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4.12 Solutions for Chapter 4
Section 4.2

1. Consider lists made from the letters T, H, E, O, R, Y, with repetition allowed.
(a) How many length-4 lists are there? Answer: 6 ·6 ·6 ·6= 1296.
(b) How many length-4 lists are there that begin with T?

Answer: 1 ·6 ·6 ·6= 216.
(c) How many length-4 lists are there that do not begin with T?

Answer: 5 ·6 ·6 ·6= 1080.
3. How many ways can you make a list of length 3 from symbols a,b,c,d,e,f if...

(a) ... repetition is allowed. Answer: 6 ·6 ·6= 216.
(b) ... repetition is not allowed. Answer: 6 ·5 ·4= 120.
(c) ... repetition is not allowed and the list must contain the letter a.

Answer: 5 ·4+5 ·4+5 ·4= 60.

(d) ... repetition is allowed and the list must contain the letter a.
Answer: 6 ·6 ·6−5 ·5 ·5= 91.

(Note: See Example 4.3 if a more detailed explanation is required.)
5. This problems involves 8-digit binary strings such as 10011011 or 00001010. (i.e.,

8-digit numbers composed of 0’s and 1’s.)
(a) How many such strings are there? Answer: 2 ·2 ·2 ·2 ·2 ·2 ·2 ·2= 256.
(b) How many such strings end in 0? Answer: 2 ·2 ·2 ·2 ·2 ·2 ·2 ·1= 128.

(c) How many such strings have the property that their second and fourth digits
are 1’s? Answer: 2 ·1 ·2 ·1 ·2 ·2 ·2 ·2= 64.

(d) How many such strings are such that their second or fourth digits are 1’s?
Answer: These strings can be divided into three types. Type 1 consists of those
strings of form ∗1∗0∗∗∗∗, Type 2 consist of strings of form ∗0∗1∗∗∗∗, and
Type 3 consists of those of form ∗1∗1∗∗∗∗. By the multiplication principle
there are 26 = 64 strings of each type, so there are 3 ·64= 192 8-digit binary
strings whose second or fourth digits are 1’s.

7. This problem concerns 4-letter codes made from the letters A,B,C,D,...,Z.
(a) How many such codes can be made? Answer: 26 ·26 ·26 ·26= 456976
(b) How many such codes have no two consecutive letters the same?

We use the multiplication principle. There are 26 choices for the first letter.
The second letter can’t be the same as the first letter, so there are only 25
choices for it. The third letter can’t be the same as the second letter, so there
are only 25 choices for it. The fourth letter can’t be the same as the third letter,
so there are only 25 choices for it. Thus there are 26 ·25 ·25 ·25= 406,250
codes with no two consecutive letters the same.

9. A new car comes in a choice of five colors, three engine sizes and two transmis-
sions. How many different combinations are there? Answer 5 ·3 ·2= 30.
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Section 4.3

1. Five cards are dealt off of a standard 52-card deck and lined up in a row. How
many such line-ups are there that have at least one red card?
Solution: All together there are 52 ·51 ·50 ·49 ·48 = 311875200 possible lineups.
The number of lineups that do not have any red cards (i.e. are made up only
of black cards) is 26 ·25 ·24 ·23 ·22 = 7893600. By the subtraction principle, the
answer to the question is 311875200−7893600= 303981600.
How many such line-ups are there in which the cards are either all black or all
hearts?
Solution: The number of lineups that are all black is 26 ·25 ·24 ·23 ·22= 7893600.
The number of lineups that are clubs (which are red) is 13·12·11·10·9= 154440. By
the addition principle, the answer to the question is 7893600+154440= 8048040.

3. Five cards are dealt off of a standard 52-card deck and lined up in a row. How
many such line-ups are there in which all 5 cards are of the same color (i.e., all
black or all red)?
Solution: There are 26 ·25 ·24 ·23 ·22 = 7,893,600 possible black-card line-ups
and 26 ·25 ·24 ·23 ·22 = 7,893,600 possible red-card line-ups, so by the addition
principle the answer is 7,893,600+7,893,600= 15,787,200.

5. How many integers between 1 and 9999 have no repeated digits?
Solution: Consider the 1-digit, 2-digit, 3-digit and 4-digit number separately.
The number of 1-digit numbers that have no repeated digits is 9 (i.e., all of
them). The number of 2-digit numbers that have no repeated digits is 9 ·9= 81.
(The number can’t begin in 0, so there are only 9 choices for its first digit.) The
number of 3-digit numbers that have no repeated digits is 9 ·9 ·8 = 648. The
number of 4-digit numbers that have no repeated digits is 9 ·9 ·8 ·7= 5436. By
the addition principle, the answer to the question is 9+81+648+5436= 5274.
How many integers between 1 and 9999 have at least one repeated digit?
Solution: The total number of integers between 1 and 9999 is 9999. Using the
subtraction principle, we can subtract from this the number of digits that have
no repeated digits, which is 5274, as above. Therefore the answer to the question
is 9999−5274= 4725.

7. A password on a certain site must have five characters made from letters of the
alphabet, and there must be at least one upper-case letter. How many different
passwords are there?
Solution: Let U be the set of all possible passwords made from a choice of upper-
and lower-case numbers. Let X be the set of all possible passwords made from
lower-case letters. Then U−X is the set of passwords that have at least one lower-
case letter. By the subtraction principle our answer will be |U − X | = |U |− |X |.
All together, there are 26+26= 52 upper- and lower-case letters, so by the multi-
plication principle |U | = 52 ·52 ·52 ·52 ·52= 525 = 380,204,032.
Likewise |X | = 26 ·26 ·26 ·26 ·26= 265 = 11,881,376.
Thus the answer is |U |− |X | = 380,204,032−11,881,376= 368,322,656.
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What if there must be a mix of upper- and lower-case?
Solution: The number of passwords using only upper-case letters is 265 =
11,881,376, and, as calculated above, this is also the number of passwords
that use only lower-case letters. By the addition principe, the number of pass-
words that use only lower-case or only upper-case is 11,881,376+11,881,376 =
23,762,752. By the subtraction principle, the number of passwords that use a mix
of upper- and lower-case it the total number of possible passwordsminus the num-
ber that use only lower-case or only upper-case, namely 380,204,032−23,762,752=
356,441,280.

9. This problem concerns lists of length 6 made from the letters A,B,C,D,E,F,G,H.
How many such lists are possible if repetition is not allowed and the list contains
two consecutive vowels?
Solution: There are just two vowels A and E to choose from. The lists we want
to make can be divided into five types. They have one of the forms VV∗∗∗∗,
or ∗VV ∗∗∗, or ∗∗VV ∗∗, or ∗∗∗VV∗, or ∗∗∗∗VV , where V indicates a
vowel and ∗ indicates a consonant. By the multiplication principle, there are
2 ·1 ·6 ·5 ·4 ·3= 720 lists of form VV ∗∗∗∗. In fact, that for the same reason there
are 720 lists of each form. Thus by the addition principle, the answer to the
question is 720+720+720+720+720= 3600

11. How many integers between 1 and 1000 are divisible by 5? How many are not
divisible by 5?
Solution: The integers that are divisible by 5 are 5,10,15,20, . . . ,995,1000. There
are 1000/5= 200 such numbers. By the subtraction principle, the number that
are not divisible by 5 is 1000−200= 800.

Sections 4.4 and 4.5
1. Answer n = 14.

3. Answer: 5!= 120.

5. 120!
118! = 120·119·118!

118! = 120 ·119= 14,280.

7. Answer: 5!4!= 2880.
9. How many permutations of the letters A,B,C,D,E,F,G are there in which the

three letters ABC appear consecutively, in alphabetical order?
Solution: Regard ABC as a single symbol ABC . Then we are looking for the
number of permutations of the five symbols ABC , D, E, F, G. The number of
such permutations is 5!= 120.

11. You deal 7 cards off of a 52-card deck and line them up in a row. How many
possible lineups are there in which no card is a club or no card is red?
Solution: The number of 7-card lineups where all cards are clubs (which are
black) is P(13,7). The number of 7-card lineups where all cards are red is P(26,7).
By the addition principle, the number of 7-card lineups where all cards are clubs
or all cards are red is P(13,7)+P(26,7)= 3,323,960,640.
We are interested in the number of 7-card lineups in which it is not the case that
all cards are clubs or all cards are red. By the subtraction principle, the answer
is P(52,7)− (

P(13,7)+P(26,7)
)= P(52,7)−P(13,7)−P(26,7)= 670,950,221,760.
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13. P(26,6)= 165,765,600. 15. P(15,4)= 32,760. 17. P(10,3)= 720.

Section 4.6

1. Suppose a set A has 37 elements. How many subsets of A have 10 elements?
How many subsets have 30 elements? How many have 0 elements?
Answers:

(37
10

)= 348,330,136;
(37
30

)= 10,295,472;
(37

0
)= 1.

3. A set X has exactly 56 subsets with 3 elements. What is the cardinality of X?
The answer will be n, where

(n
3
)= 56. After some trial and error, you will discover(8

3
)= 56, so |X | = 8.

5. How many 16-digit binary strings contain exactly seven 1’s?
Solution: Make such a string as follows. Start with a list of 16 blank spots.
Choose 7 of the blank spots for the 1’s and put 0’s in the other spots. There are(16

7
)= 11,440 ways to do this.

7. |{X ∈P({0,1,2,3,4,5,6,7,8,9}) : |X | < 4}| = (10
0

)+ (10
1

)+ (10
2

)+ (10
3

)= 1+10+45+120=
176.

9. This problem concerns lists of length six made from the letters A,B,C,D,E,F,
without repetition. How many such lists have the property that the D occurs
before the A?
Solution: Make such a list as follows. Begin with six blank spaces and select two
of these spaces. Put the D in the first selected space and the A in the second.
There are

(6
2
) = 15 ways of doing this. For each of these 15 choices there are

4!= 24 ways of filling in the remaining spaces. Thus the answer to the question
is 15×24= 360 such lists.

11. How many 10-digit integers contain no 0’s and exactly three 6’s?
Solution: Make such a number as follows: Start with 10 blank spaces and choose
three of these spaces for the 6’s. There are

(10
3

) = 120 ways of doing this. For
each of these 120 choices we can fill in the remaining seven blanks with choices
from the digits 1,2,3,4,5,7,8,9, and there are 87 to do this. Thus the answer to
the question is

(10
3

) ·87 = 251,658,240.

13. Assume n,k ∈Z with 0≤ k ≤ n. Then
(n

k
)= n!

(n−k)!k! = n!
k!(n−k)! = n!

(n−(n−k))!(n−k)! =
( n
n−k

)
.

15. How many 10-digit binary strings are there that do not have exactly four 1’s?
Solution: All together, there are 210 different binary strings. The number of
10-digit binary strings with exactly four 1’s is

(10
4
)
, because to make one we need

to choose 4 out of 10 positions for the 1’s and fill the rest in with 0’s. By the
subtraction principle, the answer to our questions is 210 − (10

4
)
.

17. Howmany 10-digit binary numbers are there that have exactly four 1’s or exactly
five 1’s?
Solution: By the addition principle the answer is

(10
4
)+ (10

5
)
.

How many do not have exactly four 1’s or exactly five 1’s?
Solution: By the subtraction principle combined with the answer to the first
part of this problem, the answer is 210 − (10

4
)− (10

5
)

19. A 5-card poker hand is called a flush if all cards are the same suit. How many
different flushes are there?
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Solution: There are
(13

5
)= 1287 5-card hands that are all hearts. Similarly, there

are
(13

5
)= 1287 5-card hands that are all diamonds, or all clubs, or all spades. By

the addition principle, there are then 1287+1287+1287+1287= 5148 flushes.

Section 4.7

1. Write out Row 11 of Pascal’s triangle.
Answer: 1 11 55 165 330 462 462 330 165 55 11 1

3. Use the binomial theorem to find the coefficient of x8 in (x+2)13.
Answer: According to the binomial theorem, the coefficient of x8 y5 in (x+ y)13 is(13

5
)
x8 y5 = 1287x8 y5. Now plug in y= 2 to get the final answer of 41184x8.

5. Use the binomial theorem to show ∑n
k=0

(n
k
)= 2n. Hint: Observe that 2n = (1+1)n.

Now use the binomial theorem to work out (x+ y)n and plug in x = 1 and y= 1.
7. Use the binomial theorem to show ∑n

k=0 3k (n
k
)= 4n.

Hint: Observe that 4n = (1+3)n. Now look at the hint for the previous problem.
9. Use the binomial theorem to show

(n
0
)−(n

1
)+(n

2
)−(n

3
)+(n

4
)−(n

5
)+. . .±(n

n
)= 0. Hint:

Observe that 0= 0n = (1+ (−1))n. Now use the binomial theorem.
11. Use the binomial theorem to show 9n =∑n

k=0(−1)k (n
k
)
10n−k.

Hint: Observe that 9n = (10+ (−1))n. Now use the binomial theorem.
13. Assume n ≥ 3. Then

(n
3
)= (n−1

3
)+(n−1

2
)= (n−2

3
)+(n−2

2
)+(n−1

2
)= ·· · = (2

2
)+(3

2
)+·· ·+(n−1

2
)
.

Section 4.8

1. At a certain university 523 of the seniors are history majors or math majors (or
both). There are 100 senior math majors, and 33 seniors are majoring in both
history and math. How many seniors are majoring in history?
Solution: Let A be the set of senior math majors and B be the set of senior
history majors. From |A ∪B| = |A| + |B| − |A ∩B| we get 523 = 100+ |B| −33, so
|B| = 523+33−100= 456. There are 456 history majors.

3. How many 4-digit positive integers are there that are even or contain no 0’s?
Solution: Let A be the set of 4-digit even positive integers, and let B be the set of
4-digit positive integers that contain no 0’s. We seek |A∪B|. By the multiplication
principle |A| = 9 ·10 ·10 ·5 = 4500. (Note the first digit cannot be 0 and the last
digit must be even.) Also |B| = 9 ·9 ·9 ·9= 6561. Further, A∩B consists of all even
4-digit integers that have no 0’s. It follows that |A∩B| = 9 ·9 ·9 ·4= 2916. Then the
answer to our question is |A∪B| = |A|+ |B|− |A∩B| = 4500+6561−2916= 8145.

5. How many 7-digit binary strings begin in 1 or end in 1 or have exactly four 1’s?
Solution: Let A be the set of such strings that begin in 1. Let B be the set of such
strings that end in 1. Let C be the set of such strings that have exactly four 1’s.
Then the answer to our question is |A∪B∪C|. Using Equation (4.5) to compute
this number, we have |A∪B∪C| = |A|+|B|+|C|−|A∩B|−|A∩C|−|B∩C|+|A∩B∩C| =
26 +26 + (7

4
)−25 − (6

3
)− (6

3
)+ (5

2
)= 64+64+35−32−20−20+10= 101.
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7. This problem concerns 4-card hands dealt off of a standard 52-card deck. How
many 4-card hands are there for which all four cards are of the same suit or all
four cards are red?
Solution: Let A be the set of 4-card hands for which all four cards are of the
same suit. Let B be the set of 4-card hands for which all four cards are red.
Then A ∩B is the set of 4-card hands for which the four cards are either all
hearts or all diamonds. The answer to our question is |A∪B| = |A|+|B|−|A∩B| =
4

(13
4

)+ (26
4

)−2
(13

4
)= 2

(13
4

)+ (26
4

)= 1430+14950= 16380.

9. A 4-letter list is made from the letters L,I,S,T,E,D according to the following
rule: Repetition is allowed, and the first two letters on the list are vowels or the
list ends in D. How many such lists are possible?
Solution: Let A be the set of such lists for which the first two letters are vowels, so
|A| = 2·2·6·6= 144. Let B be the set of such lists that end in D, so |B| = 6·6·6·1= 216.
Then A∩B is the set of such lists for which the first two entries are vowels and
the list ends in D. Thus |A∩B| = 2 ·2 ·6 ·1 = 24. The answer to our question is
|A∪B| = |A|+ |B|− |A∩B| = 144+216−24= 336.

11. How many 7-digit numbers are even or have exactly three digits equal to 0?
Solution: Let A be the set of 7-digit numbers that are even. By the multiplication
principle, |A| = 9·10·10·10·10·10·5= 4,500,000. Let B be the set of 7-digit numbers
that have exactly three digits equal to 0. Then |B| = 9 · (6

3
) ·9 ·9 ·9. (First digit is

anything but 0. Then choose 3 of 6 of the remaining places in the number for
the 0’s. Finally the remaining 3 places can be anything but 0.)
Note A∩B is the set of 7-digit numbers that are even and contain exactly three
0’s. We can compute |A∩B| with the addition principle, by dividing A∩B into
two parts: the even 7-digit numbers with three digits 0 and the last digit is not
0, and the even 7-digit numbers with three digits 0 and the last digit is 0. The
first part has 9 · (5

3
) ·9 ·9 ·4 elements. The second part has 9 · (5

2
) ·9 ·9 ·9 ·1 elements.

Thus |A∩B| = 9 · (5
3
) ·9 ·9 ·4+9 · (5

2
) ·9 ·9 ·9.

By the inclusion-exclusion formula, the answer to our question is |A∪B| = |A|+
|B|− |A∩B| = 4500000+94(6

3
)−93(5

3
) ·4−94(5

2
)= 4,405,230.

13. How many 8-digit binary strings end in 1 or have exactly four 1’s?
Solution: Let A be the set of strings that end in 1. By the multiplication principle
|A| = 27. Let B be the number of strings with exactly four 1’s. Then |B| = (8

4
)

because we can make such a string by choosing 4 of 8 spots for the 1’s and
filling the remaining spots with 0’s. Then A∩B is the set of strings that end
with 1 and have exactly four 1’s. Note that |A ∩B| = (7

4
)
(make the last entry

a 1 and choose 3 of the remaining 7 spots for 1’s). By the inclusion-exclusion
formula, the number 8-digit binary strings that end in 1 or have exactly four 1’s
is |A∪B| = |A|+ |B|− |A∩B| = 27 + (8

4
)− (7

3
)= 163.

15. How many 10-digit binary strings begin in 1 or end in 1?
Solution: Let A be the set of strings that begin with 1. By the multiplication
principle |A| = 29. Let B be the number of strings that end with 1. By the
multiplication principle |B| = 29. Then A ∩B is the set of strings that begin
and end with 1. By the multiplication principle |A∩B| = 28. By the inclusion-
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exclusion formula, the number 10-digit binary strings begin in 1 or end in 1 is
|A∪B| = |A|+ |B|− |A∩B| = 29 +29 −28 = 768.

Section 4.9

1. A bag contains 20 identical red balls, 20 identical blue balls, 20 identical green
balls, and one white ball. You reach in and grab 15 balls. How many different
outcomes are possible?
Solution: First we count the number of outcomes that don’t have a white marble.
Modeling this with stars and bars, we are looking at length-17 lists of the form

red︷ ︸︸ ︷∗∗∗·· ·∗ ∣∣ blue︷ ︸︸ ︷∗∗∗·· ·∗ ∣∣ green︷ ︸︸ ︷∗∗∗·· ·∗,

where there are 15 stars and two bars. Therefore there are
(17
15

)
outcomes without

the white ball. Next we count the outcomes that do have the white ball. Then
there are 14 remaining balls in the grab. In counting the ways that they can
be selected we can use the same stars-and-bars model above, but this time the
list is of length 16 and has 14 stars. There are

(16
14

)
outcomes. Finally, by the

addition principle, the answer to the question is
(17
15

)+ (16
14

)= 256.
3. In how many ways can you place 20 identical balls into five different boxes?

Solution: Let’s model this with stars and bars. Doing this we get a list of length
24 with 20 stars and 4 bars, where the first grouping of stars has as many stars
as balls in Box 1, the second grouping has as many stars as balls in Box 2, and
so on.

Box 1︷ ︸︸ ︷∗∗∗·· ·∗ ∣∣ Box 2︷ ︸︸ ︷∗∗∗·· ·∗ ∣∣ Box 3︷ ︸︸ ︷∗∗∗·· ·∗ ∣∣ Box 4︷ ︸︸ ︷∗∗∗·· ·∗ ∣∣ Box 5︷ ︸︸ ︷∗∗∗·· ·∗,

The number of ways to place 20 balls in the five boxes equals the number of such
lists, which is

(24
20

)= 10,626.
5. A bag contains 50 pennies, 50 nickels, 50 dimes and 50 quarters. You reach in

and grab 30 coins. How many different outcomes are possible?
Solution: The stars-and-bars model is

pennies︷ ︸︸ ︷∗∗∗·· ·∗ ∣∣ nickels︷ ︸︸ ︷∗∗∗·· ·∗ ∣∣ dimes︷ ︸︸ ︷∗∗∗·· ·∗ ∣∣ quarters︷ ︸︸ ︷∗∗∗·· ·∗,

so there are
(33
30

)= 5456 outcomes.
7. How many integer solutions does the equation w+ x+ y+ z = 100 have if w ≥ 4,

x ≥ 2, y≥ 0 and z ≥ 0?
Solution: Imagine a bag containing red, blue, green and white balls. Each
solution of the equation corresponds to an outcome in grabbing 100 balls from
the bag, where there are w ≥ 4 red balls, x ≥ 2 blue balls, y≥ 0 green balls and
z ≥ 0 white balls.
Pre-select 4 red balls and 2 blue balls. Now the remaining 92 balls are selected.
We can calculate the number of ways that this selection can be made with stars
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and bars, where there are 92 stars and 3 bars.

red︷ ︸︸ ︷∗∗∗·· ·∗ ∣∣ blue︷ ︸︸ ︷∗∗∗·· ·∗ ∣∣ green︷ ︸︸ ︷∗∗∗·· ·∗ ∣∣ white︷ ︸︸ ︷∗∗∗·· ·∗,

The number of outcomes is thus
(95
92

)= 138,415
9. How many permutations are there of the letters in the word "TENNESSEE"?

Solution: By Fact 4.8, the answer is 9!
4!2!2! = 3,780.

11. You roll a dice six times in a row. How many possible outcomes are there that
have two 1’s three 5’s and one 6?
Solution: This is the number of permutations of the “word” . By
Fact 4.8, the answer is 6!

2!3!1! = 60.
13. In how many ways can you place 15 identical balls into 20 different boxes if each

box can hold at most one ball?
Solution: Regard each such distribution as a binary string of length 20, where
there is a 1 in the ith position precisely if the ith box contains a ball (and zeros
elsewhere). The answer is the number of permutations of such a string, which
by Fact 4.8 is 20!

15!5! = 15,504. Alternatively, the answer is the number of ways to
choose 15 positions out of 20, which is

(20
15

)= 15,504.
15. How many numbers between 10,000 and 99,999 contain one or more of the digits

3, 4 and 8, but no others?
Solution: First count the numbers that have three 3’s, one 4, and one 8, like
33,348. By Fact 4.8, the number of permutations of this is 5!

3!1!1! = 20.
By the same reasoning there are 20 numbers that contain three 4’s, one 3, and
one 8, and 20 numbers that contain three 8’s, one 3, and one 4.
Next, consider the numbers that have two 3’s, two 4’s and one 8, like 33,448. By
Fact 4.8, the number of permutations of this is 5!

2!2!1! = 30.
By the same reasoning there are 30 numbers that contain two 3’s, two 8’s and
one 4, and 30 numbers that contain two 4’s, two 8’s and one 3. This exhausts all
possibilities. By the addition principle the answer is 20+20+20+30+30+30= 150.

Section 4.10 Exercises

1. Show that if 6 integers are chosen at random, at least two will have the same
remainder when divided by 5.
Solution: Pick six integers n1,n2,n3,n4,n5 and n6 at random. Imagine five boxes,
labeled Box 0, Box 1, Box 2, Box 3, Box 4. Each of the picked integers has a
remainder when divided by 5, and that remainder is 0, 1, 2, 3 or 4. For each ni,
let r i be its remainder when divided by 5. Put ni in Box r i. We have now put six
numbers in five boxes, so by the pigeonhole principle one of the boxes has two or
more of the picked numbers in it. Those two numbers have the same remainder
when divided by 5.



Solutions for Chapter 4 129

3. What is the fewest number of times you must roll a six-sided dice before you can
be assured that 10 or more of the rolls resulted in the same number?
Solution: Imagine six boxes, labeled 1 through 6. Every time you roll a , put
an object in Box 1. Every time you roll a , put an object in Box 2, etc. After
n rolls, the division principle says that one box contains d n

6 e objects, and this
means you rolled the same number d n

6 e times. We seek the smallest n for which
d n

6 e ≥ 10. This is the smallest n for which n
6 > 9, that is n > 9 ·6 = 36. Thus the

answer is n = 37. You need to roll the dice 37 times.
5. Prove that any set of 7 distinct natural numbers contains a pair of numbers

whose sum or difference is divisible by 10.
Solution: Let S = {a1,a2,a3,a4,a5,a6,a7} be any set of 7 natural numbers. Let’s
say that a1 < a2 < a3 < ·· · < a7. Consider the set

A = {a1 −a2, a1 −a3, a1 −a4, a1 −a5, a1 −a6, a1 −a7,
a1 +a2, a1 +a3, a1 +a4, a1 +a5, a1 +a6, a1 +a7}

Thus |A| = 12. Now imagine 10 boxes numbered 0,1,2, . . . ,9. For each number
a1 ± ai ∈ A, put it in the box whose number is the one’s digit of a1 ± ai. (For
example, if a1 ±ai = 4, put it in Box 4. If a1 ±ai = 8, put it in Box 8, etc.) Now we
have placed the 12 numbers in A into 10 boxes, so the pigeonhole principle says
at least one box contains two elements a1 ±ai and a1 ±a j from A. This means
the last digit of a1 ±ai is the same as the last digit of a1 ±a j. Thus the last digit
of the difference (a1 ± ai)− (a1 ± a j) = ±ai ± a j is 0. Hence ±ai ± a j is a sum or
difference of elements of S that is divisible by 10.


