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Abstract

We present a new and natural interpretation of fuzzy sets and fuzzy relations where the basic notions and operations have
quite natural meanings. We interpret fuzzy sets and fuzzy relations in a cumulative Heyting valued model for intuitionistic
set theory, and de0ne the basic notions and operations naturally in the model. As far as fuzzy sets and fuzzy relations are
considered as extensions of crisp sets and relations, this interpretation seems to be most natural.

In the interpretation the canonical embedding from the class of all sets into the model plays an important role. We
distinguish generalized fuzzy sets, fuzzy subsets of crisp sets, and membership functions of fuzzy sets on crisp sets. Thus
we present a foundation for developing a general theory of fuzzy sets where fuzzy subsets of di4erent sets can be treated in
a natural and uniform way. c© 2002 Elsevier Science B.V. All rights reserved.
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0. Introduction

The original concept of fuzzy sets in the pioneering
paper of Zadeh [37] was introduced as an extension of
usual (called crisp) sets, by enlarging the truth value
set of ‘grade of membership’ from the two value set
{0; 1} to the unit interval [0; 1] of real numbers.

Ordinary fuzzy sets are characterized by and mostly
identi0ed with mappings called ‘membership func-
tions’ into [0; 1], which are extensions of characteris-
tic functions of crisp sets. The basic relations between
two fuzzy sets such as equality and inclusion and the
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basic fuzzy set operations such as intersection, union,
and complement are de0ned by some equations or in-
equalities, which also hold between the characteristic
functions of the corresponding crisp sets.

As for fuzzy relations, the situation is quite similar.
Namely, either the basic operations such as composi-
tion and inverse or the basic properties such as reGex-
ive, symmetric, transitive, etc., are de0ned by some
equations as extensions of those in crisp relations.

But since [0; 1] has much more points than {0; 1},
many kinds of extensions are de0nable. Indeed, var-
ious de0nitions have been proposed on the basic
operations of fuzzy sets and fuzzy relations, and gen-
eral notions such as t-norm have been considered
and discussed (e.g., [1,7–9,24,38]). Sometimes the
de0ning equations are presented with no mention

0165-0114/02/$ - see front matter c© 2002 Elsevier Science B.V. All rights reserved.
PII: S 0165 -0114(01)00135 -X



136 M. Shimoda / Fuzzy Sets and Systems 128 (2002) 135–147

of mathematical meanings, and various de0nitions
are compared from the viewpoint of e4ectiveness to
applications.

We interpret fuzzy sets and fuzzy relations in the
model VH introduced by the author [27], a Heyting
valued model for intuitionistic set theory, where H
is a complete Heyting algebra and is considered as
the set of truth values in the model. VH is a kind of
the so-called sheaf model, cumulatively constructed
by trans0nite iteration of power sheaf construction
over H .

In the 0rst two sections we develop a basic theory
of the model according to [27]. Although the basic set
operations and relations in the model are not seen in
the literature, the constructions are quite natural and
the properties are very easy to verify, so all the proofs
are omitted.

In the last two sections the fundamentals of the nat-
ural interpretation are described. In this interpretation
the canonical embedding from standard universe (the
class of all crisp sets) into the model, which assigns
each crisp set to its ‘check set’, plays an important
role. As far as fuzzy sets and relations are considered
as extensions of crisp sets and relations, this interpre-
tation seems to be most natural, for in the model the
de0nitions and basic properties are almost the same
as in crisp sets.

In Section 3 we present a general theory of exten-
sions of fuzzy sets. We distinguish generalized fuzzy
sets, fuzzy subsets of crisp sets, and membership func-
tions of fuzzy subsets. Any set in the model is called
an H -fuzzy set, and any subset (in the model) of the
check set of a crisp set X is called an H -fuzzy subset
of X . The membership function of an H -fuzzy set on
X is de0ned as a mapping from X to H by using the
canonical embedding. The membership functions are
extensions of ordinary fuzzy sets [37] and instances
of L-fuzzy sets [3].

For every crisp set X , there is a natural corre-
spondence preserving order and basic set operations
between H -fuzzy subsets of X and mappings from X
to H . The order relation and the basic operations of
mappings to H are pairwise de0ned. When H = [0; 1],
the operations intersection and union correspond
to the standard min and max, respectively, but the
complement naturally corresponds to the intuition-
istic (GModel) negation, not to the ordinary (Zadeh)
negation x �→ 1 − x.

In Section 4 basic properties of H -fuzzy relations
are dealt. An H -fuzzy relation between crisp sets is
an H -fuzzy subset of the cartesian product. The max–
min composition seems most natural as an extension
of composition of crisp relations. Most of the de0ning
properties for ordinary fuzzy equivalence and order
relation are natural in the interpretation, but the ordi-
nary de0nition of fuzzy linear order is weaker than the
corresponding de0nition in the model.

Most of the literature on fuzzy sets treat only fuzzy
subsets of a certain set called the universe. By the
interpretation we can develop a natural theory of fuzzy
sets without specifying the universe.

In the model for intuitionistic set theory, we can
de0ne many kinds of notions and operations. Hence
besides those mentioned in this paper, various notions
and operations between fuzzy sets and fuzzy relations
can be treated in a natural way. Further study on the
natural interpretation of fuzzy relations, fuzzy map-
pings, and extension principles will appear in a forth-
coming paper [28].

Before closing this section, we consider the rela-
tion with some preceding researches. In the following
‘the internal logic’ means the logic in the model.

The Heyting valued model in the present paper has
its origin in [27], and is very similar to the sheaf mod-
els in [10,11,23,29,32,33,35] (where the Heyting alge-
bra is denoted by �). These models are extensions of
(the so-called Scott–Solovay) Boolean valued models
for classical set theory. Takuti and Titani [30,31,34]
also use similar sheaf models for studying fuzzy logic
and fuzzy set theory. But in these papers the internal
logic (intuitionistic fuzzy logic; IFL in [30] or FL in
[34]) has extra axioms (and logical symbols in [34])
to express properties of the unit interval [0; 1], and in
their sheaf model the valuation and interpretation are
a little di4erent from ours. Moreover, in these works
the operations and relations such as set inclusion, ba-
sic set operations, and compositions of relations etc.
are not treated in connection with their membership
functions. Hence though the model is a little similar,
our interpretation is original and new.

As far as we know, the only precedent of our inter-
pretation appears in Kodera [23], where the interpre-
tation is applied only to elements of a group.

Zhang [39] gives a generalization of Boolean valued
model and claims that this model can give a uni0ed
treatment of fuzzy set theory and Boolean valued set
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theory. But it is merely a rough sketch of the model.
Weidner [36] presents a formal axiomatic system for
fuzzy set theory and shows that Boolean valued uni-
verse can be interpreted to form a model of the system.
In both papers the internal logic is the classical logic
and there are no precise arguments on the interpreta-
tion of basic notions and operations of fuzzy sets and
fuzzy relations, and we do not know how to calculate
membership functions of operations of fuzzy sets or
relations.

Gottwald [6] presents another kind of cumulative
model (cf. [5,7]). Here the internal logic is a version of
the Lukasiewicz logic and have two conjunctions and
two disjunctions, and the de0nition of the truth values
of atomic formulae is simpler than ours. Although one
can develop set theory in this model to some extent, it
looks too complicated to study more, for many notions
have two kind of de0nitions according to the two kind
of logical connectives. So it seems to reGect no way
that fuzzy sets are usually used (cf. [22]).

The internal logic of our model is the intuition-
istic logic with identity and existence, introduced
by Scott [26]. The semantics for this logic using
Heyting valued sets are studied in [2,12,4]. Related
to this logic and its extensions, HMohle [18,20,21]
investigates category theoretical properties of M -
valued sets and sheaves over M , where M is a
GL-monoid or GL-quantale or a GL- algebra (cf.
also [13–17,19,25]). Many results of Higgs and
Fourman-Scott (cf. [2]) are instances of theorems
in HMohle’s papers when M is a complete Heyting
algebra. As a category the model VH of the present
paper is equivalent to the category of Sheaves over
H and the category of H -valued sets [27]. But our
work is one of set-theoretic approaches, and cat-
egory theoretic approach is beyond the scope of
the present paper [22]. The relation with HMohle’s
work might be an interesting subject of future
study.

1. Heyting valued model for intuitionistic set
theory

Let H be a 0xed complete Heyting algebra. We
adopt the usual notations such as∧;∨;∧;

∨
;→;¬; 0; 1;

6. For complete Heyting algebras, see e.g. Fourman–
Scott [2].

Following Shimoda [27], we construct an H -valued
model for the extended intuitionistic set theory, which
is a 0rst order intuitionistic logic with predicates ∈;=
and E together with axioms of intuitionistic set theory.
The unary predicate E is called an existence predi-
cate, for E	 means ‘	 exists’. We assume that ∈ and
= are strict, that is, in addition to the usual axioms
of intuitionistic logic, we have two strictness axioms:
x∈y→Ex∧Ey, and x =y→Ex∧Ey. The theory of
intuitionistic logic with existence predicate is devel-
oped in Scott [26]. For the axioms of intuitionistic set
theory, see e.g. Grayson [11] or Titani [35].

Let V be the class of all usual sets and On be the
class of all ordinals.

De�nition 1.1. The model VH is constructed as fol-
lows.

For every ordinal �; VH
� is de0ned by induction:

VH
0 = �; VH

� =
⋃
¡�

VH
 (if � is a limit ordinal);

V H
�+1 = {u = 〈|u|; Eu〉; |u| : Du → H; Du ⊆ VH

� ;

Eu ∈ H; |u|(x) 6 Eu ∧ Ex for all x ∈ Du}:

Then the H-valued model is

VH =
⋃

�∈On

VH
� :

An element of VH is called a set in VH: We usually
identify |u| with u.

If we write a formula as ’(a1; : : : ; an), we mean
that all the free variables of ’ are among {a1; : : : ; an}.
In particular, ’ is always a sentence. A formula
(resp. sentence) of VH is a formula (resp. sen-
tence) of intuitionistic set theory with constants from
(names of) elements of VH .

De�nition 1.2. For a sentence ’ of VH; the Heyting
value ‖’‖∈H is de0ned as follows. Let u; v∈VH ;
’ and  be sentences of VH , and ’(a) be a formula
of VH .

For atomic formulae,

‖Eu‖ = Eu and by simultaneous induction;

‖u ∈ v‖ =
∨

y∈Dv

(v(y) ∧ ‖u = y‖) and



138 M. Shimoda / Fuzzy Sets and Systems 128 (2002) 135–147

‖u = v‖ =
∧

x∈Du

(u(x) → ‖x ∈ v‖)

∧
∧

y∈Dv

(v(y) → ‖y ∈ u‖) ∧ Eu ∧ Ev:

For compounded formulae, by induction (on the num-
ber of logical symbols),

‖’ ∧  ‖ = ‖’‖ ∧ ‖ ‖; ‖’ ∨  ‖ = ‖’‖ ∨ ‖ ‖;
‖’ →  ‖ = ‖’‖ → ‖ ‖; ‖¬’‖ = ¬‖’‖;
‖∀x’(x)‖ =

∧
u∈VH

(Eu → ‖’(x)‖) and

‖∃x’(x)‖ =
∨

u∈VH

(Eu ∧ ‖’(x)‖):

Although we use the same symbols for logical
connectives and operations of a Heyting algebra,
the meanings will be clear from the context. A sen-
tence ’ of VH is called valid in VH i4 ‖’‖= 1.
It is easy to verify that every sentence provable in
the extended intuitionistic logic is valid in VH . The
strictness axioms are also valid by the following
lemma.

Lemma 1.1. Let u; v be sets in VH .

(1) ‖u∈ v‖6 Eu∧Ev; and ‖u= v‖6 Eu∧Ev.
(2) ‖u= u‖=Eu, and u(x) 6 ‖x∈ u‖ for all x∈Du.

Equality axioms for every formula is also valid in
the model.

Lemma 1.2. For every formula ’(a1; : : : ; an) of VH;

‖u1 = v1‖ ∧ · · · ‖un = vn‖ ∧ ‖’(u1; : : : ; un)‖
6 ‖’(v1; : : : ; vn)‖

for all u1; : : : ; un; v1; : : : ; vn ∈VH:

We abbreviate ∀x(x∈ u→’(x)) to (∀x∈ u)’(x)
and ∃x(x∈ u∧’(x)) to (∃x∈ u)’(x), respectively, as
usual. Quanti0ers of the above form is called bounded,
and a bounded formula is a formula in which ev-
ery quanti0er is bounded. The following equations are
useful for various calculations.

Proposition 1.3. Let ’(a) be a formula of VH and
u∈VH:

(1) ‖(∀x∈ u)’(x)‖=
∧

x∈Du(u(x)→‖’(x)‖)

=
∧

x∈Du(‖x ∈ u‖→‖’(x)‖).

(2) ‖(∃x∈u)’(x)‖=
∨

x∈Du(u(x)∧‖’(x)‖)

=
∨

x∈Du (‖x∈ u‖∧ ‖’(x)‖).

Hence for u; v∈VH;

‖u ⊆ v‖ =
∧

x∈Du

(u(x) → ‖x ∈ v‖)

=
∧

x∈Du

(‖x ∈ u‖ → ‖x ∈ v‖):

If ‖u⊆ v‖= 1, we say u is a subset of v in VH and write
u� v. If u� v and v� u, we say u and v are similar
and denote it as u∼ v, and when u∼ v and Eu=Ev; u
and v are said to be equivalent and denoted by u≈ v.

The inclusion relation � is a preorder, and the sim-
ilarity relation ∼ is the equivalence relation induced
from �. The relation ≈ is another equivalence rela-
tion stronger than ∼.

Lemma 1.4. Let u; v∈VH:

(1) ‖u= v‖= ‖u⊆ v‖∧ ‖v⊆ u‖∧Eu∧Ev.
(2) u� v i5 ‖x∈ u‖6 ‖x∈ v‖ for all x∈VH:
(3) u∼ v i5 ‖x∈ u‖= ‖x∈ v‖ for all x∈VH:
(4) u≈ v i5 ‖u= v‖=Eu=Ev.

Proposition 1.5. Let ’(a) be a formula of VH and
u; v be sets in VH: If u and v are equivalent; then
‖’(u)‖= ‖’(v)‖.

Hence equivalent elements are substitutive in any
sentence. The proof is done by induction on the com-
plexity of formula, using the equality axioms.

A set u in VH is extensional i4 ‖x =y‖∧ u(y) 6
u(y) for all x; y∈Du. Then u is extensional i4
u(x) = ‖x∈ u‖ for all x∈Du i4 there exists a formula
’(a) of VH such that u(x) = ‖’(x)‖ for all x∈Du.

The canonical embedding of the standard universe
V into the model VH is de0ned as follows. For x∈V
de0ne Qx∈VH recursively by

D( Qx) = { Qy;y ∈ x}; E Qx = 1; Qx : Qy �→ 1:

We call Qx the check set of x.
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Note that the check set Q� of the empty set � in V
is an empty set in VH; that is, ‖∃x(x∈ Q�)‖= 0, and
‖ Q�⊆ u‖= 1 for all u∈VH: We write � instead of Q�
if there is no fear of confusion.

Proposition 1.6. Suppose ’(a1; : : : ; an) is a bounded
formula of VH and x1; : : : ; xn ∈V . Then the following
hold.

’(x1; : : : ; xn) holds iff ‖’( Qx1; : : : ; Qxn)‖ = 1; and

¬’(x1; : : : ; xn) holds iff ‖’( Qx1; : : : ; Qxn)‖ = 0:

We shall de0ne some basic constructions of sets in
the model. First we de0ne pair, couple (ordered pair),
(cartesian) product, union, and power set in VH:

De�nition 1.3. For u; v∈VH; {u; v}H; 〈u; v〉H; u
H× v;⋃Hu; PHu are de0ned in the following way.

(1) D{u; v}H={u; v}; E{u; v}H =Eu∧Ev, and
{u; v}H : x �→ 1.

(2) 〈u; v〉H = {{u; u}H ; {u; v}H}H:
(3) D(u

H× v) = {〈x; y〉H ; x∈Du; y∈Dv}, E(u
H× v)

=Eu∧Ev, and u
H× v : 〈x; y〉H �→ u(x)∧ v(y).

(4) D(
⋃Hu) =

⋃
y∈Du Dy; E(

⋃Hu) =Eu, and⋃Hu : x �→ ‖(∃y∈ u)(x∈y)‖.

(5) D(PHu) = {x∈VH ;Dx =Du}; E(PHu) =Eu,
and PHu : x �→ ‖x⊆ u‖∧Ex∧Eu.

Pairs, couples, and unions are extensional. The com-
mas in couples and the superscripts are sometimes
omitted when the meaning is clear from the context.
For example, 〈x; y〉H is abbreviated to 〈xy〉H or 〈xy〉.

Lemma 1.7. Let x; y; u; v∈VH:

(1) ‖x∈{u; v}H‖= (‖x = u‖ ∨ ‖x = v‖)∧Eu∧Ev.

(2) ‖〈uv〉H = 〈xy〉H‖= ‖u= x‖∧‖v=y‖.
(3) ‖〈xy〉H ∈ u

H× v‖= ‖x∈ u‖∧‖y∈ v‖.
(4) ‖x∈ ⋃Hu‖= ‖(∃y∈ u)(x∈y)‖.
(5) ‖x∈PHu‖= ‖x⊆ u‖∧Ex∧Eu.

Lemma 1.8. For all x; y; u; v∈V; the following hold.

(1) {Qx; Qy}H = {x; y} Q:

(2) 〈Qx Qy〉H = 〈xy〉 Q:

(3) Qu
H× Qv= (u× v) Q:

The following proposition indicates that VH is a
model for intuitionistic set theory. The proof is quite
similar to that in [10] or [35].

Proposition 1.9. All axioms of intuitionistic set the-
ory are valid in VH .

Now we present the de0nitions of basic set opera-
tions in the model.

De�nition 1.4. For u; v∈VH , de0ne the intersection,
union, and di5erence of u and v as follows.

(1) D(u∩Hv) =Du∪Dv; E(u∩Hv) =Eu∧Ev, and
u∩Hv : x �→ ‖x∈ u‖∧ ‖x∈ v‖.

(2) D(u∪Hv) =Du∪Dv; E(u∪Hv) =Eu ∨ Ev, and
u∪Hv : x �→ ‖x∈ u‖ ∨ ‖x∈ v‖.

(3) D(u\Hv) =Du∪Dv; E(u\Hv) =Eu ∨ Ev, and
u\Hv : x �→ ‖x∈ u‖∧ ¬ ‖x∈ v‖.

Intersections, unions, and di4erences are also exten-
sional. We usually omit the superscripts if there is no
fear of confusion, and denote by u∩ v; u∪ v, and u\v.

Note that
⋃H{u; v} and u∪ v are similar but not

equivalent unless Eu=Ev.

Lemma 1.10. For all x; u; v∈VH; the following hold:

(1) ‖x∈ u∩ v‖= ‖x∈ u‖∧‖x∈ v‖.
(2) ‖x∈ u∪ v‖= ‖x∈ u‖ ∨ ‖x∈ v‖.
(3) ‖x∈ u\v‖= ‖x∈ u‖∧¬‖x∈ v‖.

The following lemma shows the lattice theoretic
properties of the basic set operations.

Lemma 1.11. For all u; v; z ∈VH; the following hold:

(1) u∩ v� u; u∩ v� v; and
if z� u and z� v; then z⊆ u∩ v.

(2) u� u∪ v; v� u∪ v; and
if u� z and v� z; then u∪ v⊆ z.

(3) u\v� u; (u\v)∩ v∼�; and
if z� u and z ∩ v∼�; then z� u\v.

Hence considering the equivalence classes with re-
spect to ∼; u∩ v and u∪ v play the role of the great-
est lower bound and the least upper bound of u and v,



140 M. Shimoda / Fuzzy Sets and Systems 128 (2002) 135–147

respectively, and u\v works as the relative comple-
ment of v to u.

De�nition 1.5. For a family {u�}�∈� of sets in VH ,
the intersection

⋂
�∈� u� and the union

⋃
�∈� u� are

de0ned as follows:

(1) D(
⋂

�∈� u�)=
⋃

�∈� Du�;

E(
⋂

�∈� u�) =
∨

�∈� Eu�, and⋂
�∈� u� : x �→ ∧

�∈� ‖x ∈ u�‖.

(2) D(
⋃

�∈� u�) =
⋃

�∈� Du�;

E(
⋃

�∈� u�) =
∨

�∈� Eu�, and⋃
�∈� u� : x �→ ∨

�∈� ‖x ∈ u�‖.

The following are extensions of the previous two
lemmas.

Lemma 1.12. Let {u�}�∈� be a family of sets in VH

and x be a set in VH:

(1) ‖x∈ ⋂
�∈� u�‖=

∧
�∈� ‖x ∈ u�‖.

(2) ‖x∈ ⋃
�∈� u�‖=

∨
�∈� ‖x∈ u�‖.

Lemma 1.13. Let u�(�∈�) and z be sets in VH:

(1)
⋂

�∈� u� � u� for every �∈�; and
if z� u� for every �∈�; then z� ⋂

�∈� u�.
(2) u� �

⋃
�∈� u� for every �∈�; and

if u� � z for every �∈�; then
⋃

�∈� u� � z.

2. Relations in the model

A relation in VH is a subset of a cartesian product
of two sets in VH: For R; u; v∈VH; R is a relation from

u to v in VH i4 R� u
H× v. A relation on u is a relation

from u to u. We often write xRy instead of 〈xy〉 ∈R
as usual.

De�nition 2.1. For u∈VH; the identity relation Iu on
u is de0ned by

D(Iu) = {〈xx〉; x ∈ Du}; E(Iu) = Eu;

and Iu : 〈xx〉 �→ u(x):

Iu is also called the equality relation on u.

Lemma 2.1. Let u∈VH .

(1) ‖xIu y‖= ‖x∈ u‖ ∧ ‖x =y‖ for all x; y∈VH:
(2) ‖z ∈ Iu‖= ‖(∃x∈ u)(z = 〈xx〉)‖ for all z ∈VH:
(3) Iu � u× u; that is; Iu is a relation on u.

The de0nition of the identity relation is not unique,
for another set in VH similar to Iu plays the same role.
Indeed, let iu ∈VH be de0ned by

D(iu) = {〈xy〉; x; y∈Du}; E(iu) = Eu;

and iu : 〈xy〉 �→ ‖x = y‖:

Then it is easy to show that Iu ≈ iu, and the lemma
also holds if iu is substituted for Iu.

De�nition 2.2. For R; S ∈VH; the composition S ◦R
in VH is de0ned by

D(S ◦ R) = {〈xz〉; x; z ∈VH
 };

E(S ◦ R) = ER ∧ ES; and

S ◦ R : 〈xz〉 �→ ‖∃y(xRy ∧ ySz)‖;

where  is an ordinal which satis0es DR∪DS
⊆VH

 .

The de0nition is not a4ected by the choice of the
ordinal . Note that the order of the composition is
the same as for usual functions, and inverse to that of
fuzzy relations in most fuzzy literature.

Lemma 2.2. Let R; S; u; v; w∈VH: Then each of the
following holds:

(1) ‖x(S ◦R)z‖= ‖∃y(xRy∧ySz)‖ for all x; z ∈VH .
(2) ‖t ∈ S ◦R‖= ‖∃x∃y∃z(t = 〈xz〉∧xRy∧ySz)‖ for

all t ∈VH .
(3) If R� u× v and S � v×w; then S ◦R� u×w.

We have the same properties as in usual sets.

Proposition 2.3. Let u; v; R; S; T ∈VH and {S�}�∈�

be a family of sets in VH:

(1) If R� u× v; then R ◦ Iu ∼R∼ Iv ◦R.
(2) (T ◦ S) ◦R≈T ◦ (S ◦R).
(3) T ◦ (

⋂
�∈� S�)�

⋂
�∈� (T ◦S�);

(
⋂

�∈� S�)◦R�
⋂

�∈� (S� ◦R).
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(4) T ◦(S∩R)�(T ◦ S)∩ (T ◦R);
(T ∩S)◦R� (T ◦R)∩ (S ◦R).

(5) T ◦ (
⋃

�∈� S�)≈
⋃

�∈� (T ◦S�);
(
⋃

�∈� S�)◦R≈⋃
�∈� (S� ◦R).

(6) T ◦ (S ∪R)≈ (T ◦S)∪(T ◦R);
(T ∪S)◦R≈ (T ◦R)∪ (S ◦R).

(7) If R� S; then T ◦R�T ◦ S and R ◦T � S ◦T .

Note that the inverses of the inclusion relations in
(3) and (4) do not hold in general.

De�nition 2.3. For R∈VH; the inverse relation R−1

in VH is de0ned by

D(R−1) = {〈xy〉; x; y ∈ VH
 };

E(R−1) = ER and R−1 : 〈xy〉 �→ ‖yRx‖;

where  is an ordinal which satis0es DR⊆VH
 .

The de0nition is not a4ected by the choice of the
ordinal .

Lemma 2.4. For u; v; R∈VH; each of the following
holds:

(1) ‖xR−1y‖= ‖yRx‖ for all x; y∈VH .
(2) ‖z ∈R−1‖= ‖∃x∃y(z = 〈xy〉 ∧ yRx)‖ for all

z ∈VH:
(3) If R� u× v; then R−1 � v× u.
(4) (u× v)−1 ≈ v× u.

Proposition 2.5. For all u; v; R; S; {R�}�∈� in VH ; the
following hold:

(1) (R−1)−1 �R.
If R� u× v; then (R−1)−1 ≈R.

(2) (
⋂

�∈� R�)−1≈ ⋂
�∈� R−1

� ;
(
⋃

�∈� R�)−1≈ ⋃
�∈� R−1

� :
(3) (R∩S)−1≈R−1∩S−1; (R∪S)−1≈R−1∪S−1.
(4) (R\S)−1 ≈R−1\S−1;

((u× v)\R)−1 ≈ (v× u)\R−1.
(5) (S ◦R)−1 ≈R−1 ◦ S−1.
(6) If R� S; then R−1 � S−1.

Some properties on relations on a set in VH are
de0ned in the same way as in V . For instance, a rela-
tion R on u in VH is re9exive i4 ‖R is reGexive‖= 1.

More explicitly, we de0ne as follows.

De�nition 2.4. Let u∈VH and R be a relation on u
in VH .

(1) R is re9exive (in VH ) i4 ‖(∀x∈ u)(xRx)‖= 1:
(2) R is symmetric (in VH )

i4 ‖∀x∀y(xRy→yRx)‖= 1.
(3) R is transitive (in VH )

i4 ‖∀x∀y∀z(xRy∧yRz→xRz)‖= 1.
(4) R is antisymmetric (in VH )

i4 ‖∀x∀y(xRy∧yRx→ x =y)‖= 1.
(5) R is connected (in VH )

i4 ‖(∀x∈ u)(∀y∈ u)(xRy∨yRx)‖= 1.

In general, a relation on a set is an equivalence
relation if it is reGexive, symmetric, and transitive,
and is a partial order (or an order relation) if it is
reGexive, antisymmetric, and transitive. A connected
partial order is called a linear order or a total order.
In the same way equivalence relation, partial order,
and linear order in VH are de0ned.

Lemma 2.6. For a relation R on u∈VH ; the follow-
ing hold:

(1) R is re9exive i5 ‖x∈ u‖6‖xRx‖ for all x∈VH .
(2) R is symmetric

i5 ‖xRy‖6‖yRx‖ for all x; y∈VH

i5 ‖xRy‖= ‖yRx‖ for all x; y∈VH :
(3) R is transitive

i5 ‖xRy‖ ∧ ‖yRz‖6‖xRz‖ for all x; y; z ∈VH .
(4) R is antisymmetric

i5 ‖xRy‖ ∧ ‖yRx‖6‖x =y‖ for all x; y∈VH :
(5) R is connected

i5 ‖x∈ u‖ ∧ ‖y∈ u‖6‖xRy‖ ∨ ‖yRx‖ for all
x; y∈VH .

Using identity, composition, and inverse relations,
equivalent conditions of the above properties are ex-
pressed.

Lemma 2.7. Let R be a relation R on u∈VH .

(1) R is re9exive i5 Iu �R.
(2) R is symmetric i5 R−1 �R i5 R−1 ≈R.
(3) R is transitive i5 R ◦R�R.
(4) R is antisymmetric i5 R∩R−1 � Iu.
(5) R is connected i5 u× u�R∪R−1

i5 u× u ∼ R∪R−1:
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3. Natural interpretation of fuzzy sets

Let X be a 0xed usual (crisp) set.

De�nition 3.1. We call every set in VH an H-fuzzy
set.

For an H -fuzzy set A, the membership function of
A on X is the mapping

%A = %X
A : X → H; x �→ ‖ Qx ∈ A‖:

An H-fuzzy subset of X is a subset of QX in VH , that
is, for A∈VH ,

A is an H -fuzzy subset of X i4 A � QX :

This is an extension of the ordinary de0nition of
fuzzy sets. Ordinarily a fuzzy set on X is identi0ed
with its membership function from X to [0; 1]. An
ordinary fuzzy set on X is a membership function of
an H -fuzzy subset of X , when H = [0; 1].

The superscript in the notation of a membership
function is often omitted if the ‘underlying set’ is clear
by the context. In this section we consider only the
membership functions of H -fuzzy sets on the 0xed
set X .

Proposition 3.1. Every mapping from X to H is the
membership function of some H-fuzzy subset of X.

Proof. For a mapping % :X →H , de0ne A∈VH by

DA = { Qx; x ∈ X }; EA =
∨
x∈X

%(x); and

A : Qx �→ %(x):

Since DA=D QX , obviously A� QX , that is, A is an
H -fuzzy subset of X . Then for all x∈X ,

%A(x) = ‖ Qx ∈ A‖ =
∨

u∈DA

(A(u) ∧ ‖ Qx = u‖)

=
∨
y∈X

(A( Qy) ∧ ‖ Qx = Qy‖) = A( Qx) = %(x):

Hence % = %A.

There is a natural correspondence between H -fuzzy
subsets of X and mappings from X to H . It will be

shown that the correspondence A �→ %A preserves not
only the order (of inclusion), but also the set opera-
tions.

The order relation and basic set operations of map-
pings into H are de0ned pointwise as usual.

De�nition 3.2. Let %; & be mappings from X to H .

(1) %6& i4 %(x)6&(x) for all x∈X:
(2) The mappings %∧ &; %∨ &; ¬ % :X →H are de-

0ned by

% ∧ & : x �→ %(x) ∧ &(x);

% ∨ & : x �→ %(x) ∨ &(x) and

¬% : x �→ ¬%(x)

for all x∈X:

In case H = [0; 1], the values of these operations are
as follows:

(% ∧ &)(x) = min{%(x); &(x)};
(% ∨ &)(x) = max{%(x); &(x)} and

(¬%)(x) =
{

1 if %(x) = 0;
0 if %(x) ¿ 0:

Theorem 1. Let A; B be H-fuzzy sets; that is; A;
B∈VH .

(1) In general, %A6%B i5 A∩ QX �B∩ QX :
(2) If A and B are H-fuzzy subsets of X; then

%A 6 %B iff A � B

and

%A = %B iff A ∼ B:

Proof. Let A; B∈VH .

(1) By Lemmas 1.4(2) and 1.10(1),

A ∩ QX � B ∩ QX

i4 ‖u∈A ∩ QX ‖6 ‖u ∈ B ∩ QX ‖ for all u ∈ VH

i4 ‖ u∈A‖ ∧ ‖u∈ QX ‖6 ‖u ∈ B‖ ∧ ‖u ∈ QX ‖
for all u ∈ VH :
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Then for every u∈VH ,

‖u ∈ A‖ ∧ ‖u ∈ QX ‖ =
∨
x∈X

(‖u ∈ A‖ ∧ ‖u = Qx‖)

=
∨
x∈X

(‖ Qx ∈ A‖ ∧ ‖u = Qx‖)

=
∨
x∈X

(%A(x)∧‖u = Qx‖):

Similarly,
‖u∈B‖∧‖u∈ QX ‖=

∨
x∈X (%B(x)∧‖u=Qx‖):

If %A6%B, then for all u∈VH ,

‖u ∈ A‖ ∧ ‖u ∈ QX ‖ =
∨
x∈X

(%A(x) ∧ ‖u = Qx‖)

6
∨
x∈X

(%B(x) ∧ ‖u = Qx‖)

= ‖u ∈ B‖ ∧ ‖u ∈ QX ‖:
Hence A∩ QX �B∩ QX .

Conversely, if A∩ QX �B∩ QX , then for all x∈X ,

%A(x) = ‖ Qx ∈ A‖ = ‖ Qx ∈ A‖ ∧ ‖ Qx ∈ QX ‖
6 ‖ Qx ∈ B‖ ∧ ‖ Qx ∈ QX ‖
= ‖ Qx ∈ B‖ = %B(x):

Therefore, %A6%B.
(2) Let A and B be H -fuzzy subsets of X , that is,
A� QX and B� QX . Then by Lemma 1.11(1),

A ∼ A ∩ QX and B ∼ B ∩ QX :

Since the inclusion relation � is transitive, %A6%B

i4 A�B, and immediately we have %A = %B i4
A∼B.

Hence there is a one-to-one correspondence be-
tween the set of all mappings from X to H and the
set of all equivalent classes of H -fuzzy subsets of X
with respect to the equivalence relation ∼. The next
theorem shows that this correspondence preserves the
basic set operations.

Theorem 2. For all H-fuzzy set A; B; the following
hold.

(1) %A∩B = %A ∧ %B:
(2) %A∪B = %A ∨ %B:
(3) % QX\A =¬ %A:

Proof. Let A; B∈VH .

(1) By Lemma 1.10(1),

%A∩B(x) = ‖ Qx ∈ A ∩ B‖ = ‖ Qx ∈ A‖ ∧ ‖ Qx ∈ B‖
= %A(x) ∧ %B(x)

for all x∈X .
(2) By Lemma 1.10(2),

%A∪B(x) = ‖ Qx ∈ A ∪ B‖ = ‖ Qx ∈ A‖ ∨ ‖ Qx ∈ B‖
= %A(x) ∨ %B(x)

for all x∈X .
(3) By Lemma 1.10(3),

% QX\A(x) = ‖ Qx ∈ QX \A‖ = ‖ Qx ∈ QX ‖ ∧ ¬‖ Qx ∈ A‖
= ¬‖ Qx ∈ A‖ = ¬ %A(x)

for all x∈X .

4. Natural interpretation of fuzzy relations

An H -fuzzy relation is a subset of any cartesian
product of sets in VH , so it is a kind of an H -fuzzy
set. In the following, let X; Y; Z be usual (crisp) sets.

De�nition 4.1. We call every relation in VH an
H-fuzzy relation. For R; u; v∈VH , R is an H-fuzzy
relation from u to v if it is a relation from u to v in
VH , that is,

R is an H -fuzzy relation from u to v

i4 R � u× v:

For every R∈VH , themembership function of R from
X to Y is the membership function of R on X ×Y ,
hence it is the mapping

%R : X × Y → H ; 〈xy〉 �→ ‖〈xy〉Q∈ R‖:
AnH-fuzzy relation from X to Y is an H -fuzzy subset
of X ×Y , so

R is an H -fuzzy relation from X to Y

i4 R � (X × Y )Q:

An H -fuzzy relation from u to u is called an
H-fuzzy relation on u. Similarly, an H-fuzzy relation
on X is an H -fuzzy relation from X to X .
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We omit the superscripts of membership functions.
For an H -fuzzy relation R from X to Y , %R always
means the membership function of R on the product
X ×Y , unless otherwise speci0ed.

As in case of fuzzy sets, this de0nition is an exten-
sion of the ordinary de0nition of fuzzy relations. Or-
dinarily a fuzzy relation from X to Y is identi0ed with
its membership function from X ×Y to [0; 1]. So, an
ordinary fuzzy relation from X to Y is nothing but a
membership function of an H -fuzzy relation from X
to Y when H = [0; 1]. We can consider H -fuzzy rela-
tions apart from each ‘underlying sets’ X and Y .

Lemma 4.1. Let R be an H-fuzzy relation and %R be
the membership function of R from X to Y.

(1) R is an H -fuzzy relation from X to Y i5 R is a
relation from QX to QY in VH .

(2) %R〈xy〉= ‖QxR Qy‖ for all x∈X and y∈Y .

Proof. Let R be a relation in VH and %R be its mem-
bership function on X ×Y .

(1) By Lemma 1.8(3), (X ×Y )Q= QX × QY . Hence R is
an H -fuzzy relation from X to Y i4 R� (X ×Y )Q
i4 R� QX × QY i4 R is a relation from QX to QY in
VH .

(2) By Lemma 1.8(2), we have

%R〈xy〉 = ‖〈xy〉Q∈ R‖ = ‖〈 Qx Qy〉H ∈ R‖ = ‖ QxR Qy‖
for all x∈X; y∈Y .

Since H -fuzzy relations are H -fuzzy sets, the basic
properties of H -fuzzy sets in Section 3 also hold for
H -fuzzy relations.

The diagonal set of X is the set +=+X = {〈xx〉;
x∈X }. The identity relation on the check set of X is
the check set of the diagonal set of X .

Lemma 4.2. Let +=+X be the diagonal set of X.

(1) I QX = (+X )Q .

(2) For all x; y∈X; % Q+(〈xy〉) =
{
1 (x =y)
0 (x �=y):

Proof. Let += {〈xx〉; x∈X }.

(1) Obvious by the de0nitions.
(2) By Lemmas 4.1(2), (1), and 2.1(1), and Propo-

sition 1.6,

% QT(〈xy〉) = ‖xI QX y‖ = ‖ Qx ∈ QX ‖ ∧ ‖ Qx = Qy‖

=
{
1 (x = y)
0 (x �= y):

for all x; y∈X:

Theorem 3. If R is an H-fuzzy relation from X to Y
and S is an H-fuzzy relation from Y to Z; then the
composition S ◦R is an H-fuzzy relation from X to
Z; and

%S◦R〈xz〉 =
∨
y∈Y

(%R〈xy〉 ∧ %S〈yz〉)

for all x∈X; z ∈Z .

Proof. Let R; S be H -fuzzy relations from X to Y and
from Y to Z , respectively.
By Lemma 4.1(1),

R � QX × QY and S � QY × QZ:

Then by Lemmas 2.2(3) and 1.8(3),

S ◦ R � QX × QZ = (X × Z)Q:

Hence S ◦R is an H -fuzzy relation from X to Z .
The equation is proved as follows by Lemmas

4.1(2), 2.2(1), and 1.8(2),

%S◦R〈xz〉 = ‖ Qx(S ◦ R) Qz‖ = ‖∃v( QxRv) ∧ vS Qz)‖
= ‖∃v ∈ QY (〈 Qxv〉 ∈ R ∧ 〈v Qz〉 ∈ S)‖
=

∨
y∈Y

(‖〈xy〉Q∈ R‖ ∧ ‖〈yz〉Q∈ S‖)

=
∨
y∈Y

(%R〈xy〉 ∧ %S〈yz〉)

for all x∈X; z ∈Z:

Hence the set of all H -fuzzy relations between usual
sets are closed under composition, and the equation
in the theorem coincides with the de0ning equation of
the so-called max–min composition for ordinary fuzzy
relations.

Theorem 4. If R is an H-fuzzy relation from X to
Y; then the inverse relation R−1 in VH is an H-fuzzy
relation from Y to X; and for all x∈X; y∈Y ,

%R−1〈yx〉 = %R〈xy〉:
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Proof. Let R be an H -fuzzy relation from X to Y .
Then by Lemma 4.1(1), R� QX × QY : By Lemmas
2.4(3) and 1.8(3),

R−1 � QY × QX = (Y × X )Q:

Hence R−1 is an H -fuzzy relation from Y to X by
Lemma 2.4(2).

As for the equation, by Lemma 4.1(2) and Lemma
2.4(1),

%R−1〈yx〉 = ‖ QyR−1 Qx‖ = ‖ QxR Qy‖ = %R〈xy〉
for all x∈X; y∈Y:

Hence the set of all H -fuzzy relations between usual
sets are also closed under inverse, and the equation
in the theorem coincides with the de0ning equation
of inverse in most of the ordinary fuzzy literature (in
[3] it is called converse). Therefore, we can de0ne
composition and inverse for H -fuzzy relations, which
seem to be most natural as extensions of those for
ordinary fuzzy relations.

Now an H -fuzzy relation on a usual set is called
re9exive when it is reGexive as a relation in VH . Sim-
ilarly, it is de0ned to be symmetric, transitive, anti-
symmetric, and connected if it is so in VH . Hence an
H -fuzzy relation on a usual set is an H-fuzzy equiva-
lence relation if it is reGexive, symmetric, and transi-
tive, and is an H-fuzzy order relation if it is reGexive,
antisymmetric, and transitive.

Theorem 5. Let R be anH-fuzzy relation on X. Then
the following hold.

(1) R is re9exive i5 %R〈xx〉= 1 for all x∈X:
(2) R is symmetric i5 %R〈xy〉=%R〈yx〉 for all x; y∈X:
(3) R is transitive

i5 %R〈xy〉 ∧ %R〈yz〉6%R〈xz〉 for all x; y; z ∈X
i5

∨
y∈Y

(%R〈xy〉 ∧ %R〈yz〉)6%R〈xz〉 for all x; z ∈X:

(4) R is antisymmetric i5 x �=y
implies %R〈xy〉 ∧ %R〈yx〉= 0 for all x; y∈X:

(5) R is connected i5 %R〈xy〉 ∨ %R〈yx〉= 1 for all
x; y∈X:

Proof. Let R be an H -fuzzy relation on X . Then since
R� QX × QX ,

‖uRv‖ = ‖uRv ∧ u ∈ QX ∧ v ∈ QX ‖

=
∨

x; y∈X

(‖ QxR Qy‖ ∧ ‖u = Qx‖ ∧ ‖v = Qy‖)

for all u; v∈VH : We omit the proof of (1) and (2),
for the proofs are easy and similar to the other cases.
(3) By Lemmas 2.6(3) and 4.1(2),

R is transitive

i4 ‖uRv‖ ∧ ‖vRw‖6 ‖uRw‖ for all u; v; w ∈ VH

i4 ‖ QxR Qy‖ ∧ ‖ QyR Qz‖6 ‖ QxR Qz‖ for all x; y; z ∈ X

i4 %R〈xy〉 ∧ %R〈yz〉6 %R〈xz〉 for all x; y; z ∈ X

i4
∨
y∈Y

(%R〈xy〉 ∧ %R〈yz〉) 6 %R〈xz〉

for all x; z ∈ X:

(4) By Lemmas 2.6(4), and 4.1(2), and Proposition
1.6,

R is antisymmetric

i4 ‖uRv‖ ∧ ‖vRu‖6 ‖u = v‖ for all u; v ∈ VH

i4 ‖ QxR Qy‖ ∧ ‖ QyR Qx‖6 ‖ Qx = Qy‖ for all x; y ∈ X

i4 x �= y implies %R〈xy〉 ∧ %R〈yx〉 = 0

for all x; y ∈ X:

(5) By Lemmas 2.6(5), and 4.1(2), and Proposition
1.6

R is connected

i4 ‖u ∈ QX ‖ ∧ ‖v ∈ QY‖6 ‖uRv‖ ∨ ‖vRu‖
for all u; v ∈ VH

i4 ‖ Qx ∈ QX ‖ ∧ ‖ Qy ∈ QY‖6 ‖ QxR Qy‖ ∨ ‖ QyR Qx‖
for all x; y ∈ X

i4 ‖ QxR Qy‖ ∨ ‖ QyR Qx‖ = 1 for all x; y ∈ X

i4 %R〈xy〉 ∨ %R〈yx〉 = 1 for all x; y ∈ X:

The 0rst four conditions essentially coincide with
the usual de0ning conditions of corresponding no-
tions of ordinary fuzzy relation [1,7,8,24,28]. Strictly
speaking, the condition for antisymmetric is in di4er-
ent form, for in ordinary fuzzy literature, R is de0ned
to be antisymmetric i4 %R〈xy〉¿0 and %R〈yx〉¿0 im-
plies x =y for all x; y∈X . But it is easy to verify
that this is equivalent to the condition in (4) in case
H = [0; 1].
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On the other hand, the condition in (5) is not equiv-
alent to the ordinary de0nition even if H = [0; 1]. In
ordinary fuzzy literature such as [1,24,38], (though the
word ‘connected’ is not used,) the additional condition
for linear order is written as: x �=y implies %R〈xy〉¿0
or %R〈yx〉¿0 for all x; y∈X . This is properly weaker
than the condition in (5) when H = [0; 1]. Therefore,
the usual notion of linear order in ordinary fuzzy re-
lation is weaker than that in our model.

References

[1] D. Dubois, H. Prade, Fuzzy Sets and Systems: Theory and
Applications, Academic Press, New York, 1980.

[2] M.P. Fourman, D.S. Scott, Sheaves and logic, in: M.P.
Fourman, et al., (Eds.), Applications of Sheaves, Lecture
Notes in Mathematics, vol. 753, Springer, Berlin, 1979,
pp. 302–401.

[3] J.A. Goguen, L-fuzzy sets, J. Math. Anal. Appl. 18 (1) (1967)
145–174.

[4] R. Goldblatt, Topoi: The Categorical Analysis of Logic,
Revised ed., North-Holland, Amsterdam, 1984.

[5] S. Gottwald, A cumulative system of fuzzy sets, in: A. Dold,
B. Eckmann (Eds.), Set Theory and Hierarchy Theory, Mem.
Tribute A. Mostowski, Lecture Notes in Mathematics, vol.
537, Springer, Berlin, 1976, pp. 109–119.

[6] S. Gottwald, Set theory for fuzzy sets of higher level, Fuzzy
Sets and Systems 2 (1979) 125–151.

[7] S. Gottwald, Fuzzy Sets and Fuzzy Logic: Foundations of
Applications—From a Mathematical Point of View, Vieweg,
Wiesbaden, 1993.

[8] S. Gottwald, Fundamentals of fuzzy relation calculus, in:
W. Pedrycz (Ed.), Fuzzy Modelling: Paradigms and Practice,
Kluwer Academic Publishers, Boston, 1996, pp. 25–47.

[9] S. Gottwald, Many-valued logic and fuzzy set theory, in:
U. HMohle, S. Rodabaugh (Eds.), Mathematics of Fuzzy Sets:
Logic, Topology, and Measure Theory, The Handbooks of
Fuzzy Sets Series 3, Kluwer Academic Publishers, Dordrecht,
1999, pp. 5–90.

[10] R.J. Grayson, A sheaf approach to models of set theory,
M.Sc. Thesis, Oxford University, 1975.

[11] R.J. Grayson, Heyting-valued models for intuitionistic set
theory, in: M.P. Fourman, et al., (Eds.), Applications of
Sheaves, Lecture Notes in Mathematics, vol. 753, Springer,
Berlin, 1979, pp. 402–414.

[12] R.J. Grayson, Heyting-valued semantics, in: G. Lolli, et al.,
(Eds.), Logic Colloquium ’82, North-Holland, Amsterdam,
1984, pp. 181–208.

[13] U. HMohle, Monoidal closed categories, weak topoi and
generalized logics, Fuzzy Sets and Systems 42 (1991)
15–35.

[14] U. HMohle, M -valued sets and sheaves over integral
commutative CL-monoids, in: S.E. Rodabaugh, et al., (Eds.),
Applications of Category Theory to Fuzzy Subsets, Kluwer
Academic Publishers, Dordrecht, 1992, pp. 33–72.

[15] U. HMohle, Monoidal logic, in: R. Kruse, et al., (Eds.), Fuzzy
Systems in Computer Science, Vieweg, Wiesbaden, 1994,
pp. 233–243.

[16] U. HMohle, Commutative, residuated l-monoids, in:
U. HMohle, E.P. Klement (Eds.), Non-Classical Logics and
Their Applications to Fuzzy Subsets, Kluwer Academic
Publishers, Dordrecht, 1995, pp. 53–106.

[17] U. HMohle, Presheaves over GL-monoids, in: U. HMohle, E.P.
Klement (Eds.), Non-Classical Logics and Their Applications
to Fuzzy Subsets, Kluwer Academic Publishers, Dordrecht,
1995, pp. 127–157.

[18] U. HMohle, On the fundamentals of fuzzy set theory, J. Math.
Anal. Appl. 201 (1996) 786–826.

[19] U. HMohle, Many-valued equalities, singletons and fuzzy
partitions, Soft Comput. 2 (1998) 134–140.

[20] U. HMohle, GL-quantales: Q-valued sets and their singletons,
Studia Logica 61 (1998) 123–148.

[21] U. HMohle, Classi0cation of subsheaves over GL-Algebras, in:
R. Buss, et al. (Eds.), Logic Colloquium ’98, Lecture Notes in
Logic, vol. 13, A.K. Peters, Natick, MA, 2000, pp. 238–261.

[22] U. HMohle, L.N. Stout, Foundations of fuzzy sets, Fuzzy Sets
and Systems 40 (1991) 257–296.

[23] H. Kodera, [0; 1]-valued sheaf model of an intuitionistic set
theory and fuzzy groups, Bull. Aichi Univ. Education, 44
(Natural Science) (1995) 9–23.

[24] G.J. Kril, B. Yuan, Fuzzy Sets and Fuzzy Logic: Theory and
Applications, Prentice-Hall, Englewood Cli4s, NJ, 1995.

[25] V. NovXak, I. Per0lieva, J. MoQckoQr, Mathematical Principle of
Fuzzy Logic, Kluwer Academic Publishers, Dordrecht, 1999.

[26] D.S. Scott, Identity and existence in intuitionistic logic, in:
M.P. Fourman, et al., (Eds.), Applications of Sheaves, Lecture
Notes in Mathematics, vol. 753, Springer, Berlin, 1979, pp.
660–696.

[27] M. Shimoda, Categorical aspects of Heyting-valued models
for intuitionistic set theory, Comment. Math. Univ. Sancti
Pauli 30 (1) (1981) 17–35.

[28] M. Shimoda, A natural interpretation of fuzzy mappings,
(2000) submitted for publication.

[29] G. Takeuti, S. Titani, Heyting valued universes of
intuitionistic set theory, in: G.H. MMuller, et al., (Eds.),
Logic Symposium Hakone 1979, 1980, Lecture Notes in
Mathematics, vol. 891, Springer, Berlin, 1981, pp. 192–306.

[30] G. Takeuti, S. Titani, Intuitionistic fuzzy logic and
intuitionistic fuzzy set theory, J. Symbolic Logic 49 (3)
(1984) 851–866.

[31] G. Takeuti, S. Titani, Global intuitionistic fuzzy set theory,
in: A. Di Nola, A.G.S. Ventre (Eds.), The Mathematics of
Fuzzy Systems, T MUV, KMoln, 1986, pp. 291–301.

[32] G. Takeuti, S. Titani, Global intuitionistic analysis, Ann. Pure
Appl. Logic 31 (1986) 307–339.

[33] G. Takeuti, S. Titani, Globalization of intuitionistic set theory,
Ann. Pure Appl. Logic 33 (1987) 195–211.

[34] G. Takeuti, S. Titani, Fuzzy logic and fuzzy set theory, Arch.
Math. Logic 32 (1992) 1–32.

[35] S. Titani, Completeness of global intuitionistic set theory, J.
Symbolic Logic 62 (2) (1997) 506–528.

[36] A.J. Weidner, Fuzzy sets and Boolean-valued universes,
Fuzzy Sets and Systems 6 (1981) 61–72.



M. Shimoda / Fuzzy Sets and Systems 128 (2002) 135–147 147

[37] L.A. Zadeh, Fuzzy sets, Inform. and Control 8 (3) (1965)
338–353.

[38] L.A. Zadeh, Similarity relations and fuzzy orderings,
Information Sci. 3 (2) (1971) 177–200.

[39] J.-W. Zhang, A uni0ed treatment of fuzzy set theory and
Boolean-valued set theory—fuzzy set structures and normal
fuzzy set structures, J. Math. Anal. Appl. 760 (1980)
297–301.


