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a b s t r a c t

A semi-supervised learning method, the on-line accelerated kernel feature analysis (On-

line AKFA) is presented. In On-line AKFA, features are extracted while data are being fed

to the algorithm in small batches as the algorithm proceeds. The paper compares and

contrasts the use of On-line AKFA and Off-line AKFA in CT colonography. On-line AKFA

provides the flexibility to allow the feature space to dynamically adjust to changes in the

input data with time during the training phase. The computational time, reconstruction

accuracy, projection variance, and classification performance of the proposed method

are experimentally evaluated for kernel principal component analysis (KPCA), Off-line

AKFA, and On-line AKFA. Experimental results demonstrate a significant reduction in

computation time for On-line AKFA compared to the other feature extraction methods

considered in this paper.

& 2009 Elsevier B.V. All rights reserved.

1. Introduction

Computed tomographic (CT) colonography, or virtual
colonoscopy, is a promising technique for screening
colorectal cancers by means of CT scans of the colon [1].
The prevailing CT technology allows a single image set of
the colon to be acquired in 10–20 s, which translates into
an easier, more comfortable examination than is available
with other screening tests. For CT colonography to be a
clinically practical method of screening for colon cancers,
the technique must be able to interpret a large number of
images in a time-effective fashion, and it must facilitate
the detection of polyps—a precursor of colorectal can-
cers—with high accuracy. However, interpretation of an
entire CT colonography examination is time-consuming,
and the reader performance for polyp detection varies
substantially [2,3,42].

To overcome these difficulties while providing an
accurate detection of polyps, computer-aided detection
(CAD) schemes have been developed that automatically
detect suspicious lesions in CT colonography images [4,5].
CAD for CT colonography provides the locations of the
suspicious polyps to radiologists, offering a second
opinion that has the potential to improve detection
performance [40].

Polyps appear as bulbous, cap-like structures that
adhere to the colonic wall and protrude to the lumen,
whereas folds appear as elongated, ridge-like structures,
and the colonic wall appears as a large, nearly flat
structure. Fig. 1 shows images of 48 polyps in our database
of CT colonographic images. Most CAD schemes employ a
model-based approach for the detection of polyp candi-
dates, in which shape analysis methods that differentiate
among these distinct types of shapes play an essential role
[5–9]. Nevertheless, there are many naturally occurring
normal colonic structures that occasionally imitate such
shapes, and therefore the resulting polyp candidates
typically include many FP. The reduction of such FP is
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often performed by first extracting a set of image features
from segmented polyp regions, followed by application of
a statistical classifier to the feature space for discrimina-
tion of FP from actual polyps [8,10–13]. Such CAD schemes
tend to show a high sensitivity in the detection of polyps;
however, they tend to produce a much larger number of
FP than human readers [4].

The goal of this study is to achieve a fast and accurate
method for the detection of polyps in CT colonographic
images by effectively incorporating semi-supervised on-
line learning methods and an appearance-based object
recognition approach into a model-based CAD scheme.
Traditionally, CAD schemes have been developed for off-
line applications, where resources and training require-
ments are proportional to the number of training
instances [41]. Thus, if more training data are collected
after the initial tumor model is computed, retraining of
the model becomes imperative in order to incorporate the
incremental data and preserve the class concept. Here-
after, we will use the term on-line learning (as opposed to
batch learning) to refer to incorporating new data that
become available in the already computed model.

The concept of on-line learning has been discussed as
an efficient method for non-linear and on-line data
analysis [14]. It has been applied to kernel based and
non-kernel based feature extraction methods. In [15],
Zheng proposed a method, similar to batch learning,
where the input data were divided into a few groups of
similar size, and KPCA was applied to each group. A set of
eigenvectors was obtained for each group and the final set
of features was obtained by applying KPCA to a subset of
these eigenvectors. In [16], Kivinen, Smola and Williamson
introduce on-line learning in a reproducing kernel Hilbert

space. The application of the on-line concept to principal
component analysis is mostly referred to incremental
principal component analysis [16–20] and has shown
computational effectiveness in many image processing
applications and pattern classification systems. The
effective application of on-line learning to non-linear
spaces is usually undertaken by using kernel based
methods. Kim et al. introduces an incremental non-linear
analysis method referred to as on-line and non-linear
principal component analysis [21] for classification pur-
poses. The computational effectiveness of the on-line
version of the kernel principal component analysis (KPCA)
over Off-line KPCA has been reported in [22–24].

The specific contribution of this study is to develop a
faster and flexible kernel feature analysis by combining
accelerated kernel feature analysis (AKFA), introduced in
[25], with on-line learning techniques. The suggested
method, in combination with a shape-based polyp detec-
tion method, can efficiently differentiate polyps from FP
and thus improve detection performance. The key idea
behind the proposed method is to allow the feature space
to be updated as the training proceeds with more data
being fed into the algorithm. The feature space update can
be incremental or non-incremental. In incremental up-
date, the feature space is augmented with new features
extracted from the new data, with a possible expansion to
the feature space if necessary. In non-incremental update,
the dimension of the feature space remains constant
where the newly computed features may replace some of
the existing ones. This flexibility to update the eigenspace
allows the capture of significant variations of data with
time and allows adaptation of the feature space to the
incoming data. AKFA, being a faster feature extraction
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Fig. 1. Representative images of polyps in the DB1 CT Colonography data set.
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method that works in the kernel Hilbert space, provides
the base algorithm for On-line AKFA.

AKFA maps the original, raw feature space into a higher
dimensional feature space. Such a high-dimensional
feature space is expected to have a greater classification
power than that of the original feature space, as suggested
by the Vapnik–Chervonenkis theory [26]. The on-line
learning procedure uses AKFA for each block of input data
if the current block of data shows a significant variation of
input data with respect to the preceding blocks. The
algorithm extracts texture-based features from the polyp
candidates generated by a shape-based CAD scheme. The
main contribution of this paper lies in the application of
on-line learning techniques to feature extraction for
classification of texture-based features in order to im-
prove the computation time. The method was tested using
real CT colonography data to show that the improved
algorithm is faster than the off-line method while
achieving a feature space that is comparably similar to
the feature space obtained by the off-line learning
method.

The remainder of this paper is organized as follows.
Section 2 provides a brief review of the kernel principal
component analysis and accelerated kernel feature ana-
lysis that act as the main feature extraction methods for
the proposed on-line learning technique. Section 3
describes the complete on-line AKFA algorithm. Experi-
mental results are discussed in Section 4. Section 5
presents a conclusion to the work discussed in this paper.

2. Background

2.1. Kernel feature extraction

For efficient feature analysis, extraction of the salient
features of polyps is essential because of the size and the
3-D nature of the polyp data sets. Moreover, the distribu-
tion of the image features of polyps represents a non-
linear feature space. These non-linear feature spaces can
be handled by finding an operator that maps the non-
linear feature space to a linear feature space in which
linear feature analysis methods can be applied. Principal
component analysis (PCA) [27–30], which is well known
as a superior data compression method, has been
extended to a non-linear feature space, kernel feature
space, and is known as kernel PCA [31–34].

Essential to this approach is the selection of an
operator that maps image vectors to the kernel feature
space. A non-linear, positive-definite kernel k : Rd

� Rd
!

R of an integral operator, e.g., kðx; yÞ ¼ expf�kx� yk2g,
computes the inner product of the transformed vectors
hFðxÞ;FðyÞi, where F : Rd

! H denotes a non-linear em-
bedding (induced by k) into a possibly infinite dimen-
sional Hilbert space H. Given n sample points in the
domain Xn ¼ fxi 2 Rd

ji ¼ 1; . . . ;ng, the image Yn ¼

fFðxiÞji ¼ 1; . . . ;ng of Xn spans a linear subspace of at most
(n�1) dimensions. By mapping the sample points into a
higher dimensional space, H, the dominant linear correla-
tions in the distribution of the image Yn may elucidate the
important non-linear dependencies in the original data

sample Xn. This is beneficial because it permits making
PCA non-linear without complicating the original PCA
algorithm. The kernel function k is traditionally chosen in
the form of a Gaussian function such as the radial basis
functions (RBF): kðx; yÞ ¼ expf�kx� yk2=2s2g. The RBF
kernel turns out to be more applicable for the data used
in this paper, compared to other available kernels such as
linear, polynomial, Laplace, and sigmoid kernels.

Kernel PCA uses a Mercer kernel [27,30] to perform a
linear PCA of this transformed image. Without loss of
generality, we assume that the image of the data has been
centered so that its scatter matrix H is given by
S ¼

Pn
i¼1FðxiÞFðxiÞ

T . Eigenvalues lj and eigenvectors ej

are obtained by solving

ljej ¼ Sej ¼
Xn

i¼1

FðxiÞFðxiÞ
T ej ¼

Xn

i¼1

hej;FðxiÞiFðxiÞ (1)

for j ¼ 1; . . . ;n. Since F is not known, (1) must be solved
indirectly. Our intention is not to find F, as working in a
higher dimensional space involves unnecessarily compli-
cated computations, which can be avoided by substituting
the kernel for computing the inner product of the
transformed vectors hFðxÞ;FðyÞi. Let aji ¼ 1=ljhej;FðxiÞi

gives

ej ¼
Xn

i¼1

ajiFðxiÞ. (2)

Multiplying by FðxqÞ
T on the left, for q ¼ 1; . . . ;n, and

substituting aji ¼ 1=ljhej;FðxiÞi yields

ljhFðxqÞ; eji ¼
Xn

i¼1

hej;FðxiÞihFðxqÞ;FðxiÞi. (3)

Substitution of (2) into (3) produces

lj FðxqÞ;
Xn

i¼1

ajiFðxiÞ

* +
¼
Xn

i¼1

Xn

k¼1

hajkFðxkÞ;FðxiÞihFðxqÞ;FðxiÞi

 !
,

(4)

which can be rewritten as, ljKaj ¼ K2aj; where K is an
n�n Gram matrix, with the element kij ¼ hFðxiÞ;FðxjÞi

and aj ¼ ½aj1aj2 � � � ajn�
T : The latter is a dual eigenvalue

problem equivalent to the problem

ljaj ¼ Kaj. (5)

Using (2),

kejk
2 ¼

Xn

i¼1

ajiFðxiÞ;
Xn

i¼1

ajiFðxiÞ

* +
¼ haj;Kaji ¼ ljkajk

2,

and therefore the normalization of each eigenvector (i.e.
kejk ¼ 1) requires kajk

2 ¼ 1=lj.
In the following, we choose a Gaussian kernel, i.e.,

kij ¼ hFðxiÞ;FðxjÞi ¼ exp �
1

2s2
kxi � xjk

2

� �
. (6)

If the image of Xn is not centered in the Hilbert space,
we need to use the centered Gram matrix deduced by
Smola, Mangasarian, and Schölkopf [28]:

K̂ ¼ K � KT � TK þ TKT , (7)
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where K is the Gram matrix of uncentered data, and

T ¼

1

n
� � �

1

n

..

.
� � � ..

.

1

n
� � �

1

n

2
666664

3
777775

n�n

.

Keeping the ‘ eigenvectors associated with the ‘ largest
eigenvalues, we can reconstruct data in the mapped
space: F0i ¼

P‘
j¼1hFi; ejiej ¼

P‘
j¼1bjiej, where bji ¼

hFi;
Pn

k¼1ajkFki ¼
Pn

k¼1ajkkik. Reconstruction of each data
using fewer eigenvectors results in a reconstruction error.
Thus the reconstruction square error of each data
Fi; i ¼ 1; . . . ;n, is Erri ¼ kFi �F0ik

2 ¼ kii �
P‘

j¼1b
2
ji. The

mean square error is MErr ¼ 1=n
Pn

i¼1Erri. Using (5),
bji ¼ ljaji. Therefore, the mean square reconstruction error
is MErr ¼ 1=n

Pn
i¼1ðkii �

P‘
j¼1l

2
j a2

jiÞ. Since
Pn

i¼1kii ¼
Pn

i¼1li

and
Pn

i¼1a2
ji ¼ kajk

2 ¼ 1=lj, MErr ¼ 1=n
Pn

i¼‘þ1li.
The Kernel PCA algorithm can now be summarized as

follows:
Step 1: Calculate the Gram matrix using (6), which

contains the inner products between pairs of image
vectors.

Step 2: Use (5) to get the coefficient vectors aj for
j ¼ 1; . . . ;n.

Step 3: The projection of a test point x 2 Rd along the
j-th eigenvector is

hej;FðxÞi ¼
Xn

i¼1

ajihFðxiÞ;FðxÞi ¼
Xn

i¼1

ajikðx; xiÞ.

The above implicitly contains an eigenvalue problem of
rank n, so the computational complexity of KPCA is O(n3).
In addition, each resulting eigenvector is represented as a
linear combination of n terms; the ‘ features depend on n

image vectors of Xn. Thus, all data contained in Xn must be
retained, which is computationally cumbersome and
unacceptable for on-line learning.

2.2. Sparse kernel feature analysis

Sparse kernel feature analysis (SKFA) [28] can be
introduced as a more compact and time efficient method
than KPCA, where SKFA improves the computational costs
of KPCA, by reducing the time complexity and data
retention requirements. SKFA algorithm extracts features
one by one in the order of decreasing projection variance.
The particular advantage of SKFA is that the ‘ features only
depend on ‘ elements of Xn, which is extremely useful for
on-line learning. Let vi 2 H, for i ¼ 1; . . . ; ‘ denote the
features selected by SKFA. These features are different
from the eigenvectors obtained using KPCA. We analyze
the scatter matrix of the image data.

Following Eq. (1), with ej replaced by vj, we obtain
vT

j ljvj ¼ vT
j ð
Pn

i¼1hvj;FðxiÞiFðxiÞÞ, where vj is the j-th fea-
ture with unit length. Thus lj ¼

Pn
i¼1hvj;FðxiÞi

2. Therefore,
the first feature, corresponding to the maximum eigenva-
lue, is chosen as the direction with the maximum
projected variance:

v1 ¼ arg max
kvk2¼1

1

n

Xn

i¼1

jhv;FðxiÞij
2. (8)

The global solution of Eq. (8), vj, needs to satisfy an l2
normalization constraint, i.e., v1 should have unit Eu-
clidian length. Changing the l2 constraint to an l1
constraint leads to a vertex solution. The l1 constraint
assumed by SKFA is

Vl1 ¼
Xn

j¼1

ajFj

Xn

j¼1

jajj � 1

������
8<
:

9=
;. (9)

The first feature selected by SKFA satisfies (8) which is

v1 ¼ arg max
v2Vl1

1

n

Xn

i¼1

jhv;FðxiÞij
2.

Smola et al. [28] showed that this feature corresponds to
an element of the image Yn, hence

v1 ¼ arg max
FðxjÞ2Vl1

1

n

Xn

i¼1

jhFðxjÞ;FðxiÞij
2. (10)

Subsequent features are obtained iteratively. After i�1
features fvt 2 Hjt ¼ 1; . . . ; i� 1g have been found, each
image Fj ¼ FðxjÞ can be projected into the orthogonal
subspace to obtain

Fi
j ¼ Fj �

Xi�1

t¼1

vt
hFj;vti

kvtk
2
¼ Fj �

Xi�1

t¼1

atjvt

kvtk
2

, (11)

where atj ¼ hFj;vti. Then Fi
j is normalized by the l1

constraint in (9). The projection variance of the normal-
ized Fi

j with all Fk; k ¼ 1; . . . ;n is then calculated. Finally,
we can identify the maximum projection variance and
select the corresponding Fi

j as the i-th feature, vi.
Based on the ‘ features extracted by SKFA, each

training data in the mapped space can be reconstructed
by projecting each training data along the selected feature
vectors into the orthogonal subspace,

F0i ¼
X‘
j¼1

hFi;vjivj

kvjk
2
¼
X‘
j¼1

ajivj

kvjk
2

, (12)

where aji, the projection of i-th training data on j-th
feature, is stored after extracting the j-th feature. Accord-
ing to Eq. (11), the feature set fv1; . . . ;v‘g only depends
upon the set of ‘ image vectors, fFi dxðiÞ; i ¼ 1; . . . ; ‘g, where
the i-th element of the index vector i dxðiÞ denotes the
subscript of the projected image Fi

j that was selected
while constructing vi. Therefore, after training, we only
need to retain the ‘ input vectors fxi dxðiÞ 2 Rd

ji ¼ 1; . . . ; ‘g,
where ‘ is the number of features extracted.

SKFA extracts ‘ features, where typically ‘n. As O(in2)
operations are required to extract the i-th feature, the
total computational cost for ‘ features is Oð‘2n2Þ, which is
an improvement over the O(n3) operations required by
KPCA.

2.3. Accelerated kernel feature analysis

AKFA [25] is a method suggested to improve the
efficiency and accuracy of sparse kernel feature analysis
(SKFA) [28,35] by Mangasarian, Smola, and Schölkopf.
SKFA extracts the features one by one in the order of
decreasing projection variance and improves the compu-
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tational costs of KPCA, associated with both time com-
plexity and data retention requirements. In an attempt to
achieve further improvements, AKFA, (i) saves computa-
tion time by iteratively updating the Gram matrix, (ii)
normalizes the images with the l2 constraint before the l1
constraint is applied, and (iii) optionally discards data that
falls below a magnitude threshold d during updates.

First (i), as the Gram matrix gets iteratively updated,
instead of extracting features directly from the original
mapped space, AKFA extracts the i-th feature based on the
i-th updated Gram matrix Ki, where each element is
ki

jk ¼ hF
i
j;F

i
ki.

Since Fi
j ¼ Fi�1

j � vi�1hF
i�1
j ;vi�1i,

ki
jk ¼ hF

i�1
j ;Fi�1

k i � hF
i�1
j ;vi�1ihF

i�1
k ;vi�1i, when expressed

Fi
j and ki

jk with respect to the previous iteration, and
thereby,

ki
jk ¼ ki�1

jk �
hFi�1

j ;Fi�1
i dxði�1ÞihF

i�1
k ;Fi�1

i dxði�1Þi

kFi�1
i dxði�1Þk

2

¼ ki�1
jk �

ki�1
j;i dxði�1Þk

i�1
k;i dxði�1Þ

ki�1
i dxði�1Þ;i dxði�1Þ

. (13)

By updating the Gram matrix, it is unnecessary to save
the projection of each individual data on all previous
features. The computational cost for extracting i-th
feature becomes O(n2), instead of O(in2) as in SKFA or
O(n3) as in KPCA.

The second (ii) improvement is to revise the l1
constraint. SKFA treats each individual sample data as a
possible direction, and computes the projection variances
with all data. Since SKFA includes its length in its
projection variance calculation, it is biased to select
vectors with larger magnitude. We are actually looking
for a direction with unit length and when we choose an
image vector as a possible direction, we ignore the length
and only consider its direction, which improves the
accuracy of the features. Therefore, in our AKFA algorithm,
we replace the l1 constraint of SKFA by

Vi
l1
¼

Xn

j¼1

aj

Fi
j

kFi
jk

Xn

j¼1

jajj � 1

������
8<
:

9=
;. (14)

The i-th feature is extracted by

vi ¼ arg max
v2Vi

l1

1

n

Xn

j¼1

jhv;Fi
jij

2. (15)

Since vi is extracted from Fi space, the solution is located
on one of F̂

i

j ¼ Fi
j=kF

i
jk for j ¼ 1; . . . ;n. Eq. (15) reduces to

vi ¼ arg max
F̂

i

j

1

n

Xn

t¼1

jhFi
t ; F̂

i

jij
2 ¼ arg max

F̂
i

j

1

nki
jj

Xn

t¼1

ki
jt

2
. (16)

Each F̂
i

j satisfies the l1 constraint as F̂
i

j ¼ Fi
j=kF

i
jk for

j ¼ 1; . . . ;n, so the normalization step that appears in SKFA
is not required.

Let Fi
i dxðiÞ denote the image vector corresponding to the

i-th feature. Suppose we have selected ði� 1Þ features
with Vði�1Þ ¼ Fði�1ÞCði�1Þ, where Vði�1Þ ¼ ½v1v2 � � �vði�1Þ�,
Fði�1Þ ¼ ½Fi dxð1ÞFi dxð2Þ � � �Fi dxði�1Þ�, and Cði�1Þ is the coeffi-
cient matrix, which is upper-triangular. Then

Fi
i dxðiÞ ¼ Fi dxðiÞ �

Pi�1
t¼1hFi dxðiÞ;vtivt . Let us study the sec-

ond term:

Xi�1

t¼1

hFi dxðiÞ;vtivt ¼
Xi�1

t¼1

vtv
T
t Fi dxðiÞ ¼ Fði�1ÞCi�1CT

i�1Ki dxðiÞ,

where KidxðiÞ ¼ ½ki dxðiÞ; i dxð1Þki dxðiÞ; i dxð2Þ � � � ki dxðiÞ; i dxði�1Þ�
T .

Therefore,

vi ¼ ðFi dxðiÞ �Fði�1ÞCi�1CT
i�1Ki dxðiÞÞ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ki

i dxðiÞ; i dxðiÞ

q
. (17)

Let

Ci;i ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ki

i dxðiÞ; i dxðiÞ

q
, (18)

and

C1:ði�1Þ;i ¼ �Ci;iCði�1ÞC
T
i�1Ki dxðiÞ, (19)

then Vi ¼ FiCi, where Vi ¼ ½Vði�1Þ;vi�, and
Fi ¼ ½Fði�1Þ;Fi dxðiÞ�,

Ci ¼
Cði�1Þ C1:ði�1Þ;i

0 Ci;i

 !
.

The third (iii) improvement is to discard negligible data
and thereby eliminate unnecessary computations. In the i-
th updated Gram matrix Ki, defined in (13), the diagonal
elements ki

jj represent the reconstruction error of the j-th
data point with respect to the previous (i�1) features. If ki

jj

is relatively small, then the previous (i�1) features
contain most of the information that would be acquired
from this image vector. One can therefore optionally
discard image points that satisfy ki

jjod, for some pre-
determined d40. In the following, we use a cutoff

threshold that is useful when the data size is very large.
It can also be used as a criterion to stop extracting features
if one is unsure of the number of features that should be
selected.

The complete AKFA algorithm is summarized below:
Step 1: Compute the n�n Gram matrix kij ¼ k(xi, xj),

where n is the number of input vectors. This part requires
O(n2) operations.

Step 2: Let ‘ denote the number of features to be
extracted. Initialize the ‘� ‘ coefficient matrix C to 0, and
i dx( � ) as an empty list which will ultimately store the
indices of the selected image vectors. Initialize the
threshold value d ¼ 0 for the reconstruction error. The
overall cost is Oð‘2Þ.

Step 3: For i ¼ 1 to ‘ repeat:

1. Using the i-th updated Ki matrix, extract the i-th
feature using (17). If Ki

jjod, then discard j-th column
and j-th row vector without calculating the projection
variance. Use i dx(i) to store the index. This step
requires O(n2) operations.

2. Update the coefficient matrix by using (18) and (19),
which requires O(i2) operations.

3. Use (13) to obtain Ki+1, an updated Gram matrix.
Neglect all rows and columns containing diagonal
elements less than d. This step requires O(n2) opera-
tions.
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The total computational complexity is increased to
O(‘n2) when no data are being cut during updating in the
AKFA.

3. On-line kernel feature analysis

On-line learning, whether non-incremental or incre-
mental, is very important when obtaining training data is
time-consuming, when the statistical properties of data
change dynamically or when there is a need for efficient
use of limited storage space. In KPCA, since each
eigenvector is a linear combination of all training data,
we cannot discard any data if we want to use the exact
eigenvectors. This is unacceptable for on-line learning. On-

line training is different from stochastic or batch training.
In on-line training, each pattern is presented once and
only once. Thus, additional memory for storing the
patterns is not necessary [36]. Therefore, to facilitate on-
line training we need a method that requires retention of
only a portion of the training data.

One way to address this requirement is to try to find a
pre-image x̃j in the input space for each eigenvector ej

such that Fðx̃jÞ approximates ej [32,37]. However, as
discussed in [38], it is very hard to find pre-images, if
they exist, for eigenvectors such that they are unique and
orthogonal to each other in the larger dimensional feature
space.

In AKFA, ‘ features correspond to ‘ data points in the
input space, thus we just need to retain those data points
and discard others. In this case, solving a pre-image
problem is not necessary. Also, since we only need to
retain fewer yet statistically sufficient data points, the
feature space resulting from AKFA is computationally
manageable and requires less storage. These are encoura-
ging benefits for the iterative use of AKFA in an on-line
learning method, the On-line AKFA. When new data are
presented to the on-line training procedure, the new data
will be represented by their projection on the previous
reduced feature space. After some time, when a consider-
able change in the incoming data causes the accumulated
reconstruction error to be larger than a predefined
threshold, the existing eigenspace will need to be updated.
The update may be incremental or non-incremental, as
explained in the introduction.

Since most of the training data have been discarded,
we cannot calculate the inner product of all training data
with the newly presented data. We assume that the
eigenspace we get from the first off-line learning has
included dominant information of the training data, and
the increasing reconstruction error is caused by the
dynamic change of the new incoming data. This means
that we only need to extract new features from the new
incoming data. Meanwhile, it may not be appropriate to
just add new features to the previous eigenspace, as it will
make the feature space grow at each step of the on-line
training. Instead, we maintain a constant dimension of the
feature space by replacing the previous trivial features
with the new features. The previous features are con-
sidered trivial if the new data have minimum projection

along those features. Thus, the proposed On-line AKFA is
non-incremental.

It should be noted that the first batch of data, which
may need to contain more data than the subsequent
batches, is used to extract the dominant features. During
the first step we perform off-line training, whereas
subsequent batches of new data are used for on-line
learning. Therefore, the on-line non-incremental proce-
dure can be summarized into four steps as follows:

Step 1: After a batch of new data is accumulated, they
are reconstructed using the feature space in the previous
iteration. The vector F0i represents the reconstructed new
data, which is calculated indirectly using the kernel trick:

F0i ¼
X‘
j¼1

hFi; njinj ¼ F‘C‘C
T
‘ Ki, (20)

where Ki ¼ ½ki;i dxð1Þki;i dxð2Þ . . . ki;i dxð1Þ�
T . Then the reconstruc-

tion error of new data Fi; i ¼ nþ 1; . . . ;nþm, is

Erri ¼ jjFi �F0ijj
2 ¼ kii � KT

i ClC
T
l Ki. (21)

The vector Ki is obtained from the Gram matrix computed
between the new data and the retained data from the
previous step. In non-incremental on-line training, the
number of retained data from the previous iteration
always equals to the number of features extracted in the
initial off-line training. The total mean square error (MSE)
is 1=m

Pnþm
i¼nþ1Erri. If this error is larger than a set threshold

value (Z), the eigenspace will be updated. Therefore, if the
feature space from the previous step is sufficient to
reconstruct the new batch of data with sufficient accuracy,
we assume that the previous features accurately represent
the dominant features of the new data and that no update
for the eigenspace is required. This eliminates the need to
perform computations on the new batch of data to extract
features, thus saving computational time. Steps 2–4
should be performed if the MSE is greater than the
threshold Z.

Step 2: Calculate the projections (pj) of all new data
onto each previous feature (vj):

pj ¼
Xnþm

i¼nþ1

hFi; nji
2 ¼

Xnþm

i¼nþ1

ðKT
i C1:l;jÞ

2, (22)

where j ¼ 1;2; . . . ; l. Then, the vector vj corresponding to
the minimum pj should be selected as the trivial feature
which is going to be replaced with a new feature extracted
from the new batch of data. Here, we replace only one of
the previous features as we assume that the data are not
highly dynamic.

Step 3: A new feature should be extracted from the new
batch of data. First, the new Gram matrix ðK̂Þ of the
difference vectors is calculated:

k̂ij ¼ hFi �F0i;Fj �F0ji ¼ kii � KT
i ClC

T
l Kj, (23)

where i, j are from (n+1) to (n+m). This matrix relates to
the difference between the newly acquired data and the
reconstructed form of these new data. Therefore, we can
use the AKFA method to extract the prominent feature
from this Gram matrix. The new feature, ñ ¼ ½FlFg �C̃1:ðlþ1Þ,
corresponds to the new data Fg. Since each element in K̂

has eliminated the projections onto the previous eigen-

ARTICLE IN PRESS

L. Winter et al. / Signal Processing 90 (2010) 2456–2467 2461



Author's personal copy

space, the new eigenvector must be orthogonal to the
previous eigenvectors.

Step 4: As the last step, the coefficient matrix Cl needs
to be updated accordingly to reflect the new feature set.
From the previous set of features, Vl, the trivial feature (vt)
chosen at Step 2 should be taken out and the new feature
ðñÞ should be added to the set of features as n̂l.
Correspondingly, Fi dx(t) is taken out from Fl to form a
new F̂l�1 and Fg from the new batch of data becomes new
F̂i dxðlÞ as it will be retained while rest of the data from the
new batch is discarded. Updating Vl and F̂lare actually
hypothetical as we work in the kernel space, and use the
kernel trick to avoid dealing with the high dimensional
space. Therefore, in reality we only need to update the
coefficient matrix Cl. The j-th row and column of Cl are
taken out to form a new matrix Ĉl�1. The new matrix Ĉ1:l;l

is calculated using the same procedure as in AKFA to
update the co-efficient matrix using Eqs. (13) and (14)
above. The updated parameters are used in the next on-
line training step.

The proposed On-line AKFA does not require solving an
increasing-sized eigenvalue problem. A sufficient amount
of training data is used for the initial off-line training and
the remaining training data are fed in relatively smaller
quantities as the on-line training proceeds. Due to the
smaller-sized batches of data that are fed during each
training step, the storage requirement of On-line AKFA is
less compared to other off-line training methods. At the
same time, since the computations are efficiently done for
each new batch of data, the computational time for
training is greatly reduced. Therefore, the proposed On-
line AKFA as a training procedure for larger training data
sets shows improvements in computational time, flex-
ibility, and storage efficiency.

4. Experimental analysis

4.1. The CT colonography image data set

The proposed On-line AKFA together with Off-line
AKFA and KPCA were evaluated using CT image data sets
of colonic polyps comprised true positives (TP) and false
positives (FP) detected by our CAD system [5]. We
obtained studies of 146 patients who had undergone a
colon-cleansing regimen in preparation for same-day
optical colonoscopy. Each patient was scanned in both
supine and prone positions, resulting in a total of 292 CT
studies. Helical single-slice and multi-slice CT scanners
(GE HiSpeed CTi, LightSpeed QX/I, and LightSpeed Ultra;
GE Medical Systems, Milwaukee, WI) were used, with
collimations of 1.25–5.0 mm, reconstruction intervals of
1.0–5.0 mm, X-ray tube currents of 50–260 mA and
voltages of 120–140 kVp. In-plane voxel sizes were
0.51–0.94 mm, and the CT image matrix size was
512�512. Out of 146 patients, there were 108 normal
cases and 38 abnormal cases with a total of 61 colono-
scopy-confirmed polyps larger than 6 mm. Twenty-eight
polyps were 6–9 mm and 33 polyps were larger than
10 mm (including seven lesions larger than 30 mm). The
CAD scheme processed the supine and prone volumetric

data sets generated from a single patient independently to
yield polyp candidates. The CAD scheme detected polyp
candidates in the 292 CT colonography data sets with a
98% polyp detection sensitivity.

The volumes of interest (VOIs) representing each polyp
candidate have been calculated as follows. The CAD
scheme provided a segmented region for each candidate.
The center of the VOI was placed at the center of mass of
the region. The size of the VOI was chosen so that the
entire region was covered. Finally, the VOI was resampled
to 16�16�16 voxels. The VOIs so computed comprise the
data set DB1, a sample of which is shown in Fig. 1. There
were a total of 131 true polyps (some of the larger lesions
had multiple detections) and 8008 FP. The same procedure
has been carried out using VOIs with dimensions
12�12�12 voxels to build the data set DB2 that consists
of 39 TP and 149 FP. Experiments in Sections 4.2 and 4.3
use both DB1 and DB2 data sets, while DB2 is used in
Section 4.4, and DB1 is used in Section 4.5.

4.2. Computational time

We evaluated the computational efficiency of the
proposed method by comparing its run time with the
other two methods for different data sizes. The algorithms
have been implemented in Matlab 7.0.1 (R14) using the
statistical pattern recognition toolbox [39] for the Gram
matrix calculation and kernel projection. The processor
was a 2.5 GHz Intels CoreTM2 Duo T9300 with 3 MB of
RAM. Run time was determined using the cputime

command.

4.2.1. Experiment with DB1

First the computational time for DB1 has been
analyzed. Computation time results, in seconds, for Off-
line AKFA and On-line AKFA are shown in Fig. 2. The
initial, off-line, training batch has size 300 and every
subsequent batch has 30 new data, adding up to a total of
750 after 16 batches. For On-line AKFA, we measured the
computation time after the initial off-line training and at
the end of each on-line step. For fair comparison, we ran
Off-line AKFA for data sizes equal to the cumulative size
used for On-line AKFA (that is, 300, 330, 360y). The
parameter s of the RBF kernel was set to 16, while the
dimension of the eigenspace was set to 70 for all the
feature extraction algorithms, when using DB1.

For each algorithm, computation time increases with
increasing training data size (n), as expected. Off-line
AKFA requires the computation of a Gram matrix whose
size increases as the data size increases. On-line AKFA
computes a large Gram matrix during the initial step and
then efficiently updates the feature space in subsequent
steps. Therefore, On-line AKFA is significantly faster than
Off-line AKFA for the same reduction in eigen-dimension
to 70. For example, for Z ¼ 0.945 and n ¼ 750, On-line
AKFA was about 4.4 times faster than Off-line AKFA.
Moreover, when the rate of increase in computational
time is considered for both methods, it appears as the
computational gain of the proposed method increases for
larger data sizes.
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The computation time for On-line AKFA is plotted for
three values of the threshold Z. When Z ¼ 0.925, the
eigenspace was updated at every on-line learning step as a
result of MSE being larger than Z. At the other extreme,
when Z ¼ 0.960, the eigenspace obtained from the first
off-line step was never updated for subsequent batches of
data. For Z ¼ 0.945, the eigenspace was updated in some
of the on-line learning steps, thus perfectly demonstrating
the expected behavior of on-line learning. The change in
computational time for different values of Z is not
significant compared to the reduction we obtain com-
pared to the off-line method. This clearly demonstrates
that the application of On-line AKFA for detection of
polyps in CT colonography is much faster than the existing
off-line training methods; especially when the data size is
larger.

4.2.2. Experiment with DB2

The same procedure is used with DB2, except for
different data sizes. The initial, off-line, training batch has
size 85 and every subsequent batch has nine new data,
adding up to a total of 148 after eight batches. The use of
DB2 required slight changes to the parameters of kernel
space. The dimension of the eigenspace was set to 75 for
all three methods. The results for KPCA, Off-line AKFA, and
On-line AKFA are presented in Table 1. Due to the smaller
size of DB2, the computational savings are less dramatic,
but On-line AKFA is still about 21% faster than Off-line
AKFA. We also noticed that the decrease in computation
time for Off-line AKFA compared to KPCA was relatively
small, implying that the use of Off-line AKFA on a smaller
training data set does not yield much advantage over
KPCA. Note that the CPU time for On-line AKFA is given
after 148 batches. The CPU times for KPCA and Off-line
AKFA are given after training the same number of data as
the On-line AKFA, as feeding data in batches is not used
for KPCA and Off-line AKFA. We analyzed the run time for
On-line AKFA for three different values of the threshold Z.
The eigenspace was updated at every on-line learning step

for Z ¼ 0.640, as a result of MSE being larger than Z. In
contrast, when Z ¼ 0.775 the eigenspace, obtained from
the first off-line step, was never updated for subsequent
on-line steps. The value Z ¼ 0.750 was chosen to test the
situation where the eigenspace updated only in some of
the on-line steps.

4.3. Reconstruction error vs. data sizes

4.3.1. Experiment with DB1

The reconstruction error has been evaluated for On-
line and Off-line AKFA for increasing training data sizes
using DB1. The mean square reconstruction error was
calculated using (16) and the dimension of the eigenspace
was set to 70. The on-line learning has been tested for
three different values of Z, as explained in Section 4.2. The
results are shown in Fig. 3. The vertical axis indicates
mean square error (MSE), which is the mean squared
value of error explained by Eq. (21). This reconstruction
error increases as the data sizes increase, for both on-line
and off-line learning. This could be due to the hetero-
geneous nature of the data set. The value of the parameter
Z has little effect on On-line AKFA reconstruction
performance. A slight increase (less than 1%) in the
reconstruction error of On-line AKFA is observed, as
expected, compared to Off-line AKFA. However, the
reduction in computation time clearly outweighs this
small loss of accuracy.
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Fig. 2. Computational time for On-line and Off-line AKFA. The initial

batch has size 300 and every subsequent batch has size 30.

Table 1
CPU time in seconds for DB2.

Feature extraction algorithm CPU time (s)

KPCA 0.2340

Off-line AKFA 0.2184

On-line AKFA

Z ¼ 0.640 0.1872

Z ¼ 0.750 0.1716

Z ¼ 0.775 0.1560
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Fig. 3. Mean square reconstruction error for on-line and off-line learning

using AKFA. The initial batch has size 300 and every subsequent batch

has size 30.
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4.3.2. Experiment with DB2

The same conditions and parameters have been used in
this experiment as in Section 4.2. The reconstruction error
results for KPCA, Off-line AKFA, and On-line AKFA for this
data set are summarized in Table 2. The results show that
the reconstruction ability of KPCA is better than that of
Off-line AKFA, made evident by the smaller reconstruction
error. The optimum value for reconstruction error for On-
line AKFA was obtained for Z ¼ 0.750. Compared to the
off-line methods, a somewhat higher reconstruction error
for On-line AKFA was observed. However, given more
training data coupled with the ability to extract more
features would have resulted in a more accurate repre-
sentation of data in the reduced eigenspace, and therefore
in comparable results for on-line and off-line learning.
Also, we expect the difference in reconstruction error
between Off-line AKFA and On-line AKFA to be reduced
when the training data set size is increased.

4.4. Evaluation of classification performance for polyp

candidates

In order to analyze how feature extraction methods
affect classification performance of polyp candidates, we
used the k-nearest neighborhood classifier on the image
vectors in the reduced eigenspace. The data set DB2 was
used in the experiments described in this section. We first
evaluated the performance of the classifier by applying it
to the raw data without any feature extraction (Case 1).
Then we applied the classifier to the feature spaces
obtained by KPCA (Case 2), Off-line AKFA (Case 3), and
On-line AKFA (Case 4).

Case 1 (Raw data without feature extraction): The
training data and test data were selected according to
the arrangement given in Table 3. In this experiment, the
k-nearest neighbor classifier used k ¼ 9 nearest neighbors
because, as will be seen later, this works best for
classification in the kernel space. We observed classifica-
tion accuracies between 95.00% and 100.00%. This implies
that the k-nearest neighbor classifier performs well for
this set of polyp candidate data. We performed this
experiment to assure that the data are classifiable using
the k-nearest neighbor classifier. The result was positive.
However, performing classification in the original space
would be computationally inefficient. The detailed results
are presented in Table 4. Only two polyps were incorrectly
classified as FN (false negative), while all the FP have been
identified correctly as TN (true negative). This yields a
classification accuracy of 95.00%.

Case 2 (KPCA): The k-nearest neighborhood classifier
was applied on the data after the feature extraction using
the KPCA algorithm, which was used to extract a total of
75 features during the training. The data set as described
in Arrangement 1 in Table 3 was used, and 1–10 nearest
neighbors were considered. The results for classification
accuracy against the number of nearest neighbors are
given in Table 5. When nine nearest neighbors were
considered for classification, the test data in the reduced
eigenspace were grouped as given in Table 4, resulting in a
classification accuracy of 95.00%.

Case 3 (Off-line AKFA): The Off-line AKFA algorithm has
been applied on the same training data set given in Table 3
to extract 75 features. Then the test data were classified
using k-nearest neighborhood classifier considering 1–10
nearest neighbors; the results are summarized in Table 5.
The grouping of the test data after the classification (for
nine nearest neighbors) was given in Table 4 under Case 3.
In this case, one more TP was classified inaccurately as FN
compared to the results of Cases 1 and 2. We observe a
small decrease in classification accuracy of Off-line AKFA
in comparison with KPCA.

Case 4 (On-line AKFA): In training the data using On-
line AKFA method, we extracted 75 features from the
training data set given in Table 3. On-line learning
consisted of eight steps where 68 false and 17 true polyp
patterns were fed for the first off-line step and each
subsequent step consisted of seven false and two true
polyp patterns being fed for the on-line training. The
initial off-line step in On-line AKFA required sufficient
number of training data for better performance in
classification. The experiment was performed for 1–10
nearest neighbors and as well as for various values of Z.
Table 5 presents these classification results for Z ¼ 0.640,
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Table 2
Mean square reconstruction error for DB2.

Feature extraction algorithm Mean square error (%)

KPCA 5.03

Off-line AKFA 8.20

On-line AKFA

Z ¼ 0.640 10.90

Z ¼ 0.750 10.68

Z ¼ 0.775 19.11

Table 3
Arrangement of training and test data for classification.

Proportion

from the total

data set (%)

Number of

vectors

Total

Arrangement 1

Training set

TP 80.00 31 148

FP 78.30 117

Test set

TP 20 8 40

FP 21.70 32

The data set DB2 comprised 39 TP data and 149 FP data.

Table 4
Classification results for DB2 without/with feature extraction (consider-

ing nine nearest neighbors).

TP TN FN FP Classification accuracy (%)

Case 1: Original space 6 32 2 0 (6+32)/40 ¼ 95.00

Case 2: KPCA 6 32 2 0 (6+32)/40 ¼ 95.00

Case 3: Off-line AKFA 5 32 3 0 (5+32)/40 ¼ 92.50

Case 4: On-line AKFA 4 32 4 0 (4+32)/40 ¼ 90.00

Classification accuracy was calculated as (TP+TN)/(TP+TN+FN+FP).
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0.750, and 0.775. We noticed that choosing Z ¼ 0.750
leads to optimum classification performance for On-line
AKFA. Even though the results for classification accuracy
for on-line learning indicates a decrease compared to off-
line learning methods, we should note that in this case, an
incorrect classification of one pattern gives a decrease of
2.50% in classification accuracy as the data set is smaller.
Therefore, with larger data sets the difference in classifi-
cation accuracy for off-line and on-line learning is
expected to be much smaller.

As shown in the four cases above, the classification
accuracy was slightly affected by the feature extraction
method, the chosen learning technique, and the classifier;
there is a certain limit of accuracy that can be achieved by
distance based classifiers such as k-NN and k-means. Also,
since the On-line AKFA involves feeding of data in batches,
the method accounts for relative variations in data in the
successive batches. This might have resulted in slightly
increased reconstruction error and reduced classification
accuracy in On-line AKFA. However, the advantages of the
On-line AKFA method over the off-line methods are its
computational efficiency and flexible handling of dynamic
data.

4.5. Projection variance of training data along selected

features

By analyzing the projection variance of training data
along each selected feature in the reduced eigenspace, we
can explore the suitability of our eigenspace in represent-
ing the data. Also, this allows us to identify the most
relevant features as the features with the highest projec-
tion variance. These features provide good clustering
ability, leading to good classification performance. To
study this behavior, we calculated the variance of
projected data along each new dimension of the new
eigenspace created by each feature extraction algorithm.
The experimental setup was identical to the one described
in Section 4.2 for data set DB1.

The results in Fig. 4 show the projection variance along
features selected by the different algorithms. It appears
that only a few features have large associated variances
and the other dimensions have comparatively very small

projection variance. The difference in projection variance,
between the successive features, is larger for the first 10
features when compared with that of the features chosen
afterwards by the off-line methods. While extracting
features using off-line algorithms, we expect a descending
order of projection variance along the selected dimensions
in the order of selection. The projection variance values
obtained for KPCA are almost twice the values obtained
for Off-line AKFA. This implies that the kernel space
created by the Off-line AKFA spread out the reconstructed
patterns in a smaller volume of the kernel space.

The projected variance along the features chosen by
the On-line AKFA method depicts a different behavior
from the off-line methods. This behavior is expected, since
in on-line learning the features chosen in the initial step
are replaced by more relevant features that are found in
subsequent steps. Fig. 4 displays how the feature space is
updated as the on-line learning proceeds. Apart from that,
the projection variance values obtained for the On-line
AKFA are comparable to the values for Off-line AKFA. This
implies that our feature space from on-line learning is
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Table 5
Classification accuracy for each feature extraction algorithm against the number k of nearest neighbors.

No. of nearest

neighbors

Classification accuracy (%)

KPCA Off-line AKFA On-line AKFA

Z ¼ 0.640 Z ¼ 0.750 Z ¼ 0.775

1 97.5 92.5 90 95 87.5

2 100 90 80 80 80

3 95.5 95 82.5 82.5 80

4 100 92.5 80 80 80

5 100 92.5 82.5 87.5 85

6 97.5 92.5 80 85 85

7 97.5 92.5 85 92.5 82.5

8 95 90 82.5 85 85

9 95 92.5 85 90 95

10 92.5 90 82.5 87.5 92.5
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Fig. 4. Projection variance along new dimensions selected by each

algorithm.
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quite similar to that from off-line learning. Using this type
of feature analysis, we can expect the On-line AKFA to
have comparable clustering performance, thus the classi-
fication performance, to that of Off-line AKFA.

In these experiments, the feature space was reduced to
70 dimensions from the 4096-dimensional original space.
Results of this section demonstrate that extraction of
more features to expand the feature space beyond 70
dimensions would not contribute towards good clustering
performance. Therefore, an expansion of feature space is
not necessary for this case.

5. Conclusion

This paper proposed a semi-supervised learning meth-
od, the On-line accelerated kernel feature analysis for the
computer-aided detection of polyps in CT colonography.
The method was evaluated in terms of speed and
classification performance against KPCA and Off-line
AKFA. Although performance depends on the character-
istics of a particular data set, On-line AKFA was found, in
one typical case, to be about 4.4 times faster than Off-line
AKFA, with a very small loss in reconstruction accuracy
(o1%). The classification performance decreases some-
what from Off-line to On-line AKFA. However, the use of
sufficient training data for the initial off-line step,
together with an optimum number of features to be
extracted, depending on the characteristics of the data set
for a given application, could improve the results for On-
line AKFA. The experimental results for projection var-
iance show how the on-line learning method adapts to the
changes in data as the data are being fed to the algorithm.
Together with the ability to feed data in small quantities,
this makes the proposed on-line learning method very
well suited for extracting features from data with time-
varying statistical properties.

Acknowledgments

The authors would like to acknowledge J. Näppi and H.
Yoshida with the Department of Radiology, Massachusetts
General Hospital and Harvard Medical School, Boston, MA
02114, USA, who provided CT data sets for this study.

References

[1] S. Winawer, R. Fletcher, D. Rex, J. Bond, R. Burt, J. Ferrucci, T. Ganiats,
T. Levin, S. Woolf, D. Johnson, L. Kirk, S. Litin, C. Simmang, Colorectal
cancer screening and surveillance: clinical guidelines and rationa-
le—update based on new evidence, Gastroenterology 124 (2003)
544–560.

[2] K.D. Bodily, J.G. Fletcher, T. Engelby, M. Percival, J.A. Christensen, B.
Young, A.J. Krych, D.C. Vander Kooi, D. Rodysill, J.L. Fidler, C.D.
Johnson, Nonradiologists as second readers for intraluminal find-
ings at CT colonography, Acad. Radiol. 12 (2005) 67–73.

[3] J.G. Fletcher, F. Booya, C.D. Johnson, D. Ahlquist, CT colonography:
unraveling the twists and turns, Curr. Opin. Gastroenterol. 21
(2005) 90–98.

[4] H. Yoshida, A.H. Dachman, CAD techniques, challenges, and
controversies in computed tomographic colonography, Abdom.
Imaging 30 (2005) 26–41.
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