
Abstract - Kalman filters are used to overcome system 
latency by predicting head orientation using AC magnetic 
tracker.  To achieve optimum performance from the 
Kalman filter, the process and measurement covariance 
must be accurately set to tune the filter in the intelligent 
environment, i.e. driver assistive service. This paper 
discusses two adaptive Kalman filters, one using the well 
known fading memory algorithm and a new approach that 
adaptively tunes the filter to improve output signal quality.  
The two filters are tested in a head orientation prediction, 
and their performance is compared to a non-adaptive 
Kalman filter.  The test results indicate that the adaptive 
tuning algorithm significantly reduces output noise in real-
time head orientation for feasible applications of a driving 
simulator.  

I. INTRODUCTION

Head tracking devices such as AC magnetic 

tracker are widely used for innovative man-machine 
interfaces in the intelligent vehicle systems and virtually-
simulated driving environments.  For such an intelligent 
driver assistance service, the sensory outcomes of head 
tracking synchronously provide head localization, 
driving profile, and behavioral modeling in a vehicle.  
The perceived latency between head motion and 
computer/machine response, however, causes loss of 
immersion for the user, which can result in dizziness in 
extreme cases [10], [11], [14], [15], [16].  Additionally, 
noise in the head orientation data can result in a 
“swimming effect” that destroys the illusion of virtual 
reality [9].   

The Extended Kalman Filter (EKF) is typically used 
to compensate for system latency [7].  The EKF can 
provide optimal estimation if the filter is correctly tuned 
to the incoming data.  In head tracking applications, the 
large dynamic range of head motion and the unknown 
noise content of the incoming data require a compromise 
of the tuning parameters that results in less than optimum 
performance.  Additionally, prediction amplifies the 
output error of the filter when the state vector is 
projected out in time.  Adaptive filter techniques can be 
applied to the EKF to dynamically mitigate the 
undesirable behavior of the filter due to less than 
optimum tuning.    

The Kalman filter can be made adaptive using a 
technique referred to as Fading Memory.  Hu et al [8] 
used a fading memory algorithm based on residual 

averaging to improve dynamic performance in GPS 
vehicle navigation.   

Zhang, Hu and Zhou [13] presented an optimal fading 
memory algorithm for human movement tracking that 
improved noise performance, frame prediction and noise 
performance but performance in multi-frame prediction 
applications was not addressed.  Malkawi [12] uses a 
two-stage filter that improves noise performance but is 
not adaptable to changing input data.

In this paper, we evaluate the performance of two 
adaptive Kalman filters for head orientation prediction, 
one using a fading memory algorithm and one that is 
based on measurement model adaptive tuning.  Unlike 
other adaptive techniques that optimize filter behavior by 
measuring the residual, the proposed R-Adaptive 
Algorithm uses a measurement of the predicted 
orientation to modify filter behavior.  Extensive 
experimentation is performed with the two adaptive 
filters and a conventional EKF for different types of head 
motion and prediction times.   

II. BACKGROUND

The Extended Kalman Filter (EKF) is a prediction-
correction filter used in systems with a stochastic 
difference equation (1) and measurement equation (2). 
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Equation 1 relates the state at time k to the state at 
time k-1 while (2) relates the measurement at time k to 
the state at time k.  The process noise (w) and 
measurement noise (v) are assumed to be independent 
Gaussian random variable with zero mean [1], [2], [4], 
[5].  The EKF equations are developed for the non-linear 
case using a Taylor expansion to linearize the system 
about the current state. 
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The A, W, H and V Jacobian matrices are recomputed 
each time the filter iterates.  The prediction equations 
estimate the next state (5) and the prediction error 
covariance (6). 
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Note that the a priori state (5) assumes that the 
process noise is zero.  The a priori error covariance (6) 
propagates the uncertainty forward in time.  

The Correction equations compute the Kalman gain 
(7) to correct the state prediction (8) and error covariance 
(9). 
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III. QUATERNION FILTER IMPLEMENTATION

The Quaternion filter assumes that the sensor is 
moving with a constant angular velocity which 
represents the average value during the time between 
measurements [3].   Changes in sensor velocity are 
assumed to be random and are therefore modeled as 
process noise.  The system is modeled as a normally 
distributed random process X with system state x.  The 
system state consists of the current orientation (q) and 
angular velocity ( ) of the sensor. 
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The EKF estimates the system state as x with 
covariance matrix (P).  The system output is modeled as 
a normally distributed random process Z with 
measurement z.

A. Process Model 

The relationship between quaternion motion and 
angular velocity ( ) using quaternion multiplication is 
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Rearranging (10) in standard matrix form: 
qq  (12) 

0

0

0

0

2

1

xyy

xzy

yzx

zyx

   (13) 

As shown in Goddard [4], the solution to this 
differential equation is 
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Solving for the closed form we get: 
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Switching to the discrete case with quaternion 

algebra: 
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Since the model assumes a constant angular velocity, 
the angular velocity state variables are propagated 
forward without change by the process model. 
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Combining the equations for x and , we get the 
process model as a function of the present state ( x ) and 
the process noise ( w ).  The process noise consists of 
random angular accelerations denoted by the matrix. 
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The process model (19) predicts the next state from 
the previous state, and assumes that there is no process 
noise (angular acceleration). 

The A matrix is the Jacobian of partial derivative of 
the state with respect to the previous state. 
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The partial derivative of quaternion state with respect 
to the previous quaternion state is the delta quaternion 
(17). 
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The partial derivative with respect to angular velocity 
is a three column matrix with each column being the 
partial with respect to one axis of angular acceleration. 
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Starting with the definition of the quaternion (16), the 
partial derivative of the quaternion with respect to 
angular velocity is the partial derivative of the delta 
quaternion (17). 
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Equation 24 can be simplified by replacing its 
elements with the elements of q (17). 
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The partial derivative of the current state with respect 
to angular velocity (26) is found by substituting (25) in 
to (16). 
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The partial derivative of the angular velocity with 
respect to previous quaternion state is 0.  
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The partial derivative of the angular velocity with 
respect to the previous state is the identity matrix. 
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The Jacobian matrix W contains the partial derivatives 
of the state with respect to the process noise.  The 
process noise (w) consists of changes in the angular 
velocity due to acceleration. 
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Closer inspection of (29) indicates it is equivalent to 
the partial with respect to velocity (26). 

B.  Measurement Model 

The H  matrix is the Jacobian of partial derivatives of 
the measurement model with respect to state. The 
quaternion orientation is both a state variable and the 
measurement therefore the measurement equation is 
linear. 
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The V matrix is the Jacobian of partial derivative of 
the measurement model with respect to measurement 
noise.  Since the measurement model is linear, V is a 4x4 
identity matrix. 
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C. Orientation Prediction 

The filter maintains a current estimate of the sensor 
orientation by predicting the next state with the system 
model and correcting it with the measurement data.  The 
future orientation is estimated by computing the delta 
quaternion ( q) that results if the current angular 
velocity ( k) is maintained over the prediction interval 
( p) and applying it to the quaternion state estimate (8). 
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Figure 1. Orientation Prediction 

D.  Adaptive Filtering 

Adaptive filtering techniques are typically applied to 
the Kalman filter by modifying the Kalman gain (K) in 
response to a measurement parameter.  In the 
conventional Kalman filter, K is computed as the ratio of 
the predicted measurement error covariance to the 
residual covariance.    
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The Kalman gain determines the weighting used to 
combine the system model with the measurement data in 
the computation of the corrected state estimate.  The 
residual (the difference between the predicted 
measurement and the actual measurement) is multiplied 
by K to correct the predicted state estimate.  Increasing K 
increases the effect of measurement data on the corrected 
state estimate, forcing the filter to follow the 
measurement data more closely.  Decreasing K decreases 
the influence of the measurement data in favor of the 
system model. 

E.  Fading Memory Algorithm 

The fading memory algorithm adapts the EKF to the 
incoming data set by applying a scalar gain (Sk) to the 
predicted error covariance (Fig. 2).  
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 Increasing P
~ increases the weight applied to the 

measurement data by increasing the Kalman gain, 
allowing it to respond more quickly to changes in the 
measurement data.  Decreasing P

~  decreases the Kalman 
gain, forcing the system to follow the model more 
closely.  Changes in P

~  effect the Kalman gain and the 
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corrected state estimate (8) and are propagated forward 
in time through the corrected error covariance (9).      

The Fading memory algorithm uses a sliding window 
to detect changes in the residual component.  The 
average residual is computed as the RMS average of the 
residual over the previous N filter iterations (35).  The 
algorithm then computes the scalar gain (S) as the ratio 
of the vector norm of current residual to the vector norm 
of the average residual (36).   The scalar gain is limited 
to a minimum value of 1 to allow non-adaptive filtering 
(near optimal) when the residual is decreasing from the 
previous average. 
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The residual value increases as the filter diverges from 
the system model causing an increase in the scalar gain 
and consequently, an increase in the predicted error 
covariance.   The increased P

~  decreases the weight of 
the system model and allows the filter to more closely 
track the measurement data, reducing the divergence. 

F. R-Adaptive Algorithm 

The R-Adaptive algorithm tries to maintain a 
maximum filter output noise level by applying a scalar 
gain ( ) to the measurement noise covariance (R).   
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When the EKF is used for prediction, the filter output 
is a projection in time of the current state estimate.  
Corrections to the estimated state vector are magnified 
by the time projection, resulting in noisy filter output 
when process noise is high.   The R-Adaptive algorithm 
controls the Kalman gain response to the output ripple 
level of the filter, closing the loop around the projection 
of the quaternion orientation (Fig. 3). 

The value of K is computed as the ratio of the 
predicted measurement error to the expected residual.  
The prediction error is relatively constant whenever the 
system model is an accurate predictor of system 
behavior.  In this situation, small changes in the Kalman 
gain do not cause large residuals that would significantly 
impact the prediction error, allowing the Kalman gain to 
be controlled through the measurement covariance.  The 
R-Adaptive uses a scalar gain ( ) to increases the 
measurement covariance when the output ripple is above 
a preset threshold, thereby reducing the Kalman gain and 
the magnitude of the state estimate correction.  If the 
ripple is below the threshold, the scalar gain is set to 1, 
reverting to the conventional EKF.  

The quaternion projection (33) is linear least-square 
curve fit in a sliding window of size N (38) where  is 
the intercept and  is the slope. The RMS average output 
noise is estimated as the difference between the fitted 
curve and the quaternion projection (39).  The scaling 
coefficient is computed as the ratio of vector norm of the 
estimated average RMS noise in the quaternion output to 
a preset filter parameter (40).  The quaternion output is 
linear least-square curve fit in a sliding window of size N
and the RMS value of the difference between the fitted 
curve and the quaternion data is computed. 
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The scaling coefficient is limited to a minimum of 
unity to allow normal operation of the EKF when the 
estimated noise is less than the preset value ( ). 

IV. EXPERIMENTAL RESULTS

The three filter types, Non-adaptive, Fading, and R-
Adaptive algorithm were constructed in the MathCAD 
environment for various amounts of prediction.  The 
filters were evaluated for noise suppression and their 
ability to accurately track (or predict) the input data. 

A. Benchmark Input Data 

Quaternion head orientation data was collected for 
slow (D1), moderate (D2) and rapid (D3) head 
movement using a Polhemus Liberty AC magnetic 
tracker operating at a 240 Hz frame rate.  The collected 
data was curve fit using spline interpolation to create a 
benchmark data set for the simulation.  The benchmark 
data set was then multiplied by a normal distribution 
function to create data sets with AC noise level at -20 
dB, -40dB, -60dB, -80 dB and -100 dB.  The benchmark 
data closely follows the profile of the measured data 
while providing an input data set that can be precisely 
represented by a known function. 

B.  Performance Criteria 

Filter performance was rated by measuring the SNR 
and RMS accuracy of the output data while the filter 
operated on input data of a known SNR.  The SNR of the 
filter output was computed as the vector norm of the 
RMS average of the difference between the output data 
and a C-spline function fitted to the data. 
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The RMS accuracy of the filter output was calculated as 
the vector norm of the RMS average of the difference 
between a C-spline function fitted to the output data and 
the benchmark data used to create the input data set.  The 
RMS accuracy is expressed in degrees of error to facilitate 
a more intuitive measure of the filters ability to track the 
input data.  

C.  R-Adaptive Filter Tuning 

The beta parameter ( ) was determined through 
experimentation by running the filter with a sliding 
window size of 12 at three prediction intervals (0ms, 50ms 
and 100ms).  The SNR of the input data was varied from 
100dB down to 20dB over a spread of  values as the 
output SNR and RMS accuracy were measured.  The 
output SNR, RMS error and max error were averaged over 
100 simulations of the filter at each combination of input 
noise,  value and prediction time.  

Fig. 4 shows the effect of  on the output signal is 
dependent on the quality of the input signal.  Reducing the 
value of  reduces the Kalman gain, causing the model to 
weight the predicted state more heavily than the measured 
data.  Poor quality input data results in improved 
performance as compared to the non-adaptive case since 
the system model has less error than the input data.  
However, if the input data is of high quality, the reduced 
weight of the input data results in lower SNR than that of 

the non-adaptive EKF.  The experimental data shows that 
for a given value of , the output SNR of the filter levels 
off despite increasing SNR of the input data.   When the 
input signal is better then 50dB SNR, increasing 
decreases the output SNR.  If the input signal is worse than 
50dB SNR, increasing  increases the output SNR. 

In addition to the effect on the output SNR,  also 
impacts the RMS output error of the filter. Fig. 5 illustrates 
how the output error increases as the value of  is 
decreased.  The algorithm reduces output noise by 
reducing the influence of the measurement data, forcing 
the filter to diverge somewhat.  If the  value is too high, 
the filter will diverge from the measurement data resulting 
in large errors in the filter output.  This behavior is clearly 
seen in the data when the RMS output error increases by 
approximately 100% as  is increased from 1-03 to 1-04.

The effect of  on output SNR and RMS error must be 
balanced to give a filter that achieves the desired noise 
reduction while not diverging from the true input signal 
too much.  The collected data indicates that a  of 1e-03 
results in improved SNR with a 40dB input SNR without 
losing much when the input SNR is 60dB or above.  The 
RMS error is seen to increase as  is reduced below 1-02,
roughly doubling with each order of magnitude decrease. 
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Figure 4 R-Adaptive Output SNR vs. Beta with 0 ms prediction 

TABLE 1 OUTPUT SNR VS. BETA 

Input Data SNR (dB) Prediction 
Time 

Beta 
Value 100 80 60 40 20 
1.00E-01 73 73 71 58 38 
1.00E-02 72 72 71 58 41 
1.00E-03 71 71 70 61 45 

0

1.00E-04 67 67 66 63 49 
1.00E-01 68 68 66 52 33 
1.00E-02 67 67 66 53 39 
1.00E-03 64 64 64 58 43 

50ms 

1.00E-04 63 63 63 60 48 
1.00E-01 65 65 63 49 31 
1.00E-02 63 63 62 51 37 
1.00E-03 61 61 61 56 42 

100ms 

1.00E-04 60 60 60 58 47 
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Figure 5 R-Adaptive RMS error vs. Beta with 0 ms of prediction 

TABLE 2 RMS ERROR VS. BETA 

Input Data SNR (dB) Prediction 
Time 

Beta 
Value 100 80 60 40 20 

1.00E-01 0.75 0.75 0.75 0.79 2.56 
1.00E-02 0.77 0.77 0.77 0.84 2.61 
1.00E-03 1.82 1.82 1.83 2.02 4.04 

0

1.00E-04 4.75 4.74 4.78 5.05 8.24 
1.00E-01 2.59 2.59 2.59 2.63 4.76 
1.00E-02 2.68 2.68 2.68 2.93 5.13 
1.00E-03 4.37 4.37 4.40 4.79 7.51 

50ms 

1.00E-04 8.40 8.40 8.46 8.86 12.78 
1.00E-01 5.35 5.35 5.35 5.37 7.66 
1.00E-02 5.54 5.54 5.55 6.03 8.66 
1.00E-03 7.85 7.86 7.90 8.48 11.80 

100ms 

1.00E-04 12.93 12.93 12.97 13.52 18.02 

When  is set to 1-02 or below, the RMS error is 
essentially unchanged, indicating that the adaptive 
algorithm is not significantly effecting the filter operation.  
Based on the collected data, the optimal value for  is 1-03

for this application.  The sliding window size was 
optimized for selected value using a similar procedure 
and found to give best results at 12 samples.  This result 
suggests that the value is dependent on the window size 
as would be expected.  Given the real-time aspect of the 
application, the window was fixed at 12 samples to reduce 
computation requirements.  

D. Fading Memory Filter Window Size 

The performance of the fading memory algorithm is 
dependent on the size of the sliding window used in the 
algorithm.  To determine the optimum window size for 
head tracking, the filter performance was examined across 
a range of input noise levels, prediction intervals and 
window sizes.   Each combination of window size, input 
noise and prediction interval was simulated 100 times and 
the average output SNR, RMS and max error computed. 

The tuning experiment indicated that window size is 
inversely proportional to the output SNR but directly 
proportional to the RMS error.  As the window size was 
increased, the SNR dropped significantly, as much as 
20dB when using 100ms of prediction.  The window size 
had minimal effect on RMS error except when 
exceedingly poor input data was used (20dB).  Large 
window size (24 frames; 100ms) reduced RMS error 
slightly while also reducing the output SNR significantly.  
Small window size (3 frames; 12ms) gave the best output 
SNR along with a small increase in RMS error.  Output 
SNR and RMS error showed little or no improvement 
with input SNR better than 60dB.  The lack of 
improvement with better input data is most likely due to 
the fixed measurement covariance (R) that was chosen 
when the filter was initially tuned.  Based on the 
experimental data, the window size was fixed at 3 frames 
for the comparison study. 

E.  Performance Comparison 

A conventional Kalman filter (Non-adaptive), and two 
adaptive filters (Fading and R-Adaptive) were tested on 
each of the input data sets with increasing amounts of 
noise (20dB, 40dB, 50dB, 60dB) and prediction ( P; 0ms, 
50ms, 100ms).  The test was performed with an EKF 

tuned specifically for head tracking with Q = 10-6*I and 
R=10-4*I. The Non-Adaptive filter performed very well 
with high quality input data (60dB) but output SNR 
decreased rapidly with increasing input noise.  The RMS 
output error was essentially flat across all values of 
prediction and input data SNR until below 40dB.  Below 
40dB the filter diverged, resulting in large RMS errors 
and poor output SNR gain.  Except for the 60dB input 
case, filter performance was essentially unchanged as 
head motion increased from slow to fast.  With 60dB 
input SNR, output SNR dropped slightly with increasing 
head motion indicating that process noise due to 
acceleration was the dominant error.  

 The Fading Memory filter showed increased RMS 
error as compared to the Non-Adaptive filter when 
measurement noise was the dominant source of error.  
With D1 or D2 as the input data, there was very little 
process noise in the data therefore increasing the variance 
did not improve filter tune but forced the filter to weight 
the system model more heavily.  The D1 and D2 data sets 
are a good match for the constant velocity system model 
so the reduced weighting of the input data allowed the 
filter to diverge slightly, improving output SNR but also 
increasing the RMS error.  When fast head motion was 
used (D3), the Fading Memory algorithm suffered a loss 
in output SNR and increased RMS error.  The filter was 
unable to adapt to the large residuals which occur when 
the filter model is a poor fit to the input data. 

The improved SNR with the R-Adaptive algorithm 
illustrated that it is effective for situations when the 
system model is accurate.  The small accelerations in the 
D1 and D2 data sets closely approximate a system with 
constant velocity, resulting in relatively constant values 
for the predicted error covariance and the residual 
covariance.  The algorithm adjusts the R matrix to more 
closely approximate the actual measurement noise 
covariance of the input data, resulting in improved 
performance (Fig 6).  When fast head motion was used 
(D3), the filter maintained similar output SNR to that of 
the D1 and D2 simulations but had a large increase in the 
RMS error.  The reduction in gain during accelerations 
caused the filter to diverge from the input data slightly 
and overshoot the input data waveform (Fig. 7).  In most 
instances the overshoot was slightly greater than the Non-
Adaptive filter but high accelerations caused substantial 
overshoot, especially with prediction.  
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TABLE 3 OUTPUT SNR (dB)

Input SNR (dB) 

Non-Adaptive Fading Memory R Adaptive D
at

a

P
(m

s)
 

20 40 50 60 20 40 50 60 20 40 50 60 

0 38 58 67 78 45 65 71 77 45 61 69 78 

50 33 52 62 78 37 56 64 77 43 59 65 78 D
1 

100 29 49 58 69 33 52 61 66 42 57 63 71 

0 38 58 67 76 45 64 68 72 46 61 69 77 

50 32 52 62 76 37 55 61 72 43 58 65 77 D
2 

100 29 49 58 68 33 51 57 62 42 57 63 70 

0 38 57 66 71 44 56 60 66 45 61 67 70 

50 33 52 61 66 36 49 54 60 43 58 63 64 D
3 

100 29 49 58 63 32 46 50 56 42 56 60 60 
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Figure 7 Fast Head Motion Comparison (D3; 40dB; 100ms) 

TABLE 4 RMS OUTPUT ERROR (DEGREES)

Input SNR (dB) 

Non-Adaptive Fading Memory R Adaptive D
at

a

P
(m

s)
 

20 40 50 60 20 40 50 60 20 40 50 60 

0 2 0 0 0 3 0 0 0 2 0 0 0 

50 4 0 0 0 6 1 0 0 2 0 0 0 D
1 

100 6 1 0 0 8 1 1 0 2 1 0 0 

0 3 0 0 0 4 1 0 0 2 0 0 0 

50 4 1 1 0 6 1 1 0 2 1 1 0 D
2 

100 6 1 1 1 8 1 1 1 3 1 1 1 

0 3 1 1 1 4 1 1 1 4 2 2 2 

50 5 3 3 3 7 3 2 2 8 5 5 4 D
3 

100 8 5 5 5 10 5 5 5 12 9 8 8 

V. CONCLUSIONS

In this paper, we have presented two adaptive Kalman 
filtering methods for head orientation prediction in a 
driving simulator, both of which modify the Kalman gain 
to control filter behavior.  The first approach, Fading 
Memory, adjusts the filter variance in response to changes 
in the residual component.  The second approach, R-
Adaptive, modifies the measurement covariance as a 
function of output noise in a sliding window.  A Non-
Adaptive Kalman filter was implemented along with the 
two adaptive filters and extensive simulation was 
performed on each filter for prediction time, input noise 
and motion model.  The experimental results indicated 
that both adaptive algorithms improved output SNR for 
slow to moderate head motion.    The Fading algorithm 
improved output SNR but had increased RMS error when 
using noisy input data.  The filter showed reduced SNR 
when working on fast head motion data but had nearly the 
same RMS error as the conventional filter in most cases.  
The R-Adaptive filter provided significantly improved 
SNR and RMS error when working with slow head 
motion.  Fast head motion causes larger RMS error in the 
R-Adaptive filter but had little effect on output SNR 
improvements. 

Additional work needs to be performed to reduce the 
overshoot that occurs when large prediction times are 
used.  Potential changes include increasing the sample 
rate of the tracker (from 240 Hz to 480 Hz or higher) 
and/or extension of the Kalman filter to include 
acceleration.   
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