Final Exam

Please attempt all of the following problems before the due date. All prob-
lems count the same even though some are more complex than others.

Bad Tensor Analysis
Problem 1

Index notation, with the Einstein Summation Convention is extremely flexi-
ble and can express any kind of tensor operation. However it can be too flexible
because it can express operations that do not exist. Here are a few examples
of "Bad Tensor Analysis." Explain what is wrong with each example. Do more
than just state what rule is violated and indicate why the operation cannot arise
from valid geometrical operations.

a. A+ BJ

Answer la

The violated rule here is that you have different free indexes in different
terms. That corresponds to adding different components of vectors together —
the x-component of one to the y-component of another — so it cannot happen.

b. AiB;c;

Answer 1b

Here the index j is repeated more than twice. Legitimate tensor operations
always involve just two indexes, one up and one down. The two types of indexes
transform in opposite ways so the result in then invariant when the basis vectors
change. The expression given here would depend on which basis is used.

C. Ak By + Ciik B,

Answer 1c

The difficulty here is actually just the same as in part a. The free indexes on
the first term are 4,7 with & summed over while the free indexes on the second
term are ¢, k with j summed over. That corresponds to adding different tensor
components together and cannot happen.



d- Aachc — Bachn

Answer 1d

Here we have different free indexes and also have different rank tensors set
equal to one another. That cannot happen.



Metric Tensor Follies

The following problems refer to the following situation:

Start with the spacetime line element

ds? = =) dt?> 4 2B (r) dt do + e > dr? + R (r)? (d@2 + sin? 0 d?)

with coordinates

=0, z? =

@Y.

Notice that this metric is specified by three functions a, b, R, of the single vari-

able, r.

The world line of a particular observer is given by

t
r
0
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where A is the curve parameter and rg

Problem 2:
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and p are constants.

A. Use the line element to calculate how much proper time elapses for this
observer for each unit of coordinate time ¢.

Answer 2a

The elapsed proper time is given by the integral
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Since r and 6 are not changing and § = 5 all along the world-line, the expression

simplifies to
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Evaluate the derivatives from the equations of the world-line.

a _ dy _
- P

t=1
AT = / d)\\/l — 2Be~%p — R2p?
t=0

and
d\ = e“dt.

Nothing is changing as a function of ¢ because the world-line was at constant r,
so the integral is trivial.

AT

t=1
6“/ dt\/l — 2Be~% — R2p?
=0

= ¢%/1—2Be—% — R?p?

b. Display the metric tensor components g,,,, that are indicated by this line
element.

Answer 2b

The line element is given by the doubly summed expression:
ds?® = Juvdat dz”
Write the double sum out to see what we have here:

ds® = goodt* + gordtdr + goadtdd + gosdtdyp
+grodrdt + g11dr? + giadrdf + gisdrdye
+g20d0dt + go1dOdr + g20df> + go3dfdip
+gsodepdt + gsrdpdr + gs2dfde + gszdp®

Notice that the cross terms all appear twice, so we get

ds? = goodt* + gr1dr? + gaad® + gazdyp®
+2go1dtdr 4+ 2gg2dtdl + 2gosdtdp + ...

Compare this to the line element that we have:

ds? = —e2* dt*> + 2B dt dp + e 2" dr? + R2d0? + R?sin® 0 d?



and get the non-zero metric components:

2a —2a 2 2 .2
goo = —¢c°, g1 =¢e " g22 = R”, g33 = R°sin” 0

go3 = B

C. Find the four-velocity vector of this observer.

Answer 2c

Method 1:

First find a tangent vector to the world line by just using the chain rule:

4 _dto dro dbo  dpd
A\ d Ot d\Or  d\00 ' dX Oy

From the equations for the world-line,

o, or a0 dp
S S ) S
so that a tangent vector is
i — —ag + i
¢ ot Pay

The four-velocity will be in the direction of this tangent vector, but it must be
normalized so that

u-u=-—1
Take 9
so that
o O 0 . 0 0
u-u = N<e 8t+pa<p)~N<e 8t+p8<p>
o 0 o 0 o 0
— N2 —2a 7 e~ — . 2 - 2
(e ot ot TP o o TP oy a¢>
But

9 90 _ (0 9\_
ot ot I\ 907 g0 ) ~ 900



and so forth, so
—1 = N?(e*"goo + 2pe “gos + pgs3)
= N?((e®*) (—€**) + 2pe “B + p*R*sin’ 0)
= N? (—1 + 2pe B + p?R? sin? 9)
and thus (with 0 = 7/2)
1
N =
V/1—2pe=B — p2R?
The four velocity vector is then
e ? 0 P 0
u = — 4+ -
V1—2pe=@B —p2R2 0t /1 —2pe~2B — p2R2 0p
Method 2:
Just plug straight into the definition
d dx d
U= = ——
dr  drd\

Use
d 0 0

F S TR
and
dr? = —ds*=-— (—62“ dt? + 2B dtdp + e 2% dr® + R? (d92 + sin? 9d<p2))

= ¥ dt’ —2Bdtdp — e 2" dr® — R* (d6® + sin® 0 dy?)

dt\? dt dy dr\? do\? do\?
_ 2a [ 2% _ e o =2a [ 2T _ 2 el 2 - 2
= (e (dA) QBd)\ o€ <d/\> R ((w) +sin” 6 (d)\) dX

From the equations of motion for the particle,

d_ . dp_ o dr_dd
I U N
SO
dr? = (62(1672@ — 2Be %p — R?sin? 9p2) d\?
= (1—2Be “p— R*sin®0p?)
and

ax 1
dr /1 —2Be=*p — R?sin? Op>
which gives the final result:

u= ! <e“a +p 0 >
V1= 2Be—%p — R2 sin? Op? ot dp




Problem 3

d. What motions leave this metric unchanged? (Note: There is nothing to
calculate here. Just look at the metric.)

Answer 3a

Since nothing depends on ¢, translations in the ¢ coordinate leave the metric
unchanged. The same thing works for the ¢ coordinate. With the dtdy term
present, a particular axis for polar coordinates is picked out, so we do not have
spherical symmetry.

b. Note the vector fields whose integral curves correspond to the motions
described in part a. (Again, nothing to calculate. Just write down the

answer.)
Answer 3b
The metric is invariant under translations along the integral curves of the
vector fields
0 q 0
2 and —
ot dp

C. Is this spacetime static or stationary?

Answer 3c

It is stationary because it is invariant under a time translation. However the
dtdp term prevents it from being invariant under a time reversal, so it is not
static.



Problem 4

; ; fa 9 90 9 9 _
d. The coordinate (or holonomic) basis vectors 5, 5-, 57, 5, are not ortho

normal. Find a set of basis vectors e, that are orthonormal

Answer 4a

First notice that the only pair of vectors that fail to be orthogonal to each
other are % and 8@ so start by finding linear combinations of those two vectors
that are orthogonal to each other.

Try

0 0

U:&‘i‘n%

and require it to be orthogonal to %. This is an arbitrary choice, by the way.

We could just as easily find a combination orthogonal to %. That would give a
different, but equally valid orthonormal frame.

0
v~% = 0
o o\ o
(m*"a@)'a@ -0
goz+ngss = 0

That gives the result
n=—go3/g3s = —B/ (R? sin? 0)

or

0 B 0
v ot R2sin29%
The vectors v, %, %, % are all orthogonal to each other now and we just need
to find their norms to get them normalized.

(8 B 8) (5‘ B 8)
Vv — VI e ety . =
Ot R2sin“f 0y Ot R2sin“f 0y
0.0 , B 0 0 B 9 9
ot ot R2sin?00t d¢ Risin*0dp dp
_ ., B LB
- Joo R? sin29903 R4 sin49g33
B2 B2
= —€*-2 R?sin® ¢
c R2sin%6 + R*sin*0 .
B2 B2
— _20,_2
¢ R2sin%6 + R2sin’0
BQ
— _€2a_7.2
R2?sin” 0



9 90 _ o _
or or gn=e
o 0 9
2 00 ~ ==K
aiai = gs3 = R?sin”0
¥ ¥
so our orthonormal frame vectors are
o 1(533>
° 20  _B? ot R2?sin®0 dp
R2sin% 60
e = ea2
e or
_ 19
2 = Roo
_ 1 9
@z Rsin 0p

b. The coordinate (or holonomic) basis forms dt, dr, df, dy are not orthonor-
mal. Find a set of basis forms w* that are orthonormal.

Answer 4b
We have a tranformation from the holonomic basis to the orthonormal basis
that has the matrix form 5
el=M |—
=05 ]
so the dual basis will be given by the inverse matrix
[w] = [da] M~
In detail, we have
1 ___ B 1 9
€o /620+R23-229 0 O R2sin%2 6 \/€2Q+RQB-229 %
= 0 e’ 0 0 a
€2 0 0 % 0 90
€3 0 0 0 s o
Rsin 0 ®

so that the row of orthonormal basis forms is given by



1

v

L 0 0
ety
0 e 0
0 0 +
0 0 0
m (32 + e2a R2 gin? 9)
0
0
0

_ B
R2sin? 0 \/ o
e+

o o= o

0
0
R
0

B2
R2sin2 6

_B
Rsin 6

0
0
Rsin6

— (dt\/ grars (B2 + 2 R2sin®6), dre®, Rdb, Rdpsin® +digD )

or

BQ
dty/e?e + ———
R2sin’ 0

e *dr

Rdf
B

Rsin6

dt + Rsinfdy
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The Conformal Trick

The spacetime line element
ds® = —dt* + " (dz® + dy* + dz?)

where 1 is a function of the space coordinates x,y, z is not a solution of Ein-
stein’s equations, but it does incorporate a valuable trick — the conformal factor.
Why the fourth power? For one thing it avoids flipping either the signature of
the metric or the orientation of an orthonormal basis. The following problems
explore this metric.

Problem 5

For this spacetime,

d. What would be the effective Newtonian gravitational potential governing
the motion of slow-moving objects?

Answer Ha

From the equivalence principal alone, the motion of slow objects is governed
entirely by the metric component ggo. Here that component is the same as
for Minkowski spacctime, so there is no gravitational potential at all and no
Newtonian acceleration of slow moving objects.

b. What spacetime motions would leave this spacetime metric unchanged?
Is this spacetime static or stationary?

Answer 5b

Since the function v is an arbitrary function of the space coordinates, there
are not spatial motions that leave the metric unchanged. However nothing
depends on t so translation and in ¢ will leave the metric unchanged. That
invariance means the spacetime is at least stationary. There are no cross-terms
in the metric to spoil time reversal, to the metric is also static.

11



Problem 6

Calculate the connection coefficients, the Riemann tensor components, the
Ricci tensor components, and the Einstein tensor components for this spacetime.
(Hint: You can save a lot of effort by expressing things in terms of Kronecker
deltas like d;; instead of writing out components.)

What happens when you try to write Einstein’s equations with a perfect
fluid stress-energy tensor?

Answer 6

The straightforward procedure is to just plug into the formulas.
Start by giving the non-zero metric tensor components

goo = -1, gij = 1/145@'
gOO — 71, gZ] — ¢—45L_]

It is useful to let Latin indexes range from 1 to 3 and use the Kronecker delta
for the flat space metric components.

Next, give the derivatives g,,,, 5. All of the ones with any of the indexes equal
to zero vanish, leaving just

Imn,d = 4¢3w7d5mn

Now work out the connection coefficients from the formula

« 1 (a3
g5 = 59 P (05903 + 089ps — 0p9ps)

All of the terms with any zero indexes vanish, leaving just the spatial connection
coefficients

1
g 59‘" (Oagry + Ovgra — Orgoa)

1

= 51/)—45“7‘ (4% 46,1 + 4> ,6rq — 4% . Oba)

2
= wa (¥ 40rb + ¥ y0rd — ¥, 0ba)
= 207" (¥ g0ab + ¥ y0ad — ¥ 40ba)

That wasn’t so hard.
Now work out the Riemann tensor components from the standard formula:

Ry = 0,3y — 0,1%3, + T, TP 5, =TT 3,

Components with zero indexes any where will vanish, so we just have the space
components

Rabmn = amrabn - a'rLFabm + Far'rnrrbn - Farnrrbm

12



Work on the derivative terms first.

amrabn = (27/}_1 (¢7n5ab + w7b6an - 'l/),a(sbn))’m
= =207 1 (¥00ab + ¥ y0an — ¥ 406n)
+21/}_1 (1/}7n'm,5ab + w,bméan - Q;Z),am(sbn)

8nrabm = (21?71 (w;méab + w7b6am - ¢,a6bm)) n
= _21/}_277[],77, (w’méab + ’L/},baam - w@(gbm)
+2¢71 (w,nmdab + w7bn6am - w,an(sbm)
and the difference:
amrabﬂ - anFabm =
=207 4y (¥ 8ad + ¥ p0an — ¥ a0n) +20 72 1y (¥ nBat + ¥ p0am — ¥ oObm)
+21/}71 (w,nm(sab + ¢,bm§an - ’@[J,amébn)_zwil (w,nm(sab + w,bn(sam - w,anébm)

= =207 (Y 0¥ 00t + ¥ ¥ y0an — Ut 00 ) F20 72 (¥ 0% pbab + U 0¥ y0am — ¥ n¥ o Obm)
+21/’_1 (wﬂzméab + 1/)7bm5an - ¢7am5bn - ,lzzjvnmdab - d{bndam + /l/),antsbm)

= 277&72 (¢,n¢,m5ab + w,nw,béam - ¢,n¢,a5bm - ¢,m¢,n5ab - wnnw,b(sa’ﬂ + ¢,m¢,a5bn)
+21/}71 (w,nm(sab + w,bm(san - ¢,am6bn - ¢,nm60‘b - w,bnéam + 1p,uxn(;b?ﬂ)

= 21/}_2 (Il/},n'l/},b(sam - w,nw,agbm - w,mw,béan + w,mw’aébn)
+2¢_1 (w7bm6an - w,amabn - ¢7bn5am + lb,anébm)

Now pull out a factor so that we can compare and cancel terms more easily.
292 (0% — 0T %) =

'(/),n'(/J,béam - w,nw,a(sbm - w7m¢,b(5an + '(/),m'(p@(;bn

+¢ (w,bmaan - w,am(sbn - qp,bnéam + 1p,an(sbm)

Next, start on the product terms in the curvature.

Farmrrbn = (2’(#71 (w,maar + w,réam - 1b,a(grm) (21#71 (w,n(;rb + ’(/},barn - ’@[},r(sbn)))
= 41&72 (’(/J,méar + ’(/),r(sam - ’L/),a(srm) (w,n(srb + w,b(srn - w,r(sbn)

Pull out a factor so we can see terms to cancel more easily.
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%wQFarmPTbn =
= (¢,m6ar + 7p,r(sam - w,a(srm) (’(/),n(srb + ¢7b5rn - wﬂ'(sbn)

= wml(sarwmdrl) + wml(sa’rw,bérn - w7m5ar¢,7~5bn
+'¢),q~5am¢,n5rb + w,rdamﬂ},bdrn - w,réamd},r&bn
_w,aérmwyn(;rb - w,a5rm1/1,b5m + w,aérm¢7r6bn

= ¢,mw,néab + 1/J,m1/},b5an - w,mw,aébn
+¢,bw,n6am + ¢,n¢,b5am - 1/’,r¢7r5am6bn
—1/),a¢m5mb - w,a¢,b6mn =+ w,aw,méb’ﬂ

Now put in the other product term and see what cancels.
ifl/ﬂ (Farmrrbn - FarnFrbm) =

= ¢,mw,n5ab + w,mw,baa’ﬂ - w,mw,aéb"

‘H/},bw,n(sam + w,nw,bfsam - ¢,r¢,r§am5bn

_w,aw,némb - w,aw,bdmn + w,aw,’méb’ﬂ

_'(/J,ndj,mdab - r@[},nw,b(sam + ¢77L¢7a6b7n

*d’,bw,méan - 7/’,m7/’,b5an + w,rﬂj,rfsan‘sbm

+¢,aw,m5nb + 7/’,a¢,b5mn - w,aw,ngbm

= '@/J,n'@[],béam - "/},r'@[},r(samabn + "/},(ﬂp,mébn
_w,mw,b(san + w7rw,r6an6bm - ¢7a¢,n5bm

= ¢7n¢7b5am_w,7er,b5an+¢,aw,m5bn_w,awm(sbm'i'w,rw,r (5(17L6b7n - 6am5bn)

Multiply this result by 2 so we get the same factor outside as for the deriv-
ative terms.

%¢2 (Farmrrbn - FurnFTbm) =
2¢7nw7b60/m_2w,mw,b5dn+2w,aw,m5bn_2w7aw,n6bm+2w,rw,r (6an6bm - 6am6bn)

and put the derivative and product terms together to get

%¢2Rabmn =

w,nw,béam*w,nw,aébm*¢,m¢,b5an+¢,mw,a5bn+7p (w,bm(;an - w,amalm - Tzz},bn(sam + q/’,(Ln(sl>m)
+2w,nw,b5am_2w,mw,b50n+2w,a¢,m5bn_Zw,aw,ngbm—i_Qw,rw,r (6an5bm - 5am5bn)

3 R%mn = 3 18 pam — 39 ¥ aObm = 30 ¥ pBan + 39 1t 4Oon
+’¢J (¢7bm5an - w,am&bn - w,bn(sam + w,anéb'm) + 21?7,«1#71» (6an6bm - 6a’rn5bn)

14



so that our result for the non-zero Riemann tensor components is:

1
inRabmn = 3 (w,nd},baam - w,nw@(gbm - w,mw,béan + Q;Z),qub,aabn)

+’L/) (w,bméan - w,am(sbn - ¢7bn6am + w,anébm)
+2w,r¢,r (5an6bm - 6am6bn)

Now go for the Ricci tensor. Contract on a,m

1 2
o Rn
2¢ b

1
577[}2Raban = 3 (w,nw,béaa - ¢,n¢,a5ba - w,adjybda" + ¢vaw7a6b")

‘HP (I/J,baéan - w,aaébn - ¢7bn5aa + w,anaba)
+2¢,r"/},7ﬂ (5an6ba - 5aa5bn)

1
SV R%an = 3(30 % — ¥y — Yty + U0 Om)

‘H/J (w,bn - 1/1,7‘T6bn - 3w,bn + d],bn)
+27f},r7/),r (5nb - 35bn)

%wZRuban =3 (31/),71’(/),17 - w,nw,b - ¢7n¢7b + wﬂ‘w,rdl’”)
+¢ (w,bn - '(/J,rrabn - 3¢,bn + w,bn) + 2¢,'rw,r (67117 - 351)774)

=3 ('l/),n’l/),b + w,rw,rabﬂ) + (77/},7"7’617” - w,bn) - 4¢,r7p,ranb
= 31/’,#/’,17 + 3¢,r¢,7~5bn - ww,rrabn - ww,bn - 47/’,#/’,r5nb
= 3w,nw,b - w,rw,rébn - ’@[Jw,'rr(sbn - wd],bn

Behold the Ricci Tensor components:

1 1
5’(/}2Rbn = inRaban = 3¢,n¢,b - w,rd},rdbn - ww,m«(sbn - Wlum

Contract again on n,b. Remember that we have to use the actual inverse
metric tensor ¢"" = ¢y ~46"" to raise an index to do this contraction.

1 1 1 _

51/}2]% _ inRabangbn _ §¢2Rabanw 46bn

PR = 4y,
V3
ws

8
R= _gw,rr = -8
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Now go for the Einstein Tensor

1
G,BV - R,BV - §g,BVR

The timelike components of the tensor are then

1
G0u=—§90yR
or
Goo = tr——aYY
00 — 2 - d)5
Goi = 0
The spacelike components are
1 5 1y 1
Lo Lo
= 3 Rn_f nR
5% Bon — %79
Lo L2 4 v
= ZY°Rp, + = Opn | 8
S0 Ron + 0750, ( 7

= S0 Ru 26V,
or
1
§w2Gb7l = 3ql),nql),b - d),rw,r(;bn - de),r'rébn - d)rl/),bn + 21/}wrr5bn
= 31/),n7/),b - ww,bn + wwrrabﬂ - w,rwm&?n
1
SV Gon =30, = Ut g + (VY20 = V- V) Oy

To finish the Einstein equations, note that the contravariant stress-energy
tensor components for an isotropic fluid are

TOO =p, TOn — 07 Tbn _ pé*bn
The covariant components are then

Ts, = gﬂpguoTpU

or
Too = googooT” =T% =p
TOn = 0
Tbn = gbrgnsTrs = ¢85br5n56rs = q/18p($b7L
1 2 1 10
—°T n - A ) n
F¥ T 5% Pob
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The Einstein equations are then

V2
Goo = —4 ¢;D:87Tp

1 1
SVGon = Y0, — P, — (VY = VU V) G = 50 Db

or

Vi = —2mp
Bt — W — (U720 = V- T9) o = 26"y

It is pretty clear that there are no nontrivial solutions of the second set of (six
independent) equations, but that is no surprise since our original guess for the
metric tensor corresponded to having no Newtonian gravitational field at all.
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