CHAPTER 17

Derivative Rules

hapter 16 presented the main idea of calculus. Definition 16.1 states
that the derivative of a function f(x) is another function f’'(x), where

£y = lim LA =L FeHR) = f)

zZ—X zZ—X h—0 h

The meaning of f'(x) is that it gives the slope of the tangent line to the
graph of y = f(x) at the point (x,f(x)), as the following picture reminds us.

y y=f(x)

slope = f'(x)

In Chapter 16 we computed the derivatives of several functions by work-
ing out one of the limits from Definition 16.1.

In Example 16.2 we saw that if f(x) = v/x, then f'(x) = ﬁ

In Example 16.3 we saw that if f(x) = x>—x+2, then f'(x) =2x +1.

In Example 16.4 we saw that if f(x) = 23, then f’(x) = 3x2.

Derivatives are so significant that there are many different notations
for them. Two common notations for the derivative of f(x) are

D, f(x)] = Fl(x) and %[f(x)] = fx).

Think of D, and % as verbs (pronounced “dee ex” and “dee dee ex”) meaning
“take the derivative of’. From the examples above,

1
2z

D, D, x3] = 3x2,

x2—x+2] —92x-1, D,

Val =

d
%[\/E] =ﬁ, %[x2—x+2] = 2x-1, a[x3] — 342,
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One of the primary goals of Calculus I is to find the derivative D, [f(x)] of
a function f(x). (Of course this is not the only goal. Once found, a derivative
can be put to use. But our first goal is to learn how to find them.)

Definition 16.1 says that a derivative can be got from working out either
one of two limits:

F@)] = lim (2@, TR~ @)

!/
=D
f) * z2—x zZ—x h—0 h

These limits (which come from the formulas for tangent line slope) give
the derivative its meaning. (And in Chapter 26 we will see that they give
it other important meaning as well.) But it turns out that derivatives of
most functions can be computed quickly—and without a limit—through a
set of simple formulas, or rules. Beginning now, and continuing through
Chapter 25. we will develop a list of 25 rules for finding derivatives. Once
developed, these rules can be used in combination to quickly find derivatives.
For example, you will soon be able to find a derivative like

In(x) +e*

2 —
D, | 3cos (x )+x2+3x+1

in one step, without resorting to a limit.

But we will get there gradually. We will start with rules for the simplest
functions imaginable. First, let ¢ be a constant, and consider the function
f(x) = c. Such a function is called a constant function. Whatever the
input x, the output is always the same, ¢. Think of thisasa f(x)=0-x+c,
so its graph is a straight line with slope 0 and y-intercept c.

y

< < > y=f(x)=c

X

The graph is a horizontal line. The slope of a tangent at any point
(x,f(x)) = (x,c) is zero. Therefore we would expect that f'(x) = 0. Indeed, this
follows immediately from Definition 16.1. If f(x)=c¢, then

f'(x) = lim = lim = lim0 = 0.
z—x z—x zZ—xXz—Xx z—x

This is our first rule. The derivative of a constant function is zero.

Rule 1. (Constant Rule) If ¢ is a constant, then D[c] = 0
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The rule is so simple that the examples are not very interesting. But here
are a few: D,[2] =0, D,[1]=0, D[n]=0, and D.[0]=0.

For the next-simplest function after constant functions, consider the
function f(x) = x. Whatever its input is, that is also its output, so, for
example, f(1)=1, f(2)=2, f(x) =n. In general, f(z) = z. Because it doesn’t
alter its input, this function is sometimes called the identity function.
Think of it as f(x) =1-x+0, a linear function with slope 1 and y-intercept 0.

Y y=f@=x

Because its tangents all have slope 1, you’d probably guess (correctly) that
the derivative of f(x) = x is the constant function f'(x) = 1. And that is exactly
confirmed by Definition 16.1: If f(x)=x, then

f(2)—f(x) z—x

f'(x) = lim = lim =lim1 = 1.
z—x  z—x z—xz—x z—x

This is our second rule.

Rule 2. (Identity Rule) D.[x] = 1

There are even fewer examples of the identity rule than there are for
the constant rule; in fact there is only one example: D,[x] =1.

When we say D,[x] = 1, we do not mean that the derivative equals the
number 1, but rather that it equals the constant function 1. (For, remember,
the derivative of a function is a function, not a number.) Below (right) we
have graphed the function y = f(x) = x and its derivative y = f'(x) =D, [x] = 1.

y Yy
b f@=c /vf(x)=x
> fl(x)=1
X

> X
flx)=0

[uy

Likewise, in saying D,[c| =0, we mean the the derivative of a constant
function is the zero function. See the graph of f(x) = ¢ and its derivative
f'(x) = 0 above (left).
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Next we turn to power functions. We ask: If f(x) = x", what is f/(x)?
We will have an answer by the end of this page. It turns out that the second
limit in Definition 16.1 is more convenient for the computation. It says

h) - Y —x"
Pl = tim LEXWZIO Gt T2
h—0 h—0 h
To work this limit we hope to somehow factor an 4 from the top to cancel
the A on the bottom. To do this, we need to expand out the (x+4)". You may

recall how to do this. The first few powers of (x+4) look like this:

(x+h)? = x%+2xh+h?

(x+h)® = x3+3x2h +3xh%+h3

(x+h)?t = x*+4x3h + 62202 + 4xh3 + B?

(x+h)® = x®+5x*h +10x3h2 + 10x%K3 + 5xh* + KP

(x+h)" = & +nx"1h + - et nah T R )

The first two terms in the expansion of (x + )" are x”* followed by nx" 1h.
In each subsequent term the power of x decreases by 1 and the power of &
increases by 1, until reaching the last two terms, which are nxh"1 + A",
The coefficients of the intermediate terms are called binomial coefficients;
their exact values will not concern us here. The important thing is that we
have enough to work out our limit: If f(x) =x", then

+h)— + R — 4T
fite) = Jim, M = lim u (now use (*) above)
h—0 h h=0 h
o (" +nx® R+ -+ nah™l 4+ A —x"
= lim
h—0 h
. nx" th + - + nxh® L+ A"
= lim
h=0 A
. h(na™l 4+ o+ nxhv 2+ A7)
= lim
h=0 A
= lim (nxn_l 4o+ nxhn—2+hn—1)
h—0

= (nxn_1 + oo+ nx-O”_2+0n_1) = nx

We have our answer: If f(x) = x", then f'(x) = nx”"!. This is our new rule.

Rule 3. (Power Rule) D, [x"] = na"!
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Let’s look at some examples of our new rule, the power rule.

D.[¢%] = 2% = 2¢! = 2«

D, [x3] = 3371 = 342

Notice that this agrees with Example 16.4, which used the limit definition
of the derivative to show that if f(x) = x3, then f’(x) = 3x2. Continuing,

D.[x*] = 4x* ! = 44®
D, [«'°] = 100x1°7! = 199x%

The power rule is very convenient. You would not want to find the derivative
of x1° using a limit! The power rule allows us to bypass the limit when
finding the derivative of a power function.

On the previous page we derived the power rule D, [x"] = nx""! under
the assumption that n is a positive integer. However, it is a fact (which we
will prove later) that the power rule holds for any real value of n, positive
or negative. For example,

Dx[x_?’] = —3x 371 = _gx7*
3 3_ 3 1
Dx [xg ] = gxg 1 = Ex;

Using this you can find derivatives of radical functions and reciprocals
of powers of x by converting to a power and applying the power rule. Here
are some examples.

1 _ d -1 ] _ —1-1 _ 1
Dx[;] —a[x | = —-1-x __P
1 di 2] -2-1 2
d 1 1 : 1 _: 1 1
D = |xz| = Zx2z7l = ZxT3 = =
fve] = Zle 2" 2" T ot 2va
Notice that these agree with our previous examples and exercises. In the
1
previous chapter you may have used a limit to show that D, | — | =-—. In
X

1
Example 16.2 we used a limit to show that D, [ vx | = N
X
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There are two more rules to come in this chapter. But rather than giving
derivatives of specific functions, they deal with derivatives of combinations
of functions. For example, given two functions f and g, we now obtain a rule
for the derivative of their sum F(x) = f(x)+g(x), or difference F(x) = f(x)—g(x).

Before beginning, quickly note how Definition 16.1 works if the function
is F or g (or anything else) instead of f:

F(z)-F
Given a function F(x), its derivative is F'(x) = llIIle M
- Z2—X
Given a function g(x) its derivative is g'(x) = lmjlc M, e
- Z2—X
Now consider a function F(x) that is the sum F(x) = f(x) + g(x) of two

other functions. What is its derivative?

. F(z)-F(x)
lim ———
Z=x z—x

(F(@)+8@) - (f(x)+g())

tc.

F'(x)

= lim
z—x zZ—x
. f@)-fx) + g(z)—g(x)
= lim
z—x z—x
I f)-flx) glz)—gx)
= lim +
z—x z—x z—x
TN G2 KSR TN {2 1GNNS
z2=x zZ—X =X zZ—x

We have just shown that if F(x) = f(x) + g(x), then F'(x) = f'(x) + g’(x), which
we can also express as

D,

fx)+ g(x)] =D, [f()] + Dy[g)].

The derivative of the sum of two functions is the sum of their derivatives.
Doing the same computation for F(x) = f(x)— g(x), you will get

D |f () - g@)] = D [f ()] - De[g@)].

These combine into our fourth rule for derivatives.

Rule 4. (Sum-Difference Rule) Given two functions f(x) and g(x),

D, f(x)+g'(x)

f(x)+g(x)]

D|f-gw| = f0-gw
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Example 17.1 Actually this is four examples with a common theme. In
each one we'’re asked for the derivative of a sum or difference of two functions.
In each case we first apply the sum-difference rule to break the problem
into a sum or difference of two derivatives. Then we complete the problem
by using whichever of the first three rules applies.

Dx[x5+x] = Dx[x5]+Dx[x] =

Dy[x?-8] = Dq[+?|-D.[8] = 2x-0 =

D, x2—x—12 =D, x2] -D, x_2] = 2x—(—2x_2_1) = 2x+2x 3 = 2x+x—23
D, \/9_C+% = D, x%]+Dx x_l] = %x_%+(—l‘x_2) = #—x%

You will quickly reach the point of doing such problems in one step. )

We can write the sum-difference rule by combining its two statements as

D.|f0) )] = ')+ g @).

Actually (as is easy to check) this works for more than just two functions:

Dx[f(x) + g(x) + A(x) + - ] = )+ g x) R () + .

For example, D, [x2 —x+ Zli = 2x—-1+0 = |2x—1|. To appreciate how far
we’ve come, compare this to Example 16.3 in Chapter 16, where we solved
the same problem with a limit. It took a page. Here we did it in one step!
Now for this chapter’s final rule. Given a constant ¢ and a function f(x),
make a new function F(x) = c¢f(x) by multiplying f by c. Its derivative is

) - 1 FOF@D L ef@)-efw)
X zZ2—X z—x Z—x
= 111'1'1M = c.limw — cf/(x)'
Z2—X zZ2—X Zx > — g

Thus the derivative of c¢f(x) is c¢f’(x) = ¢-D[f(x)]. That is our new rule.

Rule 5. (Constant Multiple Rule) Dx[c f (x)] = cDx[ f (x)].

The derivative of ¢ times a function is ¢ times the derivative of the function.



223

Example 17.2 This is actually six examples with a common theme. In
each case we apply the constant multiple rule, and follow up with the power
rule (Rule 3) or Rule 2.

3:Dy[x5] = 352t =
- 3.1 =

Sometimes a little algebra is needed to change the function into something
to which the constant multiple rule applies. In the next example we factor
a constant of % out of the § before applying the constant multiple rule.

D, |34°]

Dy

3x] 3.D,

X

1
—x
2

p.[Z]| =D,

: - 2D, [4] :%.1:

1
2

In the next example we convert a reciprocal to a power, then follow up with
the constant multiple rule followed by the power rule.

3
mhﬁ

_ 3 5| _ 3 5] _ 3 —6y _ 6 _ | 15
R I e e e R

(Here the calculus was finished at the third step—with the power rule—and
the last two steps were just algebraic simplifications.) In the next example
we have to convert a radical to a power so that we can apply the constant
multiple rule, followed by the power rule.

1 49
LIl

2 2 2\/x

To_ 7T
T2

Dx[n\/o_c] =D, X =7

nxm] =n-D,

1/2 ]

Here’s one more example involving a radical.

3 3 3 __ 3 . 3 -3 _g
x 5| = Dxl5s3m o s 3/2] = -.D, [.’XI 3/2] - 2.2, 3/2-1
TvVx Tx 7 7 7 9
This is the derivative, but a little algebra gets it into a nicer form:
9 e _ 9 | 9
14 T 1452 | g5

With practice, you will soon find yourself doing problems like these in one
or two steps, doing most of the work in your head. )
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Example 17.3 Typically in finding a derivative you will use multiple rules
in combination. This example uses all five of this chapter’s rules:

D, 7x3—2x2+6x+1] Dx[7x3] - Dx[sz] +Dx[6x] + Dx[l]

1

7-Dy

xS] -2-D,

xZ] +6-D,

x] +D,

7-3x%2 — 2.2x + 6-1 + 0

= 21x% —4x+6.

Work some exercises like this one! After doing one or two problems this way,
you will start to skip steps. You'll do it in one step:

D, 7x3—2x2+6x+1] — 21x2—4x+6.

Don’t forget that the notation % is sometimes used instead of D,. The above

derivative can be expressed as

d
- Tx3 - 2x2 +6x+1| = 21x%—4x+86. £
X

The rules make finding derivatives almost automatic. Things become so
easy that we can lose sight of the derivative’s meaning. Our final example
reminds us of that meaning, which is that f/(x) is the slope of the tangent
line to y = f(x) at the point (x, f(x)).

Example 17.4 Find the derivative of f(x)= %x +2.
Answer: By this chapter’s rules, we Y
immediately get f'(x) = %, that is, the

derivative is the constant function /
y = % This makes sense because the
graph of y = f(x) is a linear function < 2 — [(0)= %
line with slope % The derivative f'(x)

gives the slope of the tangent to the
graph of f(x) at (x,f(x)). At any such
o)

point this slope is %

Now test your skill by working some exercises!
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Exercises for Chapter 17

Find the derivatives of the following functions.

1.

11.

13.

15.

17.

19.

21.

23.

25.

2

F)=at+x3+x%+x+1

1+1
x5

. y=3x5—2x3+x2—4

flx)= Yx*

f(x)—7

fx)= ;+x5

fx) = (7x)?

f@)=—— V2

x2

OD

o
<o

B X
Y=\ 3
5x% —3x2+2x—4

fx)= 3

fx)=

ol

fx)=——

1+n

/A

1
flx) = —
X

2.

10.

12.

14.

16.

18.

20.

22,

24.

26.

1
fx)= §x6 +3x2

f(x)=1+x
X
1
fx)= @er‘i
fx)=x+x’
flo)=Vix
flx)= V2

5
f(x):—5+\/§
X

flx)= V8x

5x2 + x4

fx)= 5

2/x+2
3

5
f(x)=\/§

3

floy="
X

flx)=

X
f(x)_1+\/§

Exercises Solutions for Chapter 17

1.
3.

The derivative of f(x) =

-

D,

c*+ad 4% +x+1 is f(x)—4x +3x%+2x+1

3 2

= 5y %40 =

5. Dx[3x —oxd 4 x —4]:15x4—6x2+2x

7. D,

o) -} -

3

2 _ 2 _
2,28-1 _ 2 13 _

3

-5
x6

2 2

T gxl3 3¥x
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9 f(x) - i :x—1/2 fl(x) — __x—1/2—1 - __
) e
11. f(ac)=l5+x5=3c_5+x5 Flx)=-5x"8+5x% =
x
13. f(x)=(Tx)? = 49x* fl(x) =49 -2x = 98«
15. f(x):l2+ 2:Zx—2+\/§ f(x)——( 273 +0= -
3
17. D, /22 \/7\/_ \/é.D
3_9.2 _
19. D, x° —3x° + 2x 4]=1D
3 3
21 f(ac)—ﬁ—ix2 f’(x)—ix
| V3 V3 V3
1 o1
23. f(x)_1+7r 1+7m f(x)_1+7r

25.

f)= T - (!
X

Fl)=1+m(-Dx 1 =-

14

23

1+nm

52

Derivative Rules

@]:fD[w] \F31,2 3\/_\/_

1 2
5x® —3x% + 2x — 4] § (15x% —6x+2) = 5x2—2x+§



