202], [203].
As shown in Table VII, the term prediction implies learning
how to forecast, i.e., what will happen in the forthcoming data?
Online learning, on the other hand, is a more general term, in
which newly arriving data may be used to update a classifier
without necessarily generating a prediction of the next data
point. However, they are often used to mean the same thing,
since knowledge of the structure of a system allows one to
predict its future behavior [200], [201].
A prediction is a future function as a forecast of the
new coming data set will be automatically classified based
on the knowledge of offline or online learning. As shown
in previous section, there exist many prediction approaches.
These predictions can be incorporated with KA representation,
in a manner that may extend the learning space through the
nonlinear online learning. In the following section, prediction
will be examined, specifically how the coming data sets are
used for testing a future feature space prediction [199], [202]
as online learning has been shown.
V. P REDICTION W ITH K ERNELS
Prediction is represented by top-down model-based representation. In this section, we will show how kernels may
enhance the prediction through the four major representations:
1) linear prediction; 2) Kalman filter (KF); 3) finite state model
(FSM); and 4) autoregressive moving average (ARMA) model.
Finally, we compare them in 5) comparison of four models.
A. Linear Prediction
A linear prediction is a simplified model where future output
values are estimated as a linear function (11) of previous
values and predictor coefficients, as follows [204]:
x̂(n) = a0 + a1 x(n − 1) + · · · + an x(n − k)
k

=

ai x(n − i )

(11)

Fig. 11. Linear predictor with an initial kernel mapping. The input data are
mapped from its original space to a new Hilbert space where x(n) is linear, by
the function to allow for the use of the kernel trick. The model is optimized
by minimizing the function e(N ), which is the difference in the current and
previous predicted value.

The predicted value is a linear combination of previous
observations x(n − k) and predictor coefficients an , as shown
in Fig. 11. The key is to solve a linear equation to find out
the coefficients an that can minimize the mean squared error
between the predicted values and previous values [219]. The
linear model is widely used in the early stage to compare
the prediction performance with other models, e.g., Kalman
filtering [204].
B. Kalman Filter
The KF is one of the most commonly used prediction
methods in real-time filtering technologies [204]–[211]. KF
provides a recursive solution (12) to minimize mean square
error within the class of linear estimators, where linear process
and measurement equations can be expressed as follows [205]:
x̂(t) = F x(t − 1) + Bu(t − 1) + W, z(t) = H x̂(t) + V (12)
where we denote the state transition matrix as F, the controlinput matrix as B, and the measurement matrix as H . u(t)
is an n-dimensional known vector and z(t) is a measurement
vector. The random variables W and V represent the process
and measurement noise with the property of the zero-mean
white Gaussian noise with covariance, E[W (t)W (t)T ] = R(t)
and E[V (t)V (t)T ] = Q(t), respectively. The matrices F, B,
W , H , and V are assumed known and possibly time-varying.
Ralaivola and D’Alche-Buc [211] develop a kernel KF
(KKF) method for implementing a KF on a nonlinear time
series data set. By mapping the input data from a nonlinear
space to a Hilbert space (shown in Fig. 12), the Mercer kernel
function can be satisfied. In KKF, the predicted position x̂(t)
can be derived from the previous state x(t−1) and the current
measurement z(t) [204], [209]. Because of the state update
kernel process with new data, KF is effective for predicting
changes in both linear and nonlinear dynamic systems of
multivariate Gaussian distribution [210].
KF can be enhanced to an interactive multiple model
filter with constant velocity and constant acceleration [209].
Hong et al. [210] suggest the first-order extended KF (EKF)
with a kernel-type method can be used to process and update
the state estimate.

i=0

where x̂(n) is the predicted value or position at n. By applying
a kernel to the input data, the data set can be mapped to a space
where it is linear.

C. Finite State Model
The FSM, or finite state machine, consists of a finite number
of discrete states, only one of which the model can occupy
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Fig. 13. KARMA model with online learning for tracking of hand movement.

Fig. 12. For processing a nonlinear time series, a kernelized KF is an optimal
way to execute the KF. With a nonlinear series xk and an associated series
xk . xk is mapped to xk by the nonlinear map
: R d → H , where R d is
the input space and H is the feature space, where [ (x), (y)] = k(x, y).

at any given time, and undergoes a change of state upon a
triggering event. Kernel methods have been applied to FSM
[212], [218]. Separated-kernel image processing using finite
state machines, is an online kernel method used to speed
processing time when dealing with large numbers of states,
as in processing of grayscale images [212]. FSM is expressed
mathematically as a sextuple M = (I, O, S, δ, λ, s0), where I
is the input alphabet, O is the output alphabet, S is the finite set
of states, and s0 is the initial state. δ is the next state function
(δ : S × I → S), and λ is the output function (λ : S × I → O).
Most of the FSM are classified as either a Mealy machine,
in which the inputs always affect the outputs, or a Moore
machine, in which inputs affect outputs only through the
states [213], [214].

TABLE VIII
C OMPARISONS OF P REDICTION E RROR

TABLE IX
C OMPARISONS OF C OMPUTATIONAL S PEED

D. Autoregressive Moving Average Model
ARMA model is a mathematical generalization of the linear
model with time series data and signal noise, and is widely
used to predict motion patterns of a time series from past
values. Martìnez-Ramòn et al. [215] use the kernel trick
to formulate nonlinear SVM-ARMA in reproducing kernel
Hilbert space (RKHS). Discrete-time processes (DTPs) that
are nonlinear cannot be directly modeled using ARMA, but
the use of composite kernels allows for a nonlinear mapping
into an RKHS. The input and output DPT are represented by
the composite kernel formulation
K (z i , z j ) = F φ y (yi−1 )T , φu (u i )T

T

φ y (y j −1)T , φu (u j )T

T

,

= K y (yi−1 , y j −1 ) + K u (u i , u j )

(13)

where y and u are the input and output DTPs, respectively.
Shpigelman et al. [216] describe a kernel ARMA (KARMA)
for the tracking of hand movement in 3-D space.
As shown in Fig. 13, ARMA consists of two models:
1) an autoregressive (AR) model represented by a weighted
sum of the present and past positions with a polynomial order
p and 2) a moving average (MA) model represented by a
weighted sum of the present and past signal noise with a

polynomial order q. The notation ARMA( p, q) is represented
by the polynomial orders of pAR and qMA [216], [217].
E. Comparison of Four Models
The four prediction models, linear prediction, KF, FSM,
and ARMA, are quantitatively compared to illustrate the
overall advantages of each model, as shown in Table VIII.
The prediction error is defined as root mean square error
√
(RMSE= ((yi − ŷi )2 /(yi − m y )2 ), where yi is the i th
measurement, ŷi is the estimation of the i th measurement,
and m y is the mean of all the measurements). RMSE was
used to convert each quantitative error to a universal metric
for proper comparison. Based on these various conditions,
we cannot definitively state, which method performs better
than others. The performance of the computational speed is
separately examined for the comparison by listing the primary
factor contributing to model complexity.
These methods also list in Table IX, the computational speed
to describe the overall computational complexity. In general,
the number of data sets dictates the speed of each method,
although some methods depend on additional experimental
factors. For example, the main factors to determine the
computational speed using kernel predictive linear Gaussian
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models [219] were the number of base functions and total
amount of feature dimensions.
VI. C ONCLUSION
In this survey paper, we have shown the state-of-the-art
techniques related KA, mainly for classification and prediction
including online and distributed extension and selected applications. We have also explained KA prediction approaches
including model-based and hybrid prediction algorithms. The
cross section between the classification and prediction is a
new research area considering the uncertainty and irregularity
of data sequential configuration. Originating from physical
phenomena and technical limitations, these open areas may
lead to further investigations of sophisticated KA techniques.
In successful implementations of KA for big data analysis,
the prediction and online classification are sometime merged
together. Unlike classical partitioning clustering algorithms for
offline machine learning, modern KA for online learning and
prediction are able to solve real-world problems despite the big
data size. To maximize the potential innovation furthermore,
an extensive validation on real-world applications remains a
big challenge for these KA techniques. To realize this future
direction, collaborative research activities with various disciplines including engineering (signal processing), computer
science (machine learning), and statistics (data regression) are
preferable.
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