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Head Orientation Prediction:
Delta Quaternions Versus Quaternions

Henry Himberg and Yuichi Motai, Member, IEEE

Abstract—Display lag in simulation environments with helmet-
mounted displays causes a loss of immersion that degrades the
value of virtual/augmented reality training simulators. Simulators
use predictive tracking to compensate for display lag, preparing
display updates based on the anticipated head motion. This paper
proposes a new method for predicting head orientation using a
delta quaternion (DQ)-based extended Kalman filter (EKF) and
compares the performance to a quaternion EKF. The proposed
framework operates on the change in quaternion between con-
secutive data frames (the DQ), which avoids the heavy computa-
tional burden of the quaternion motion equation. Head velocity
is estimated from the DQ by an EKF and then used to predict
future head orientation. We have tested the new framework with
captured head motion data and compared it with the computation-
ally expensive quaternion filter. Experimental results indicate that
the proposed DQ method provides the accuracy of the quaternion
method without the heavy computational burden.

Index Terms—Compensation, Kalman filtering, prediction
methods, tracking, virtual reality.

I. INTRODUCTION

H EAD tracking is widely used in augmented and virtual re-
ality (AR/VR) simulation environments to control scene

rendering in response to head orientation. The perceived latency
(lag) between head motion and display response causes a loss
of immersion for the user that can result in dizziness in extreme
cases [2], [8]–[10], [14], [15], [23]–[25]. In training applica-
tions, the user learns to compensate for the display latency
of the particular simulator, adjusting head motion to improve
performance. This learned behavior compensates for display
latency in the simulation environment, but differences between
the simulator latency and that of the actual system reduce the
value of the training. An effective method of compensating for
simulation latency in helmet-mounted display (HMD) simula-
tors is to predict the future orientation of the head. If the head
orientation can accurately be predicted, then the simulator can
render the next scene before the user moves. Various prediction
methods have been proposed for latency compensation [1]–[5],
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[7], [12], [29], [31], [34], [35], with the Kalman filter receiving
considerable attention.

Predictive filtering, including the extended Kalman filter
(EKF), particle filters (PFs), and the unscented Kalman filter
(UKF), is widely used for latency compensation [1], [2], [5],
[7], [26], [33]. The UKF requires additional computation re-
source without improving performance when compared to the
EKF in estimating the quaternion motion [27]. The PF does not
provide a significant improvement upon the EKF when used
for head motion prediction [7]. We use the EKF in our study of
head motion prediction to avoid the additional computational
burden of other methods [27], [28].

This paper proposes the delta quaternion (DQ) framework
for latency compensation. The DQ framework predicts future
head orientation from the change in quaternion orientation
between measurements (the DQ). Angular head velocity is
estimated from the DQ by an EKF and then combined with the
current quaternion measurement to predict future orientation.
The DQ differs from other head orientation prediction methods
in several ways, including estimation of the DQ instead of the
quaternion orientation in the EKF, and decoupling of the predic-
tion interval from the input data rate. Removing the quaternion
orientation from the Kalman filter reduces the number of state
variables from 7 to 3 in a filter that uses the constant velocity
(CV) motion model, which, thus, provides significant savings of
computational resources. The decoupled prediction algorithm
avoids a reduction in frame rate that is required to accommodate
the one-step prediction method used in other approaches.

In the remainder of this paper, we will compare the per-
formance and efficiency of two types of head orientation pre-
diction, i.e., the quaternion (Q) method and the proposed DQ
method. In Section II, we present an overview of quaternion ori-
entation and the EKF. Section III discusses the details of each of
the frameworks that were examined. Section IV focuses on the
computation requirements of each of the frameworks. Section V
provides a detailed examination of the measured performance
of each of the frameworks using head-tracking data captured
with a Polhemus ac magnetic tracker in a simulated VR session.
Section VI concludes this paper with a comparison of findings
and suggestions for future study.

A. Related work

The authors previously developed two adaptive EKF meth-
ods for the prediction of quaternion head motion in a simulation
environment [11]. The first method used a fading memory
algorithm to modify the EKF-predicted error covariance in re-
sponse to changes in the filter residual. The proposed algorithm
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improved the tracking performance but increased the output
noise in some conditions. A second method (R-Adaptive)
adaptively modified the measurement covariance to control the
output noise level. The R-Adaptive approach provided lowered
output noise and improved tracking performance with benign
data but had increased RMS error with aggressive head motion.

Kiruluta et al. proposed a system that used a Kalman filter to
predict head motion from position data [1]. The study compared
a constant-acceleration Kalman filter predictor to a polynomial
approach. Experimental results showed that the Kalman filter
provided good latency compensation for moderate motion but
had degraded performance undergoing fast motion. An adaptive
version of the Kalman predictor was also studied for applica-
tions requiring tracking of fast motion at the cost of throughput
delay.

Goddard [4] and Bohg [3] both proposed methods of ori-
entation prediction based on the quaternion motion equation
presented by Chou [16]. Each of these methods predicted
future orientation as a function of angular head velocity and
current head orientation. The large state vector of the quaternion
filter (seven state variables) and the nonlinear state equation
lead to large matrices in the EKF, which results in a large
computational load on the host system.

A head-tracking system was developed by Chang and Cho to
control the camera movement in a surveillance system applica-
tion [5]. The proposed system used image-based head tracking
to track an individual in a defined physical space. A Kalman
filter was used to improve stability by predicting head position
in the image space.

Liang et al. developed a Q method of head motion prediction
based on Kalman filtering [29]. They based their work on the
assumption that the perceived latency was mainly caused by
the delay in orientation data. The proposed system predicted
the head orientation using a linearized quaternion orientation
to break the quaternion into four independent components.
Each of the four decoupled components was predicted using
a separate Kalman filter. The four predicted components were
combined to form a predicted unit quaternion value.

Azuma and Bishop developed a predictive tracking system
for an HMD using inertial sensors mounted to the display
with Kalman filtering [31]. The system improved the latency in
most conditions, as compared to prediction without the inertial
sensors or no prediction at all.

A comparison of a Grey-theory-based prediction algorithm,
a Kalman filter approach, and an extrapolation method was
performed by Wu and Ouhyoung [34]. They found that both
the Grey theory method and the Kalman filter significantly
improved the performance as compared to extrapolation. The
authors stated that the Grey theory method performed equally
well as the Kalman filter while having a relatively low com-
putation complexity. The computational demands were not
qualitatively compared in the study.

LaViola proposed a latency compensation method based
on double exponential smoothing as an alternative to Kalman
filter prediction [35]. The proposed algorithm was compared
to derivative-free Kalman filters (systems without a velocity
or acceleration measurement) and found to provide similar
performance with a reduced computation requirement.

A phase lead filter system was proposed by So and
Griffin to compensate for delays in HMDs [2]. The study found
that phase lead filters significantly improved the head-tracking
performance but introduced jitter under some conditions. An
additional compensation technique using image deflection was
used to compensate for filter jitter.

Zhang et al. used an adaptive Kalman filter for human move-
ment tracking in medical rehabilitation [12]. The proposed
system uses a Kalman filter to control a camera that captures
body movement for future analysis.

Quaternion estimation is often used for attitude control in
spacecraft. Ali et al. used a system based on DQs to control
attitude in the Mars Exploration Rover [38]. The system ap-
plies a heading adjustment to the previous attitude to estimate
the current orientation. Using the new estimate, the system
conducts a series of confirmation tests to determine if the
attitude estimate is correct. This system uses a variety of sensors
including accelerometers, gyroscopes, wheel odometry, and
visual odometry to determine vehicle orientation. Similar to
our proposal, this system estimates the change in orientation
(DQ) and then corrects based on measurement data. Cheon
and Kim used an UKF to estimate the spacecraft attitude with
quaternions [22]. This study successfully used magnetometer
and gyroscopic data to estimate the quaternion orientation
with a UKF.

Marins et al. developed an orientation sensor based on a mag-
netic, angular rate, and gravity (MARG) sensor using Kalman
filtering [36]. The study proposed two methods of determining
position and orientation from MARG measurement data using
Kalman filters. In our study, there is no ability to measure
the angular rate; the only measurement available is orientation.
Our proposed system directly estimates the angular rate infor-
mation from quaternion orientation measurement data without
additional sensor data. Another study conducted by Sabatini
proposed the use of a similar sensor (gyroscope, accelerometer,
and magnetometer) to measure the orientation in biomedical
applications [37]. This study is very similar to [36] in that it uses
rate measurement data to estimate orientation and is specific to
the particular sensor type being used. Our study develops an-
gular velocity information from quaternion measurements and
is more general in that it is not dependant on any measurement
data except the orientation itself.

Attitude control systems develop and control orientation
using a Kalman filter with a variety of measurement tech-
niques, including gyroscopes, magnetometers, and accelerom-
eters. These applications are based on the same quaternion
motion equations that we use in our work but greatly differ
in the application specifics. Orientation measurement devices
use angular rate data to estimate orientation using a Kalman
filter, although the specifics of the filter design considerably
vary with sensor type. These applications differ from our study
in that we are using quaternions with a Kalman filter to estimate
the angular rate information from an orientation measurement.
Our approach is independent of the sensor type used for the
measurement. Although we have performed our experiment
using the Polhemus tracker, any other method of measuring ori-
entation could be used without loss of performance (assuming
similar measurement accuracy).
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II. BACKGROUND ON ORIENTATION PREDICTION

A. EKF

The EKF is a prediction-correction filter used in systems with
the following state equation and measurement equation:

x̂k = f(x̂k−1, u, w) (1)

zk = h(x̂k, vk). (2)

The state equation [see (1)] expresses the state x at time k
as a function of the state at time k − 1, an external input u,
and process noise w (process noise is defined as any change
in state not modeled by the state equation). The measurement
equation [see (2)] relates the measurement z at time k to the
state at time k and measurement noise v. The process noise
and the measurement noise are assumed to be independent
Gaussian random variables with zero mean [6], [13], [21], [32].
The EKF equations can be applied to nonlinear systems using
a Taylor expansion to linearize the system about the current
state, i.e.,

xk ≈ x̃k + Ak · (xk−1 − x̂k−1) + Wk · wk−1 (3)

zk ≈ z̃k + Hk · (xk − x̂k) + Vk · vk. (4)

The A, W , H and V Jacobian matrices are recomputed each
time the filter iterates.

B. Quaternions

Unit quaternions are a commonly used method of orientation
representation that avoids the singularities of Euler angles
and the stability problems of direction cosine matrices [17]–
[20], [26], [30]. A unit quaternion is a 4-D representation of
orientation that characterizes orientation as a rotation θ about
an axis of rotation defined by the unit vector u, i.e.,

q =
[
cos

(
θ

2

)
u · sin

(
θ

2

)]T

. (5)

Quaternions provide a compact efficient method of conduct-
ing 3-D rotations. To rotate an object, the orientation qk of the
object is multiplied by the desired change in rotation, i.e., the
DQ Δq defined as

qk = Δq · qk−1. (6)

C. Motion Model

A CV motion model is used for each of the frameworks that
were investigated. Both DQ and Q frameworks are based on
the change in quaternion being a function of angular velocity.
At the high data rate of an ac magnetic tracker, the CV model
is a good choice for slow to moderate head motion. The CV
model assumes that the angular velocity ω is constant from
frame to frame using a white noise acceleration component w
and the frame period τ to handle any changes in velocity that
may occur, e.g.,

ωk = ωk−1 + w · τ. (7)

Fig. 1. Q framework as a two-step process that directly estimates future
orientation from quaternion orientation measurement data using a Kalman filter
and a prediction function (fP ).

Fig. 2. DQ framework as a three-step process that converts quaternion orien-
tation measurements into DQs. Future orientation is predicted using an EKF
and a prediction function (fP ).

III. FILTER DESIGN

The Q and DQ frameworks estimate the angular head veloc-
ity ω from the measured quaternion orientation q, predicting the
future orientation as a function of the estimated head velocity
and a user-specified prediction time δ. The Q framework uses
an EKF to estimate the current head velocity ωκ from the
quaternion measurement data qk. Future orientation q(kτ + δ)
is predicted as a function of the current quaternion measure-
ment qk, the predicted angular velocity ωκ, the frame time τ ,
and the prediction interval δ (Fig. 1). The DQ framework uses a
similar process that operates on the DQ between measurements
(Fig. 2). The DQ framework first converts the incoming data
to DQs (Δq), which are then used by an EKF to estimate the
angular head velocity ω. The DQ framework uses the same
prediction function as the Q framework, calculating the DQ
Δq of the prediction interval and applying it to the current
quaternion measurement qk.

A. Q Framework

The quaternion Kalman filter uses a state vector consist-
ing of the quaternion orientation q̂ and the angular velocity
vector ω̂, i.e.,

x̂ = [q̂ ω̂]T . (8)

The state equation

fQ(x,w.τ) =
[

q(x,w, τ)
ω + w · τ

]
(9)

predicts the next state from the current state using the CV
model. The measurement equation

h(x, v) = q̂ + v (10)
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is linear since the quaternion orientation is included in the state
vector.

The relationship between quaternion motion and angular
velocity using quaternion multiplication

q̇ = Ψ · q (11)

was presented by Chou [16], where Ψ is the 4 × 4 element
angular velocity quaternion

Ψ =
1
2
·

⎡
⎢⎣

0 −ω0 −ω1 −ω2

ω0 0 −ω2 ω1

ω1 ω2 0 −ω0

ω2 −ω1 ω0 0

⎤
⎥⎦ . (12)

As shown in [4], the solution to this differential equation is
an exponential function

q(t + τ) = eΨ·τ · q(t) (13)

which can be solved for the closed discrete form by assuming
constant velocity, e.g.,

qk = Δq(ωk, τ) · qk−1. (14)

The discrete form rotates the current orientation q by a
DQ Δq, which is a function of angular velocity ω and time τ .
The DQ is computed in its compact four-element column
vector form

Δq(ω, τ) =

⎡
⎢⎢⎢⎢⎢⎣

cos
(

θ
2

)
2·ω0
‖ω‖ · sin

(
θ
2

)
2·ω1
‖ω‖ · sin

(
θ
2

)
2·ω2
‖ω‖ · sin

(
θ
2

)

⎤
⎥⎥⎥⎥⎥⎦

(15)

and expanded to a 4 × 4 matrix for multiplication opera-
tions, e.g.,

θ = τ ·
√

ωT · ω.

The predicted angular velocity ω̃ is generated with the CV
motion model as a function of the current angular velocity state
ω̂, process noise w, and the frame period τ , i.e.,

ω̃k = ω̂k−1 + w · τ. (16)

The predicted quaternion state q̃ is calculated as the product of
the DQ (Δq) generated from the predicted angular velocity ω̃
and the current quaternion state q̂, i.e.,

q̃k = Δq(ω̃k, τ) · q̂k−1. (17)

The Kalman filter requires four Jacobian matrices (A, W , H ,
and V ) to be computed each time the filter iterates. The fol-
lowing A matrix contains the partial derivative of the predicted
state q̃ with respect to each state variable (q̂ and ω̂) and requires
three nontrivial partial derivatives:

A =
[

∂

∂x̂
f(x,w)

]
w=0

=
[ ∂

∂q̂ q̃ ∂
∂ω̂ q̃

0 ∂
∂ω̂ ω̃

]
w=0

. (18)

The partial derivative of the predicted quaternion q̃ with
respect to the quaternion state q̂ is the predicted DQ Δq, i.e.,

∂

∂q̂
q̃ =

∂

∂q̂
[Δq(ω̃, τ) · q̂] = Δq(ω̃, τ). (19)

In this instance, the DQ must be expanded to its full 4 × 4
matrix format for inclusion in the A matrix.

The partial derivative of the predicted quaternion q̃ with
respect to the velocity state ω̂ is calculated as three column
vectors

∂

∂ω̂
q̃ =

[
∂

∂ω̂0
q̃

∂

∂ω̂1
q̃

∂

∂ω̂2
q̃

]
. (20)

Starting with the definition of the predicted quaternion
[see (15)], each four-element column vector is the product of
the following partial derivative of the predicted DQ with respect
to the velocity state ω̂ and the current quaternion state q̂:

∂

∂ω̂i
q̃ =

(
∂

∂ω̂i
Δq(ω̃, τ)

)
· q̂. (21)

A generalized form of the partial derivative of the predicted
DQ with respect to velocity state ω̂ can be expressed in the
following as a function of the predicted DQ Δq(ω̃, τ), the
predicted angular velocity ω̃, and the time interval τ :

∂

∂ω̂i
[Δq(ω̃, τ)]

=

⎡
⎢⎢⎢⎣

− τ
4 ·Δq̃i+1

ω̃0

Ω̃2 ·(τ ·ω̃i ·Δq̃0 − Δq̃i+1) + (δi,0)· 1
ω̃i
·Δq̃i+1

ω̃1

Ω̃2 ·(τ ·ω̃i ·Δq̃0 − Δq̃i+1) + (δi,1)· 1
ω̃i
·Δq̃i+1

ω̃2

Ω̃2 ·(τ ·ω̃i ·Δq̃0 − Δq̃i+1) + (δi,2)· 1
ω̃i
·Δq̃i+1

⎤
⎥⎥⎥⎦

δi,j = {dirac}(i, j) Ω =
√

ωT · ω. (22)

Finally, the partial derivative of the predicted angular velocity
with respect to the velocity state can be obtained by inspection,
as follows:

∂

∂ω̂i
ω̃ = I. (23)

The following matrix W is the Jacobian of partial derivatives
of the predicted state q̃ with respect to the process noise w:

W =
[

∂

∂w
f(x,w)

]
w=0

=
[

∂

∂w

[
q̃
ω̃

]]
w=0

. (24)

The CV motion model considerably simplifies W , since the
predicted velocity ω̃ is a linear function of the velocity state ω̂
and the process noise w. Closer inspection indicates that it is
the product of the partial derivative of the predicted quaternion
with respect to velocity state [see (21)] and the time step τ , i.e.,

W =
[

τ · ∂
∂ω̂ q(ω̃, τ)
τ · I

]
. (25)

The H matrix is the Jacobian of partial derivatives of the
measurement equation [see (10)] with respect to state x̂, which



1386 IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS—PART B: CYBERNETICS , VOL. 39, NO. 6, DECEMBER 2009

Fig. 3. Prediction-correction loop of the Kalman filter providing an estimate
of angular head velocity that is projected across the prediction interval to
estimate the change in orientation (Δq) that will occur.

can be derived by inspection as

H =
[

∂

∂q̂
h(x, v)

∂

∂ω̂
h(x, v)

]
v=0

= [I 0]. (26)

The V matrix is the Jacobian of partial derivatives of the
measurement equation [see (10)] with respect to measurement
noise. Since the measurement model is linear, V is a 4 × 4
identity matrix, i.e.,

V =
∂

∂v
h(x, 0) = I. (27)

The Q framework uses a seven-element state vector to es-
timate the angular velocity. Close examination of the quater-
nion filter equation reveals that the DQ Δq is the driving
equation of the filter. All information concerning the change
in orientation is contained in the DQ, with the quaternion
state providing a method or converting the DQ to match the
measurement.

B. DQ Framework

The DQ framework removes the quaternion equation from
the estimation process by directly converting incoming quater-
nion data qk to DQ Δqk before using the EKF. The EKF now
directly predicts the angular head velocity ω̃ from the DQ
Δqk. The quaternion motion equation [see (14)] is only needed
to compute the predicted quaternion q(kτ + δ) and is moved
outside the Kalman filter into the orientation prediction process
(Fig. 3). The DQ framework directly estimates the angular
head velocity from a DQ measurement without estimation of
the quaternion itself. Eliminating the quaternion orientation
from the Kalman filter reduces the state vector from seven
elements to three elements when using the CV motion model.
The resulting reduction in matrix rank (from 7 × 7 to 3 × 3)
results in large savings of computational resources while re-
taining the quaternion motion model [see (14)].

The DQ of the current frame Δqk represents the change in
quaternion between the previous frame at time k − 1 and the
current frame a time k. The DQ is computed as the quaternion
product of the current quaternion and the inverse of the previous
quaternion, i.e.,

Δqk = qk · (qk−1)−1. (28)

The DQ Kalman filter uses a three-element state vector

x = [ω̂] (29)

containing the average angular velocity.
The CV state equation is now a linear function of the angular

velocity state ω̂, the process noise w, and the time inter-
val τ , i.e.,

fDQ(x,w) = ω̂ + w · τ. (30)

The measurement model in the DQ Kalman filter must relate
the predicted angular head velocity ω̃k to the DQ measurement
Δqk. The equation used for the DQ prediction in the quaternion
EKF [see (15)] is used as the measurement equation for the DQ
EKF, i.e.,

h(x, v) = Δq(ω, τ) =

⎡
⎢⎢⎢⎣

cos
(

θ
2

)
2·ω0
‖ω‖ · sin

(
θ
2

)
2·ω1
‖ω‖ · sin

(
θ
2

)
2·ω2
‖ω‖ · sin

(
θ
2

)

⎤
⎥⎥⎥⎦ + v. (31)

It should be noted that both DQ and Q frameworks compute the
difference between the measured and predicted quaternion as a
simple subtraction, which is technically not a valid quaternion
operation. The small time interval between input data samples
minimizes the effect of this compromise

Due to the linear state equation, the DQ A and Wmatrices
are constant and do not have to be computed for each iteration
of the Kalman filter, e.g.,

A =
∂

∂ω̂
(ω̂ + w · τ) = I (32)

W =
∂

∂w
(ω̂ + w · τ) = [τ · I]. (33)

The Jacobian H matrix is the partial derivative of the mea-
surement equation h(x, v) with respect to state x̂. Since the DQ
state vector only contains the angular velocity ω, the H matrix
reduces to the partial derivative of the DQ Δq with respect to
the velocity state ω̂ as follows:

H =
[

∂

∂ω̂0
Δq(ω̃, τ)

∂

∂ω̂1
Δq(ω̃, τ)

∂

∂ω̂2
Δq(ω̃, τ)

]
. (34)

The partial derivative of the DQ with respect to the angular
velocity state was derived in the Q filter derivation [see (22)].

The DQ measurement equation is linear with respect to
measurement noise v, which reduces V to the identity matrix

V =
[

∂

∂v
[h(x, v)]

]
v=0

= I. (35)

C. Quaternion Prediction

The proposed prediction method is designed to execute on
the Polhemus tracker at frame rates of up to 240 Hz. Each
of the frameworks supports a user-specified prediction time
(δ) for maximum flexibility. Future orientation is predicted by
assuming that the current velocity state ω̂ remains constant
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TABLE I
COMPUTATIONAL REQUIREMENTS FOR ONE ITERATION

throughout the prediction interval (Fig. 3). The future head
orientation q(kt + δ) is estimated as a function of the current
quaternion measurement q, the angular velocity ω, the frame
time τ , and the prediction interval δ, i.e.,

fP (q, ω, τ, δ)) = Δq(ω̂k, δ) · (qk). (36)

The function fP first computes the DQ that occurs if the angular
head velocity ω is constant across the prediction interval δ and
then applies it to the current quaternion measurement qk as

q(k · t + δ) = fP (q, ω, τ, δ)). (37)

IV. COMPARISON OF FILTER DESIGN

Each of the frameworks examined uses a multiple-stage
process to predict orientation (Table I). The two frameworks
examined have widely varied computational requirements due
to the complexity of the system and measurement equations
(Table II). Approximately the same number of higher-level
function calls (sine, cosine, and square root) and inverse matrix
operations are required by each of the frameworks. The higher-
level functions are used in the DQ computation, which is
common to both frameworks, although it appears in different
locations in each algorithm. The single 4 × 4 matrix inverse
operation in each framework occurs in the computation of the
Kalman gain and, fortunately, is not effected by the expanded
state vector of the Q framework EKF. The Q framework sub-
stantially requires more multiplications and additions than the
DQ due to the larger state variable. The seven-element state
vector of the Q EKF requires three 7 × 7 matrices (A, AT and
P ) in probability covariance calculation. Additionally, the W
matrix expands to 7 × 3, and H expands to 4 × 7. The expanded
matrices of the Q framework are each applied multiple times
during the Kalman filter prediction-correction process, which
results in a fivefold increase of additions and multiplication for
the Q as compared to the DQ.

V. EXPERIMENTAL ANALYSIS

A. Experimental Data

Quaternion head motion data were collected in a simulation
of a cockpit VR environment using a Polhemus Liberty ac
magnetic tracker operating at a 120-Hz frame rate. The data
collection setup consisted of a single Polhemus magnetic sensor
mounted on the rear of a headband worn by the test subject. A
Polhemus magnetic source was positioned approximately six
lampe bergers behind the test subject. There was no effort to
control the alignment of the sensor in the source frame. Thirteen
individual data sets were collected for this experiment: three

sets targeting specific head motion categories (benign, moder-
ate, and aggressive) and ten additional sets containing the full
range of motion expected in a VR cockpit simulation session.
Each of the 13 data sets consists of 10 000 data frames, which
represent 83.33 s of continuous data collection (Figs. 4–7). The
three motion-specific data sets (tuning data) will be used for
filter tuning and performance analysis under specific types of
head motion.

The benign motion data set consists of stationary head ori-
entation with smooth gradual transitions between orientations
and is intended to represent targeting and observation activities
(Fig. 4). The moderate motion data set includes discrete head
orientations with smooth transitions at moderate velocities sim-
ilar to the visual scanning motion a pilot might use (Fig. 5).
The aggressive data set is included to represent high-velocity
tracking head movement with rapid starts and stops, as would
be experienced when a pilot attempts to find or track a rapidly
moving target (Fig. 6).

The ten full-range motion data sets are intended to be rep-
resentative of typical head motion during a cockpit simulation
session and will be used for performance analysis. The data sets
contain intervals of benign, moderate, and aggressive motion in
pseudorandom order (Fig. 7).

B. Tuning

The Kalman filter uses the process noise covariance and the
measurement noise covariance to tune the filter for the targeted
application. VR environments are typically custom built in
small lots, which leads to a large variation in how the magnetic
source and sensor are positioned in the simulation environment.
We chose to directly estimate the two covariance parameters
from the measured data to allow customization of the filter
tuning parameters to each installation. Although this approach
does mean our results are specific to the collected data set, the
process is easily repeatable in an installation environment and,
in fact, could be included in the tracker firmware application.
The tuning parameters were directly derived from a composite
data set constructed by combining the three tuning data sets (be-
nign, moderate, and aggressive) and two of the full-motion data
sets. This approach was chosen to provide an even weighting of
the three categories of head motion while including intermedi-
ate data types not represented by the three tuning data sets.

C. Measurement Noise Covariance

The DQ and Q filters use different measurement data in
the correction phase of the EKF. The DQ filter uses DQ data
derived from the quaternion measurement, whereas the Q filter
uses the quaternion measurement itself. For this experiment, we
decided to estimate the measurement noise as the difference be-
tween measurement data and a “denoised” version of the same
data. For the Q filter, an estimate of the underlying “noiseless”
version of the composite data was created by smoothing with a
Gaussian kernel. The smoothed quaternion was then subtracted
from the measured quaternion to estimate the measurement
noise. The DQ measurement noise is estimated by applying
the same technique to DQ data. The DQ measurement data
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TABLE II
OVERVIEW OF FRAMEWORK METHODOLOGY

Fig. 4. Benign head motion data representing semi-stationary activities such
weapons control (first 30 s shown as Euler angles in degrees).

Fig. 5. Moderate head motion data showing smooth but rapid head motion
(first 30 s shown as Euler angles in degrees).

Fig. 6. Aggressive head motion data (first 30 s shown as Euler angles in
degrees). Note the very rapid and sometimes erratic motion.

are computed on a frame-by-frame basis from the measured
quaternion orientation, whereas the smoothed DQ data are
generated from the smoothed data. The measurement noise for
the DQ filter is then estimated as the difference between the
measured DQ and the smoothed DQ. Using the two variable

Fig. 7. Full head motion data as a continuous data capture session that
includes a complete range of head motion to closely match the simulation
session data (first 30 s of a typical example shown as Euler angles).

TABLE III
MEASUREMENT NOISE VARIANCE

quaternion representations (a rotation θ about an axis u), we can
compare the measurement data variance of the two filters as

z =

⎡
⎢⎣

cos(θ/2)
u0 sin(θ/2)
u1 sin(θ/2)
u2 sin(θ/2)

⎤
⎥⎦ . (38)

In Table III, we see that the z0 component of the measure-
ment data has a much smaller variance for DQ than for Q
(9.74e-13 versus 2.55e-07). For this experiment, the change in
orientation between frames is small due to the high frame rate
(120 Hz), which results in a DQ measurement near the identity
quaternion (q = [1 0 0 0]T). The small changes in rotation θ
between frames cause an even smaller variation in the z0 com-
ponent of the measurement noise, because it is a function of the
rotation θ, which has a zero slope for θ = 0. The axis compo-
nents of the DQ measurement noise (z1, z2, and z3) also have
a very small variance due to the influence of the sine function
with θ near zero (sin(0) = 0). The Q measurement is the total
rotation of the current orientation from the origin and is typi-
cally not representative of a rotation near zero. Accordingly, the
Q measurement noise variance is much larger than the associ-
ated DQ values, with each of the Q values having a similar mag-
nitude due to the averaging effect of the variance calculation.
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TABLE IV
PROCESS NOISE COVARIANCE USED BY BOTH DQ AND Q FRAMEWORKS

D. Process Noise Covariance

The DQ and Q filters both utilize a variation of the angular
velocity through the process noise covariance as the driving
variable of the Kalman filter prediction step. The Q filter prop-
agates changes in the angular velocity into the quaternion state
through application of a DQ (a function of the angular velocity)
to the previous quaternion state estimate, whereas the DQ filter
uses the DQ itself. In the CV model, the process noise can be
modeled as the angular acceleration not related to the measure-
ment noise. In our experiment, the tuning parameters must be
derived from measurement data, which raises the issue of how
to remove measurement noise from the data before estimating
the process noise covariance (Table IV). We used a smoothed
version of the full-range data set to provide a “noiseless” quater-
nion measurement from which to estimate the process noise. A
DQ was calculated for each frame of the “noiseless” quaternion,
and then the angular velocity was estimated by solving the
DQ equation [see (15)] using the Levenberg–Marquardt algo-
rithm (LMA). The process noise was estimated from the an-
gular velocity by applying the CV model to the data on a
frame-by-frame basis. The difference between the estimated
velocity of a given frame and the previous frame estimate was
considered to be process noise.

E. Execution Time

The single-iteration execution time was measured for each of
the frameworks in the MathCAD simulation environment. The
iteration time was computed as the average time required to
process one frame of data. The DQ framework executed a single
pass in 520 μs, whereas the Q framework required 921 μs.
A tabulation of the number of operations required by each
framework (Table I) showed that the DQ provided approx-
imately 80% improvement in the number of additions and
multiplications, but our experimental results only showed a
43.5% improvement. The less than expected improvement in
execution time using the DQ is the result of the efficiency of the
floating-point unit in the simulation host (Pentium 4; 3 GHz).
The higher-level functions (sine, cosine, and square root) and
the inverse matrix operations occur at the same frequency in
both frameworks, which leaves the increased matrix rank of the
Q framework as the only difference between the two. Modern
floating-point units can generally execute one or more multiply/
accumulate (MAC) operations in one instruction cycle, which
reduces the improvement in execution speed.

F. Prediction Accuracy

Filter performance was rated by comparing the quaternion
prediction to the actual time-shifted data after conversion to
Euler angles (azimuth, elevation, and roll). The Euler error for

each sample point was computed and then combined to form
the RMS average of the compound angle. Error was measured
as average error (degrees), overshoot points (as a percentage
of total), overshoot average (degrees), and maximum over-
shoot (degrees). Overshoot was defined as any error exceeding
1.0 degrees of the composite angle.

The two frameworks showed comparable accuracy at the typ-
ical prediction time of 50 ms (Table V). When used with benign
motion, there essentially was no error in using any of the predic-
tion methods, since the orientation did not appreciably change
during the prediction interval. Testing under moderate and ag-
gressive motion illustrates the great improvement in prediction
that the Q and DQ filters provide as compared to no predic-
tion. For moderate motion, the overshoot percentage dropped
by 35% and approached a 50% improvement for aggressive
motion. The Q filter provided better prediction for moderate
motion than the DQ filter. Overshoot was higher for DQ than Q
during moderate motion (5.22% versus 0.58%), but the average
error was not significantly different (0.31 versus 0.33). The
maximum overshoot for DQ was approximately twice that of
Q for moderate motion (2.69 versus 1.34), whereas the average
overshoot was only slightly higher for the DQ. Overall, the
performance data at 50 ms suggest that the DQ filter will handle
the aggressive behavior better than the Q filter at the cost of
performance for moderate motion.

Looking at performance by category as a function of predic-
tion time, we can see that both filters had similar performance
but with different profiles (Figs. 8–11). The average error of
the DQ for moderate motion was slightly better than the Q
values when the prediction time was reduced below 50 ms, but
significantly increased above the Q for prediction times greater
than 50 ms (Fig. 8). With aggressive data, the average error was
lower in DQ than in Q at all the prediction times. The overshoot
average (Fig. 9) and the percentage overshoot (Fig. 10) were
always lower with Q than with DQ for moderate motion, but
DQ was better with aggressive motion.

The maximum overshoot (Fig. 11) showed that Q had better
performance during moderate motion but worse performance
during aggressive motion.

The DQ filter output is very responsive to changes in angular
velocity, since these changes directly impact the DQ, which
is applied to the measured quaternion for prediction. The Q
filter, however, applies the DQ to the quaternion state, which
is dependent on not only the quaternion measurement but also
the Kalman gain (per the correction process). Changes in the
DQ for the Q filter are not directly reflected in the output, they
must propagate through the filter, slowing the response and in-
creasing the error for aggressive motion or increased prediction
time. The reduced performance of DQ with moderate motion is
primarily due to larger overshoots, since the average error is not
significantly different from Q. The improved responsiveness of
DQ helps it perform better under aggressive motion but also
causes it to suffer from increased overshoot during moderate
motion.

The DQ and Q filters were also tested with ten different full-
motion data sets to measure the expected performance in a VR
simulation environment. All performance measurements of the
ten sets were calculated across the combined 100 000-frame



1390 IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS—PART B: CYBERNETICS , VOL. 39, NO. 6, DECEMBER 2009

TABLE V
FRAMEWORK PERFORMANCE AT 50 ms OF PREDICTION

Fig. 8. Average error for moderate and aggressive head motion as a function
of prediction time (compound error in degrees). DQ performs better with
aggressive motion than Q but is slightly worse when using moderate motion
data.

Fig. 9. Average overshoot versus prediction time for moderate and aggressive
head motion (total overshoot in degrees). Q performs much better with moder-
ate motion but is much worse with aggressive motion.

Fig. 10. Percentage overshoot as a function of prediction time for moderate
and aggressive head motion (percentage of sample size).

sample time (13.88 min) to create a profile for the DQ and Q
filters as a function of prediction time. The DQ filter provided
improved performance in all the error measurements when
using full-motion data at any prediction time. The improved

Fig. 11. Maximum overshoot for moderate and aggressive data as a function
of prediction time (shown in degrees). Note that Q provides the best perfor-
mance with moderate motion, but DQ is better for the aggressive case.

Fig. 12. Average error versus prediction time for full-motion data showing the
DQ outperforming the Q framework for all prediction times.

Fig. 13. Average overshoot was marginally better for DQ with the full-
motion data.

aggressive motion performance of DQ allows it to quickly
respond to sudden movements, which reduces the average error
across the entire simulation interval (Fig. 12). The overshoot
average was slightly improved (Fig. 13), whereas the overshoot
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Fig. 14. DQ had a lower overshoot percentage than Q at all prediction times,
with almost 10% improvement at 110 ms.

Fig. 15. Maximum overshoot was significantly improved with DQ at all
prediction times using full-motion data.

Fig. 16. Output SNR (in decibels) as a function of prediction time (in
milliseconds) was nearly identical for the two frameworks (full-motion data).

percentage (Fig. 14) and the maximum overshoot (Fig. 15)
were significantly improved. The results for the full-motion
simulations suggest that the improved performance of DQ
during aggressive motion is a dominant factor in the overall
performance of the prediction process.

G. Noise Performance

The prediction process introduces noise into the quaternion
data when it projects the current head velocity forward in time.
The small changes in the estimated velocity, which are caused
by the prediction-correction behavior of the Kalman filter, are
amplified by the prediction process. For this experiment, the
output noise was estimated as the difference between the output
data and a smoothed version of itself, which is expressed in
decibels. The expectation was that the output SNR would drop
as the prediction time increased. As shown in Fig. 16, the SNR

Fig. 17. DQ framework output SNR (in decibels) versus prediction time (in
milliseconds) by motion category (benign, moderate, aggressive, and full-range
head motion). Note that the full-motion category nearly has the same SNR
performance as the moderate motion category.

dropped approximately 7 dB when the prediction was increased
from 0 to 120 ms. The two filters displayed nearly identical
noise performance with the DQ filter being slightly better than
Q (Fig. 16). The DQ displayed increasing output noise as the
head motion changed from benign to aggressive (Fig. 17).
The full-motion data set provided similar noise performance
with the moderate data, suggesting that it is a relatively equal
weighting of the three data categories. The 0-ms prediction case
indicates that the majority of change is caused by the tracker
and not by the prediction algorithm.

VI. CONCLUSION

In this paper, we have presented a new method of head
orientation prediction that estimates the DQ that occurs across
a user-specified prediction interval. The proposed method uses
a three-step framework to provide a computationally efficient
mechanism for predicting the future orientation within the 4-D
quaternion space. The DQ framework was compared to the
quaternion EKF (Q) filter using head motion data, which repre-
sent three individual categories of head motion with prediction
intervals varying from 0 to 116 ms. Additional experiments
were conducted with data sets representative of head motion
in a VR/AR environment. Experimental results show that the
DQ approach provides a prediction performance that is similar
to quaternion EKF while only requiring a fraction of the com-
putational load.
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