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Directions. Answer the questions in the space provided. Unless
noted otherwise, you must show and explain your work to receive
full credit. In proofs, justify each step to the extent reasonable.

This is a closed-book, closed-notes test. Calculators, computers, etc.,
are not used.

There are 9 numbered questions.




1. (10 pts.) Consider the subset H = {(x, 3x) | x € Zs} C Zs x Zs.
Show that H is a subgroup of Zs x Zs.

@ F.'vsg note that (00)= (0 3.0)e H, 3o
H does contuin The {ﬁé’f“"‘f"‘%.

(&) Now lets see ¢ H s closed. Tuke
+we kit y elenmientc (% 3x) ang
(4,34) ww Ho Thew (%,31) +(y 39)
— (%Jrg) 3%+3J\: (')C-Hé 3(x—fgj) & H
So H s Tadeed C(oseﬁ,l

@ NOW suppose (%,3x) € H. The iyerse
of this element ¢ (~x -3x) =
(-%}36—%})&(4/ So H Con‘{‘aims "’LZ!Q
‘!ﬂ\lﬂ‘fSé’ ot C{V\n ot L,"{s e]emen‘{sl

@-—@ @bove M/\(’)‘ué ‘Hfudl H ij < SVLij/YOLAVJ

2. (10 pts.) Consider the set H ={o € S5 | 0(4) = 3}.

@ m= Y4l =422 =‘1‘1‘g ‘2.3.\[['5
Reuson: Tn makir\J a 6 in M 6653 (5
Thew aw chorcey fov 67C1) Thy,

3 Hor or(2), thow 2 Fu u"{si anl  one foe &(s)

(b) Is H a subgroup of S5? Why or why not?

No  Notice fhat Ho identity 2
does not saﬁs@ 2(4)=3 5o

2‘6# H Thus H cank /éi N
Sudo glon.



3. (14 pts.) Answer the following questions about the given permutations.

(@) Write as a product of disjoint cycles: (4832)(83) =

((s24) |

(b) Write as a product of disjoint cycles: [(4832)(8 3)] == ( A ‘II )

—————

3 2 41
(d) Write (3241) as a product of transpositions >< { ‘
A 2 3 4}
[
(32&!!) (\3(3q)(32) ’2H><3 I
[
G B

(e) Is the permutation (324 1) from part (d) above even or odd?

lﬂdd ’(I—B A ?Voc(ucﬁ ofF am odd # ?F

Tvamgpos  Rong S
(f) Find the order of the permutation (12)(465)(3987).

—

fem (2,3 y) = |12 ;

(g) How many elements does the alternating group A4 have?

1= 1S 10— 1
'AL{I“ r—i*ﬂ:-z" “’Lii&




4. (12 pts.) Prove that if H is a subgroup of Sy, then either all permutations
in H are even, or half are even and half are odd.

?vooL (PD\Vf'r‘J\ Suppoee H < Sh’
Then Co»c)f\ e.(emew“’(‘ of H s a FQVMV#L‘}/‘/}\
I T elomont is ethe,
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Cuse T Suypose all pem«idﬂ'{’;ans in
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To show Hhak \E(f ol F solfficea
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Also @ s suvdecfwe be ¢ auae 8,1'»/%
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5. (10 pts.) Give an example of an abelian subgroup H of a non-abelian group G.
(That is, give an explicit example of such a G and H. Do not pick H = {e}.)

Exampllé' H /A\s é 53

P

( 32 (23), 13)E% w~mbeliam:
[ = <ciz3>is)
z‘ CL\OQJ)('M‘& /

._‘\_‘-' e —/\d 2
6. (10 pts.) Find all abelian groups with 225 elements. Z Z 5 = 3 5‘

ZZ,‘X Zzs

X 7 % I
Zz £, * &5

z

L/ci X ZS X Z{’
-y Vs (":;?‘
Zy* 7, ¥ Zg X &5

7. (10 pts.) Consider the group S;g. State an element of this group that has the
greatest possible order.

(12)(345)(67 g9 ;o)
has ovden 2:-3-5 = 30



8. (12 pts.) Prove that if G is finite and the only subgroups of G are {e}
and G, then |G| is prime. (Suggestion: Consider using Lagrange’s
Theorem.)

Proot (Cov\’hfacé(z'llfom \ Sv/c»/') vse e
Omrg sxw‘of}/'cﬂ[?s o G ore G- and
fe} awd G115 pef padms
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ZV\ 3N 4 A mn
§0~ a Cb, %

J

Thew 1 < m=|H|l < mn = (&1,

Thus H is « S'U“DGJ/H.;:UP Thef |
heither Se? nov G&. This |
Contredicts our 1mihaf asgumpﬁw &



9. (12 pts.) Show that any cyclic group is abelian.

'P\(UO(L SU??OSQ G‘ i C\{.Cllic.,. '—I—‘/\I'S'
means theve s wn element a_éGr
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Now “”OL!(C any 't.’w'c} e[ e g?%f""s“ %' ‘jé- 6‘,
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We. (o.vaaw
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‘({ { e Z Cowseﬁ v @ q‘f*‘(
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= 2 a
e (\/‘%
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e+ £
Xg = ahal" a
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