Hour Exam No.2

Please attempt all of the following problems before the due date. All prob-
lems count the same even though some are more complex than others.

Several of the following problems require the connection coefficients for the
connection compatible with the Schwarzschild metric:
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For the coordinates z° = t,2' = r,2?2 = 0,2%> = ¢ and the corresponding

holonomic basis, the non-zero connection coefficients are as follows:
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Problem 1

For the connection given above, show that, for any vector fields w,v the
following conditions are satisfied:

ad. For any function f,
DyDyf = DyDyf

Hint: Switch to index notation and see the result immediately.

Answer la

Note that D, D, f — D, D, f is locally linear in u,v. Expand u,v in a holo-
nomic basis 9, and find

DyDyf — DyDyf = u*v? (Dy, Da, f — Do, Do, f)
Now write out the second covariant derivative components in this basis
Do, Doy f = fpa = f,pI"a

so that

Duva - DvDuf UQUB (f,,Ba - f,prﬂoz - f7a,6’ + ﬁprpaﬁ)

= w0’ (fga = fap — o7 pa + [.pT7as)

Ua'UBf,p (_Fp,Ba + Fpa/?)

Notice that the connection coefficients given above have the symmetry
Fpa,B = rp,Ba

| DuDyf — DyDyf =0.|

so that

b. For any vector field w

Dy, (u-v) = (Dypu) - v+ u- Dyv

Hint: Switch to index notation and slog it out component by component
using Maple to do the algebra.

Answer 1b



This condition is just metric compatibility which, in index notation is

Jas;s =0

or
9aB,6 — JaplPss — 9o a5 =0

Check it component by component, noticing that the expression is symmetric
in a and 5:

a=20

90,6 — 9opl'”ps — gppl"0s =0

9os,6 — ool ’ s — gpslPos = 0

8=0

900,56 — 900 %05 — gpoI 05 = 0

900,56 — 900I %05 — gooT 05 = 0

900,56 — 2900105 = 0

The only non-zero I'y; is for § = 1 and similarly the only non-zero ggp s is
for 6 = 1. Thus, we only need to check that case. Use Maple Expand and the
Simplify to do the algebra:

00 = 200001 = (= (1= 22)) = 2(= (1= 22)) (52 ) = 22 -

901 — 290001 = =27 — 2 (-1 +22) sy = 0

B=1

901,56 — ool %16 — g1 I¥05 = 0

—gool%15 — g1l o5 =0

The only non-zero I'°;5 and also the only non-zero I'l g5 is for § = 0 so only
that case needs to be checked.

—g00l"10 — g ltoo = — (= (1 = 22)) (T(TTgm)> — = % (r—2m) =0

B=2 '

902,56 — 9ooI'%25 — 92?05 = 0

—g00l%25 — g22T%05 = 0

There are no non-zero coefficients with both 2 and 0 indexes, so this is indeed
zero.

=3

903,56 — 90T 35 — gp3TPos = 0

—gool %35 — g22T%05 = 0

There are no non-zero coefficients with both 3 and 0 indexes, so these com-
ponents are also zero.

a=1

9186 — 91p17 85 — gppl’15 =0

9155 — gul' g5 — gppl?15 =0

We already checked (o, 8) = (0,1) so («, 5) = (1,0) will also work. No need
to check g = 0.

g=1

11,5 — g11l'tis — g P15 =0

gi1,5 — g11l'tis — gl =0




g11,5 — 291115 =0
Both terms are zero except for 6 = 1 so check that case.

1 _ d 1 1 —
2 m =0
1-22 r(r—2m) '
f=2

12,5 — G111 a5 — gp2lP15 =0

—g11T" 95 — 922?15 =0

The coefficients are zero except for § = 2 so check that case.
—g1l22 — gool?12 = — (ﬁ) (= (r=2m)) =12 (7) =0.
p=3

G13,5 — 9111 35 — gp3TP15 = 0

—g111" 35 — g33lP15 =0

The coefficients are zero except for § = 3 so check that case.
—g11T" 33 — ggalP13 = — (ﬁ) (= (r —2m)sin®§) — (r?sin®6) 1 = 0.
a=2

928,56 — 920" 85 — gppl'P25 =0

9285 — 922125 — gppTP2s = 0

No need to check 8 =0 or 5 = 1 because of symmetry.
p=2

G225 — 9221?95 — gp2lP25 =0

G225 — 9221?95 — g2al%05 =0

G225 — 29221225 = 0

Both terms are zero except for § = 1 so check that case.
9221 — 29221201 = & (r?) — 2721 = 0.

p=3

G235 — 9221?35 — gp3P25 = 0

— 9221235 — g33P25 = 0

Both terms are zero except for § = 3 so check that case.

— 220233 — 9331393 = —1r% (—sinf cos ) — (r2 sin? 0) cot = 0.
a=3

938,56 — 9301785 — 9pplP35 =0

9386 — 9331385 — gppP35 = 0

No need to check 8 =0 or f =1 or 8 = 2 because of symmetry.
p=3

93,5 — 9331235 — gp31P35 = 0

G335 — 9331335 — 9331335 = 0

9335 — 29331335 = 0

Both terms are zero except for § = 1 so check that case.
9331 — 2933331 = & (r?sin® ) — 2 (r?sin®0) 2 = 0.

All components vanish and the expression is verified.



Problem 2

The wave operator on a scalar field can be written in the form

VQCI) = gaﬁé;aﬂ

Use the connection coefficients given at the beginning of this exam to find

the wave equation near a black hole of mass m.

Answer 2

Piap = Pap — P ol ap

V20 = g5 = g°F (D 05 — @, 17 0p)
V20 = g*P® o5 — @ ,0°PT" 5

Now work out what go‘ﬁf‘palg is, component by component.

Note that the inverse metric tensor components are:

9% = (goo) ' = (- (1- QTm))_l = —1i2% = Triam = rogm 18 true
gl — (911)71 _ (ﬁ)_l _ fw - @ is true

9% = (922)71 = (7"2 o= %2

g% = (gs3)" ' = (r?sin’ 9)_1 = a7y

SO

g*PT0,5 = g"T%q + g1 1011 + ¢*2T095 + ¢*3 1033 = 0

9T s = g"T o + "' T 11 + 97T 9 + g%*T 33

gaﬁrlaﬁ = (_ﬁ) 3 (T - 2m) + (rirzm) <_ T(rin?m)) +
=g (— (r —2m) sin®0) = 225"

gaﬂl—\ af = gOO]_'QOO + 911F21 4 g22F22 4 9331'\233
= (_r72m) F200+(T 2m)1"2 721_‘ 22+7"2s1n29F 33
=\7r 2m) F200+(T Qm)FQ 1+ >I? 22+r2§1n29F 33 = 72sin20
—sipleosd — <ot s true

g°PT3 5 = g%T300 + gM 311 + g% T390 + g% P33 = 0
and thus

P ,g°PTP 05 = © 09T 5 + @ 19%PT o5 + @ 2g*°T 25 + D 39°°T3 05

m-—r cot 0
P 9T . = 2 R S
B 2 m—ro® cotl P

2 dr 12 00
PP o5 = g% 00 + 9" P 11 + 922‘1) 22 + g3 ® 33
gaﬂq’u/ﬁ:(—r Qm)q’oo-i-( ) D 11+ 5D og +

(_ _r 9% r—2m\ 9%® 1 9% 1 9%
_< 7‘—2m) ot? ( T ) or? + 2 562 + r2sin2 0 dp?
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s
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D 33

7 (= (r—2m))+

2 _
33 =



r—2m

V20 = g°BD 5 — B g"PTP 5 = (_ r ) 2o | (r=2m)Pe 4 1%

1 82¢_2m7r87<1>+_cot987<1>
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Problem 3

Suppose that an object is in free fall near a black hole (or any other spher-
ically symmetric object) of mass m. The world-line of the object can be de-
scribed by its Schwarzschild coordinate functions ¢ (7),7 (7),0 (7), ¢ (7) where
T represents proper time along that world-line.

d. Obtain the system of ordinary differential equations that determine these
functions. These should be fully explicit relations among the derivatives
of the functions ¢ (1), (1),0 (1), ¢ (7).

Answer 3a

Start with the geodesic equation

Dy,u=0

. . . . . (o3 .
and convert it to index notation in these coordinates. u® = dd% = % where T

is the proper time.
D= e = B2 (% 5+ w0 )
6 .
Note that %uaﬁ = Cilmr gis — d;T — o
Dyu = (ua + uéuprapé) €a
so the system of equations turns out to be

4+ u’ufT? 5 = 0
: a _ dz°
or, using u~ = ~;—,

2z daf dzP

—+——T% =0
w2 i ar
Write the equations out in detail:
a =0
L4+ Ao &0 —0

There are only two non-zero connection coefficients with the first index equal
to zero.

d>t da® dat m
dar? +25- dr dr r(r—2m) =0

d*t dt dr m
BT S L S
dr? dr drr(r—2m)

. . m
t+2tr— = 0
+ 7Qr(r—Qm)

a=1
d?z! da? da” 1
+ dr dr r pos — 0




Note that all of the nonzero I'! )5 have p = ¢.
e

r—|—t2% (r — 2m)+7? (—m>—|—9 (= (r— 2m))—|—<p (— (7’ —2m) sin? 0) =

f+i2%(r—2m)—f2ﬁ—92(r—2m)—gb2(r—2m)sin29:0
a2—22

}27' +dddw7'dddw'r FQP =0

W"‘dtr dTTFQ +%%F2 +%%F2 =

0+ 2077215 + 9T 233 = 0
0+ 2071 + ¢* (—sinfcosd) =0

. 9.
0+ =01 — ¢p*sinfcosh =0
T

d23 da? da? 3
d7'2+d7' dTF =0

s T A AT <

o+ 27“<,0F331 + 204733, = 0
©+ 27‘<p + 20 cot @ = 0

2
©+ r<p+20g0cot0—0

Collecting the equations together,

t+2trr(r S5 =0 ,
P4+ 2% (r—2m) — 22— — 0" (r — 2m) — ¢ (r — 2m)sin®6 = 0

r(r—2m)

0+ %97*7{0281119C080 =0
o+ 2ip+20pcot 6 =0

b. Specialize the equations to the zero-velocity case and compare the pre-
dicted initial acceleration to what Newton’s theory would predict.

Answer 3b

For zero velocity, we have 7 = 0 = ¢ =0 and £ = 1. The equations then
become

t
. m
T+T—3(T—2m)

o O o O

0
¢ =



So there is a radial acceleration with

2

P=—1(r—2m)= -1+ 2

The first term is exactly what Newton’s theory predicts. The second term is a
correction that becomes important at distances comparable to the Schwarzschild
radius 2m.

C. Find the conditions that must be satisfied by an object in an equatorial
circular orbit around a black hole. Do not forget the constraint v-u = —1
because you will need it.

Answer 3c

For an equatorial orbit, we have § = 7 so that 6 = 0. Since the orbit is

circular, we also have 77 = 0. The equations then yield

i
t'2ﬁ3 (r—2m) —¢? (r —2m) =
r

o O O O

0

('p =
So we see that both ¢ (which is the red-shift factor, by the way) and ¢ are
constant and related by t2% —¢*=0or

.2 _ oM
p =t 3

These derivatives are also related by the constraint
u-u=—1

which takes the form
Gopu®u? = goot? + gs3p® = —1
—(1=2m) 2 4020 = —1
Plug the circular orbit condition into this constraint:
L
— (1= 2m) 2 = 2 orim -

. r
2 =

r—3m
.2 ﬂ T
o= r3r —3m



Notice that the solution exists only for . Thus, that is the radius of the
smallest stable circular orbit. Objects closer than that spiral into the hole even
though they are still outside the event horizon.
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Problem 4

Show that the difference between two tangent-space connections D and D’
on a given manifold
K=D —-D
can be regarded as a tensor field.

1. Answer 4

Insert the appropriate arguments. D and D’ each need a derivative vector
v and a vector to act on, so we have

Kyu =

which yields a vector field. To get a scalar field, we need to use a 1-form field «
and obtain the scalar function

K (a,u,v) = «a(Diu— Dyu)
a(DLu) — a(Dyu) .

Now check that this function in locally linear by multiplying each argument by
a scalar field f.
K(fa,u,v) = fa (Dql)u - Dvu) = fK (a,u,v)
so the first argument works.
Now check the second argument.
K (a, fu,v) = a (D, (fu)) —a(Dy (fu))
=a((D,f)u+ fDu) — a((Dyf)u+ fD,u) Leibniz’s Rule
=a((Dyf)u) +a(fDyu) —a((Dyf)u) — a(fDyu)
(DLf)a(u)+ fa(Dyu) — (Dyf) a(u) — fa(Dyu) Linearity of a.
= fa (D;u) - fa (Duu) + (Di)f - va)a(u)
However, our definition of a connection includes the condition

D,f=vf,  Dyf=vf

S0
K (a, fu,v) = fa(Diu) — fa(Dyu) + (vf —vf)a(u) = fK (o, u,v)
and K is locally linear in the second argument.
Finally, check the third argument, using the assumed property

D'y,u= fDyu, Dyyu= fDyu

K (a,u, fv) = D} u— Dyyu = fDyu— fDyu= fK (a,u,v)
and K is locally linear in the third argument and is therefore a tensor field.
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Problem 5

Suppose that Vp is the space of Weyl spinors at the point P and Vp is the
complex conjugate space. Let E4 be basis vectors for Vp and let £ be basis
vectors for Vp. The self-conjugate (i.e. real) spin-tensors

BAA:EA®EA+EA®EA

can be identified as basis vectors for the spacetime tangent space Tp. An ortho-
normal set of tangent space basis vectors e, can be expanded in terms of these
as

AA
€ =7 a€ A4

where the coefficients 744, are constants and there will be an inverse expansion

R L«
€ad = TaA Ca-

A. Define the connection coefficients for the spaces Vp and Vp. These com-
plex functions are called the ‘spin connection coefficients’. How many such
coefficients are there?

Answer ba

The basis vectors for the space Vp are E4 so the connection coefficients for
that space are just the components of the derivatives of those basis vectors in
each tangent-space basis vector direction.

D.,Ea=T%,,Ep

or

IB,,=08.D, E4.

Similarly, the connection coefficients for Vp are

e, =9%.D. E,

With no conditions placed on these connections, the independent complex com-

ponents are
1 1 2 2
r 1a7r 2aaF laaF 2a

and a similar list for the conjugate space. Thus, there are eight complex four-
vectors for a total of 32 independent complex components or 64 real numbers.
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b. Express the spacetime connection coefficients I'* 35 for an orthonormal

basis e, in terms of the spin connection coefficients, the coefficients y44,,
and their inverses 7 , ;.

Answer 5b
The defining equation for the I'“gs is

Deéeﬁ = Fag(;ea

Now put in the expansion of eg in terms of spinor basis vectors and do the
derivative. )

es =7"Pgepp =175 (Ep ® Ep + Ejy ® Ep) _

D.,es = vPB3D,, (Ep ® Ep + E;3 ® Eg) Use the fact that the vB54 are
constants.

De;ep

=B (De;Eg ® Epy + Eg ® DeyEpy + DeyEy ® Ep + Ey ® Dy Ep)

= '}/BBﬁ (FABgEA ® EB + EFp® FAB(SEA + FABéEA ® Ep + EB ® FABgEA)

= WBéﬁFfABéEA Q Ep + ’YB_B,BFAB(;EB ®E,

+VBB5FA35EA R Ep + ’YBB[}FAB(;EB ® Ea

Now rename the dummy spinor indexes so that the basis tensors look the
same. Just switch all the A and B indexes in half the terms.

De;sep

= yBéﬁréBgEA ® EB + ’}/A%BFBA'(;EA X EB’

+BBsTA 4 E 4 ® Ep +vA43TB 4sE; ® Ep

= (’yBB@].—‘AB(s + ’YAABFBA(;) E4® Ey,

i (,YBBBFAB(; + ,YAABFBA[S) E,® Ep

Rename these again to get basis tensors of the form E¢ ® E» and transpose.

A — C,B — C in the first term

A — C,B — C in the second term.

De5 €s

= (WBCQFCBJ + ’YCAQFCA'(S) Ec ® E

+ (’YCBQFCB(S + ’YACQFCA(;) E.® Ec

Rename the dummy indexes inside the parentheses:

Desep

= (’YKCBFCK(S + ”YCKBFC;'@) Ec ® E,

+ (’YCKgrck(; + ’}/KCﬁFCKg) £, ® Ec

and notice that the terms inside the parentheses are now identical so we get

Dejes = (7K05r0m n VCKBFCK(;) (Ec ® Egq + Ep @ Eg)
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or
De,ep = (VKCBFCM + VCK,BFCm) eoe

and, using the inverse expansion,
. — e
€ce =Tce Co-

Deyes = (19C5T ks + 47K 4T k) Y00 ea
so that
[gs€q = ('VKC,BFCKé + WCK[BFCm) Yoiea

and we finally can identify

o5 = (711(0[3FCK(S + ,YCKﬁFom) SO
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