Hour Exam No.1

Please attempt all of the following problems before the due date. All prob-
lems count the same even though some are more complex than others.

Problem 1

At Minkowski coordinate time, ¢, an object is located at the Minkowski
position coordinates

z(t)=+Vt2+1;, y@)==z()=0.
Using ¢ = 1 units, find

Ad. the object’s ordinary Newtonian velocity vector components.

Answer la

_dx _ d / _ 1

vy = v, = 0.

b. the components of the object’s four-velocity vector.

Answer 1b
Use the formula u = u (eg + ¥)or
0 1
U = =
V1—122
ut o= U,O’Ui

241 t2+1
W= —+—A—== /(2 +1)
t241

1y — 0, 1 —

ut =u, = ulv, = (t2+1)\/mt_
W = VBT
Uy, = t
Uy, = u;=0



Problem 2

Consider a two-dimensional spacetime manifold where we are using the co-
ordinates t, x to locate events and the corresponding holonomic basis vectors

0 9]
at = 4. aa: = a_
ot ox
to span each tangent space. A different coordinate system ',z also locates
events in this spacetime where

=t o' =x—Vt2+1,

and the corresponding holonomic basis vectors

at/ = %’ aﬂ:’ = %

also span each tangent space.

d. Notice that 0y is not equal to 9; even though ¢ = ¢. Express 0y in terms
of 0; and 0O,.

Answer 2a

From the chain rule for partial derivatives,
9y — 0 —0to  oro
YT 9t T ot ot ' 9t ox )
To evaluate these partials, we need to solve for z,y in terms of z/,¢'.
=x—Vt2+1

r=a +Vt2+1l=a+Vt'2+1

t=t
ot __ dx __ O _ t’
=1 gp=ap (@ VIP+]1) = =

(Notice that if you use SN-Maple to do this, it gets confused by the primes.)

t’ 0

0
at’—&‘Fi,itQ_‘rl%

b. Express 0, in terms of 0; and 0,.

Answer 2b
_ 0 _ 9z 0 ot 0 _ 0O
Ov =507 = 9oz T 9070t — o3



C. Quick answer: What differential forms correspond to the basis dual to the
basis vectors 0; and 0,7

Answer 2c
dt,dx
Check this (optional):

ot

Oy -dt = 5 1
ox
ox
ot

Oy -dt = P 0



Problem 3

Suppose that the metric tensor on a spacetime has the form
g=—dt®dt+ dxr ® dx

and you decide to use the “null” coordinates
U= t4z

W o= t—uz

and the corresponding “null basis” vectors

_ 9 _ 9
T our T w2

A. Express the null basis vectors in terms of the basis vectors 9; and 9, that
go with the coordinates z, t.

Answer 3a

From the chain rule for partial derivatives,

_ 9 _ ot 9 , 0z D _ 8 _ ot o, 8z 8
€1= 30T = ouT ot T 9ul 92> €2= 3.2 = 9u0t T uZ oz
Invert the relation to get x,t in terms of u', u?

1,1 .2 1,1 2
b= +u?), o= -v?)
ot _ 1 aierl ot _ 1 Oz _ 1
oul — 27 oul — T2 ou2 — 27 ou? 2

1

er. = = (0:+0;)
2
1

€y = 5(@—(%)

b. Find the metric components ¢11, g12, go2 in the null basis.

Answer 3b

g1 =30+ 02) 5 (0 +0,) =3 (0 0+ 0, -0:) =3 (-141) =0
G2 =20 +0,)- 30 —8,) =180 —0,-0,) =L (-1-1)= -1
922:%(8,5—&)%(3,5—55):%(8,53t+8z8w):i(—1+1)20



Problem 4

An electromagnetic field two-form is given by
f=r"2dt Ndr

where t is the usual Minkowski time function and r = y/x2 + y2 + 22 is a radius
coordinate. In the following, use the basis vectors

0 0

aoza, 8125

and their dual basis forms and assume ¢ = 1 units.

A. Find the components Fyg, Fy1, Fig, F11, of f.

Answer 4a

f=r2dt Ndr =r~2(dt ® dr — dr @ dt)
The components are

Foo = f(90,00) =r~2(dt ® dr — dr ® dt) (0o, Do)

=772 (dt (9o) dr (8o) — dr (3o) dt (8p))

=7r2(1x0-0x1)=0

Copy the above three lines several times and just change the subscripts to
get the rest.

Fo1 = f(00,01) = r~2 (dt @ dr — dr @ dt) (0o, 01)

=72 (dt (0p) dr (01) — dr (0p) dt (0y))

=r2(1x1-0x0)=7r"2

Fio= f(01,00) = r~2(dt @ dr — dr @ dt) (01, 0p)

=72 (dt (01) dr (o) — dr (01) dt (dp))

=r20x0—-1x1)=—r2

Fi1 = f(01,01) =r 2 (dt @ dr — dr @ dt) (01, 01)

=72 (dt (91) dr (01) — dr (91) dt (01))

=r2(1x1-1x1)=0

Foo For N 0 r2
Fl() Fi - —p2 0



b. Find the components F''y and F°; of the related tensor.

Answer 4b
Flo=Fyo=—r2

0. _ _ -2
Fl——Fol——’I“

C. Identify the sort of object that would make this electromagnetic field.

Answer 4c

You can probably guess that this thing is a point charge. However, to get
the sign and amount of the charge right, you should recall the form of the force
law that we are using: For a test particle of charge e and mass m

dp e _4

7 = 9 (f(P))

or, in terms of components
dp® € 4o o e
o= — o
g = 9 Jepp” = F%p

For a test charge at rest, p”" =0, p° =m, and 7 =t

1
=eFly=—er?

dt

Because e; points radially, we find a radial force of —;%. Compare this result
to the usual form of Coulomb’s law:

The charge that generates this field must be

1

©="%

or about —1.1 x 10719 Coulombs.

If you want the units to come out right, you need to attach the correct units
(N/C) to the field two-form.

Problem 5 was the same as problem 3.



Problem 6

A set of observers are sitting on a flat turntable that is rotating with angular
velocity w. Each observer is located at a fixed pair of Cartesian coordinates z’,y’
that rotate with the disk. In terms of the non-rotating Minkowski coordinates
t,z,y the position of an given observer at z’,y’ is

x = 2’ coswt—y sinwt

= 2'sinwt + vy coswt
Using ¢ = 1 units,

d. find the four-velocity vector u of the observer at

!/
€T =

/

in terms of the non-rotating Minkowski basis vectors 0, 0, Oy

Answer 6a

First find the Newtonian velocity components of an object at constant z’,1’.
vy =9 = 4 (1/ coswt — ¢ sinwt) = —2’ (sinwt) w — y' (coswt) w

vy = ‘fizt’ = 4 (2'sinwt + ' coswt) = 2’ (coswt) w — ' (sinwt) w

The value of v we know should be (22 + y/?) w? = r?w?.

Now use the formulas for the four-velocity components

uo = 1 = 1
V1—v2 V1—r2w?
’ B ’
0 —z' (sin wt)w—y’ (cos wt)w wr .
L= = = — S111
Uy = U Vg ier —5 =5 wt
’ ’ H
0, _ z'(coswt)w—y (sinwt)w __ wr 3
Uy = U Vy = o7 = Jiooos 008 wt

and put these together with the basis vectors to form the four-velocity

1
U = ——— (0, — wrsinwtd, + wr coswtd,)

V1 —1r2w?

b. The co-rotating coordinate system consists of t' = ¢,z’,3y’. Note that it is
still the same t. Express the co-rotating holonomic basis vectors d,, and
0y at

A
/

y =

in terms of the non-rotating Minkowski basis vectors 0, 0, Oy



Answer 6b

First notice that the partials with respect to =/, 3’ are holding ¢’ and therefore
t constant and the same is true of the partials with respect to x,y. Thus ¢ and
t’ are just constants at this point.

o FoR o) 9y 0 _ i

O = 507 = 575 + gm, By = cos wtOy + sinwtd,
9 ox 0 y 0 _ i

Oy = 37 = by oz T 5y oy — —Sin wtOy + cos wtd,

Notice that the values of 2’ and 3’ do not actually matter.

C. Suppose that the observer at

2 =
o
uses the basis vectors
ehp = U
el = 81»/
€y = 6y/

Find the components of the metric tensor in this basis.

Answer 6¢

Collect the results of parts a,b to express the e; in terms of the Minkowkski
basis vectors.

ey = ﬁ (0r — wrsinwt0y + wr cos wtdy)

e1 = coswtdy + sinwtdy

e = —sinwtd; + cos wtdy
Take dot products using the usual Minkowski metric tensor.
goo=¢€o-e=u-u=-1

go1 = €0 - €1
= \/ﬁ (0 — wrsinwtd, + wr cos wtdy) - (cos wtdy + sinwtdy)

= ﬁ (—wrsinwtdy, - cos wtdy, + wr cos wtd,, - sinwtdy)

(—wr sinwt cos wt + wr coswt sinwt) = 0

S
1l
|
€
|

goz2 = €o - €2
= i=w (0 — wrsinwtd, + wr coswtdy) - (— sin wtdy + cos wtdy)

=0

=3

= == (—wrsinwtd, - (—sinwtd,) + wr cos wtdy - coswtdy)

=<

= o= (wr sin? wt + wr cos? wt) = \/ﬁ

g11 = €1 - e1 = (coswtdy, + sinwtdy) - (cos wtdy, + sinwtdy)
= (cos? wt +sin*wt) = 1

g12 = €1 - e9 = (coswtd, + sinwtdy) - (— sinwtd, + cos wtdy)
= cos wtdy - (—sinwtd,) + sinwtd, - cos wtd,



= —sinwt coswt + sin wt coswt = 0

g22 = €3 - €9 = (—sinwtd, + coswtdy) - (—sinwtd, + coswtdy)
= (—sinwtd,) - (—sinwtdy) + coswtdy - coswtd,

= sin? wt + cos?wt = 1

goo Gor go2 -1 0 71f:2w2
gio g iz | = 0 1 0
920 921 G22 T O 1

Added Note:

At the point ' = 7,y = 0 the basis vectors ey = 07,2 = 0, can be
expressed in terms of polar coordinates on the turntable as

€1 = ar
e =110,
0, =rea

so that the corresponding metric components are

1 0 —wr?
goo Yor Yoy Vi—r2w?
9ro  Grr  Gro = 02 1 0
gL,DO gtp’r gcp(p \/% 0 7'2
and the standard form of the metric is
2
ds? = —di® + 22— dtdo + r2dy?

V1 —1r2w?

The cross-term in dtdy is the signal that this is the metric of a rotating system.



