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ABSTRACT 

In Boolean logic, a Karnaugh map may be 
regarded either as a pictorial form of a 
trugh table, or as an extension of the Venn 
diagram. 

However, when fuzzy logic is concerned 
another minimization method is required, and 
therefore an extension of a Karnaugh map is 
investigated. 

In this paper a new minimization algo- 
rithm is developed in order to remove the ex- 
isting disadvantage of simplifying fuzzy 
forms. The algorithm is based on a new repre- 
sentation of fuzzy forms that assures a very 
suitable automatic generation of the fuzzy 
prime implicants and of the essential fuzzy 
prime implicants. 

I. INTRODUCTION 

The strictly Boolean approach to the 
treatment of combinational systems today is 
not always adequate to describe systems in 
the so called "real world". The complexity 
of behavior of a multi-value system derives 
mainly from the interrelations between the 
variables and real-world constraints, and 
therefore the attributes of system variables 
are often ambiguously defined. Cases with 
such attributes arise, for example, in pat- 
tern recognition, artificial intelligence, 
natural languages, and optimization. 

Ever since the introduction of fuzzy 
set theory by Zadeh [I], a number of authors 
have been concerned with the design of fuzzy 
systems and fuzzy switching circuits [2]-[11]. 
This paper is concerned with the study of 
minimization in fuzzy logic by means of a 
suitable fuzzy map. It has been motivated 
by a statement from Marinos [7]: 

"Since the fuzzy variables can assume 
infinitely many values within the inter- 
val [0,i], the use of mapping or other 
graphical techniques which play a very 
important role in two-valued logic is 
not possible". 

AS will be shown, this statement is 
proved to be premature. 

2. FUZZY ALGEBRA 

Intuitively, a fuzzy set is a class 
which admits the possibility of partial mem- 
bership in it. Let X denote a space of ob- 
jects. Then a fuzzy set A in X is a set of 
ordered pairs 

A={ (X,~A(X)) : x~X} 
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where ~A(X) is termed the grade of member- 

ship of x in A. We shall assume for sim- 

plicity that ~A(X) is a number in the inter- 

val [0,i], with the grades 1 and 0 repre- 

senting respectively, full membership and 

non-membership in a fuzzy set. 

Definition i: A fuzzy algebra is the system 

Z = <Z,+~*~-> 

where Z" has at least two distinct elements, 
and system Z satisfies the following set of 

axioms Vx,y,zeZ: 

(I) Idempotency: x+x=x x*x=x 

(2) Commutativity: x+y=y+x x*y=y*x 

(3) Associativity : (x+y) +z=x+ (y+z) 

(x'y)* z=x* (y'z) 

(4) Absorption: x+ (x'y) =x x* (x+y) =x 

(5) Distributivity: x+(y*z) =~+y)*(x+z) 

x*(y+z)=x*y+x*z 

(6) Complement: If xeZ then there is a 
unique complement 

of x such that xeZ and ~=x. 

(7) Identities: (N!e+)(Vx) such that x+e+ = 

= e++x=x 

(N!e,)(Vx) such that x'e, = 

= e**X=X 

(8) De-Morgan Laws: x+y = x*y x~ = x+y 

Clearly the system is a distributive lattice 
with existence of unique identities under 
+ and *. It is noted that a Boolean algebra 
is a complemented distributive lattice with 
existence of unique identities under + and *. 
However, for every element x in Boolean al- 
gebra we have a complement x such that 
xx = 0 and x+x=l which is not true in general 
in fuzzy algebra. Hence, every Boolean al- 
gebra defined by the system 

Z = <[0,i],+,*,->, 
where +,*, and are interpreted as Max, min, 
and complement (x = l-x, Vxe[0,1]), respec- 
tively. The unique identities e+ and e, 

are 0 and i, respectively. 

This system is the fuzzy algebra used 
in [i]. In this fuzzy algebra the elements 
0,I satisfy for every fuzzy element x 

x + 0 = x x*0 = 0 

x + 1 = 1 x*l = x. 



Let X be a space of objects as defined above. 
Let A and B be two fuzzy sets in X. The fol- 
lowing terminology parallels closely the pre- 
sentation of fuzzy sets in [i]. Equality 
(A=B) is defined by 

A = B +~ ~A(X) = ~B(X), Vx~X. 

Fuzzy set A is contained in B(ACB) iff 

~A(X) ~ ~B(X), Vx~X. A fuzzy set A is the 

complement of a fuzzy set A iff ~i(x) = 

l-~A(X), Vx~X. The union of two fuzzy sets 

A and B in X is defined by the membership 

function of A+B given by 

~A+B(X) = min[~A(X),~B(X)]. 

The intersection of A and B in X, de- 

noted by A*B is defined similarly by 

~A,B(x)=min[~A(X),~B(X)]. 

In ~he sequel, the term "fuzzy variable" 

will replace the term membership grade of a 

variable in a set. Conventionally, we shall 

drop the * symbol, i.e., x*y will be written 

xy. 

We can now define fuzzy forms, generated 

by Xl,...,Xn, recursively as follows: 

a) The numbers 0 and 1 are fuzzy forms. 

b) A fuzzy variable x i is a fuzzy form. 

c) If A is a fuzzy form, then A is a fuzzy 
form. 

d) If A and B are fuzzy forms, then A+B and 
AB are fuzzy forms. 

e) The only fuzzy forms are those given by 
rules (a)-(d). 

Since we are interested mainly in fuzzy 
algebra, we can drop the word "fuzzy" without 
any confusion. It should be noted that the 
grade membership ~(S) of a form S is uniquely 
determined through the following rules: 

i. ~(S) = 0 if S = 0; 

2. ~(S) = 1 if S = I; 

3. u(S) = ~(xi) if S = x i; 

4. u(S) = I-~(A) if S = A; 

5. u(S) = min[u(A),u(B)] if S=AB; and 

6. ~(S) = Max [u (A) ,~ (B) ] if S=A+B. 

Example I: Let _ _ 
f(xl,x2,x3)=Xl(X2+XlX3)+x2(xl+XlX3 ) 

and let the grade memberships of Xl,X2, and 

x 3 be ~(Xl)=0.4, u(x2)=0.6 , and U(x3)=0.8. 

Then 

[f (x l,x 2,x3) ] =Max{u [x I (x2+xlx3) ] , 

U [x2 (Xl+XlX3) ] } = 

=Max{min [~ (Xl) ,U (Xz+XlX3) ] ,min [U (x2) , 

(Xl+XlX 3) ] }= 

=Max{min [U (Xl) ,Max (U (~2) ,U (~ix3)) ] , 

min[u (x2) ,Max (U (Xl) ,~ (~i~3)) ] }= 

=Max{min [~ (Xl) ,Max (U (x2) ,min(~ (Xl) ,~ (x3))) ] , 
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rain [~ (x2) ,Max(~ (Xl) ,min(~ (~I)' ~ (x3) ) ) ] ~= 
=Max{min[0.4,Max(0.4,min(0.6, 0.8))], 

min[0.6,Max(0.4,min(0.6, 0.2))]) = 

=Max(min[0.4,Max(0.4, 0.6)], 

min[0.6,Max(0.4, 0.2)]) = 

=Max[min(0.4, 0.6), min(0.6, 0.4)] = 0.4. 

Evidently, among the infinite number of 
distinct assignments of grade membership to 
the variables, there are a finite number of 
binary assignments (binary assignments of 0 
or 1 to every variable). 

In two-valued logic every form can be 
expressed in disjunctive and conjunctive nor- 
mal forms, due to the existence of the dis- 
tributive laws, De-Morgan's laws, and the 
following definitions: 

A literal is a variable xi, or xi' the 

complement of x i. 

A clause is a disjunction of one or more 

literals. 

A phrase is a conjunctio n of one or more 

literals. 

A form S is said to be in disjunctive 

normal form if S=Pi+P2+...+Pm,m~i and 

every Pi' l<i<m, is a phrase. 

A form S is said to be in conjunctive 

normal form if S=CiC2...C k, k~l and 

every Cj, l~j~k, is a clause. 

Following [9] we can easily see that forms in 

fuzzy logic can be expressed in disjunctive 

and conjunctive normal forms, in a similar 

way to two-valued logic. 

We will merge the concepts of fuzzy 

functions and fuzzy forms, to an extent, by 

representing the mapping by fuzzy forms. 

This is similar, again, to procedures in two- 

valued logic. Thus, the minimization of a 

fuzzy function (mapping) is really finding a 

minimal form for the function. 

3. MAP REPRESENTATION OF FUZZY FORMS 

In a disjunctive normal form, each 
phrase corresponds to a logic gate and each 
literal to an input line. The ratio between 
the cost of a logic gate and the cost of an 
input line will depend on the type of gates 
used in the realization. However, practical- 
ly, the cost of an additional input line on 
an already existing gate, will be several 
times less than the cost of an additional 
logic gate. On this basis, the elimination 
of gates will be the primary objective of 
the minimization process, leading to the 
following definition of a minimal expression. 

Definition: A disjunctive normal form is 
regarded as a minimal complexity form if 
there exists: 

(I) no other equivalent form involving fewer 
number of phrases, and 



(2) no other equivalent form involving the 
same number of phrases but a smaller to- 
tal number of literals. 

Definition: A phrase f. subsumes another 
J 

phrase f£ iff fj contains all the variables 

of fz, and thus fj!f£. A function(denoting 

also the corresponding phrase)f k is said to 

be a fuzzy implicant of function f iff fk~f. 

A fuzzy implicant fj is said to be a fuzzy 

prime implicant (F.P.I.) if it subsumes no 

other fuzzy implicant of f, (i.e., 

fi!fk!f ÷÷ k=j). 

It has been claimed that the fuzzy con- 
sensus as defined in [12], can be used to 
produce the sum of all fuzzy prime implicants 
of a fuzzy switching function via the fol- 
lowing theorem. 

Theorem 1 [12]: A sum of products expression 

F=Pi+P2 +'''+Pr for the function 

f(xl,x2,...,Xn) is the sum of all the fuzzy 

prime implicants of f(xl,x2,...,Xn) iff: 

i) No phrase includes any other phrase, Pj~Pi__ 

for any i and j, i~j, i,je{l,2,...,r}. 

2) The fuzzy consensus of any two phrases 

Pi~Pi either does not exist (Pi~Pi=0) or every 

phrase that belongs to the set describing 

Pi~PjriS included in some other phrase from 

{Pk } k=l • 

Unfortunately the original definition of fuzzy 
consensus, when applied in the above theorem, 
will not yield the entire set of fuzzy prime 
implicants of f(xl,x 2 .... ,Xn) , but a set con- 

sisting of all essential fuzzy prime impli- 
cants plus some fuzzy prime implicants which 
are not essential. 

Definition: Let R and Q be two phrases over 

the set of fuzzy variables Xl,X2,...,x n. The 

fuzzy consensus of R and Q, written R~Q, is 

defined to be the set of phrases {RiQi} , where 

R=xiR i and Q=xiQ i (or R=xiR i and Q=xiQi) and 

xie{Xl,X2,...,Xn} , and when the phrase RiQ i 

includes the conjunction x.x. for at least one 
33 

j, je{l,2,...,n}. If the phrase RiQ i does not 

include x.x. for any j, je{l,2,...,n}, then )] 

R~Q={RiQixj~jlj=I,2 ..... n}, xie{Xl,X 2 ..... x#. 

If none of the above occurs then we say that 

R~Q = 0. Theorem 1 is valid with the proof as 

given in [12] utilizing the above definition 

of fuzzy consensus. 

The phrases added whenever RiQi~xjxj_ are 

not essential [12] fuzzy prime implicants. 

This can be seen from the following proposi- 

tion. 

Proposition i: Let R=xiR i and Q=xiQ i (or 

R.and Q=xiQi) and RiQ i does not include R=xi i 
x.x.for any j, je{l,2 ..... n}. Then R+Q+(R~Q)= 
) J 

=R+Q. 

Proposition _2: Let f(xl,x2,...,Xn)=~(Xk+Xk+Ok ) 

where o k is anarbitrary function in 

Xl,X2,...,x n and ke{l,2 .... ,n}. Then 

f(xl,x 2 ..... Xn)=~(Xk+Xk+Ok)+~ xjxjyj where 

yj is also some arbitrary function in 

Xl,X2,...,x n and j~{l,2,...,n}. 

Theorem 2 [12]: The maximum number of fuzzy 
implicants in a disjunctive normal form 
representation of a fuzzy function 

f(xl,x2,...,Xn) is 4n+l. 

Thus excluding the implicant 0, which 
does not have any effect when appended to 

the function, the number is reduced to 4 n. 

Based on these two theorems an algorithm 
to minimize f(xl,x2,...,Xn) is derived. 

The power of the Karnaugh map [13] used 
in Boolean logic lies in its utilization of 
the ability of the human mind to perceive 
complex patterns in pictorial representations 
of data. The Karnaugh map may be regarded 
either as a pictorial form of a truth table, 
or as an extension of the Venn diagram. 

The fu~ mac may be regarded as an ex- 
tension ot the Veitch diagram [14], which 
generated the basis for the Karnaugh map. It 
pictorially describes the set of all fuzzy 
implicants which represent the fuzzy function 
f. We interpret the universal set as the set 
of all 4 n combinations of values of 2n vari- 
ables, divide this set into 4n equal areas, 
and then place l's in the areas corresponding 
to those combinations for which a fuzzy im- 
plicant appears in the description of the 
fuzzy function f(xl,x2,...,Xn). 

We start with the universal set repre- 
sented by a single area (Fig. la), and divide 
it to 4 area_s, corresponding to input combin- 
ations of l,Xl,X I, and Xli I (Fig. ib). We 

then divide it into 4 again, corresponding 

to l,x2,x 2, and x2x 2 (Fig. ic). 

Xl~l Xl ~i I 

I ' 

I 

Universal Set 

(a) (b) 
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XlXl Xl Xl 

x2~ 2 

x 2 

£2 

(c) 

FIGURE i. DEVELOPMENT OF FUZZY MAPS 

With this notation, the interpretation of OR 
as the union of sets and AND as the intersec- 
tion of sets make it particularly simple to 
determine in which area we should place l's 
(Fig. 2). 

XlX 1 

x2x 2 

x2 
~z 
1 

Xl Xl 1 XlXl Xl Xl 1 

x2x 2 

x 2 

~2 
1 1 

Xl+X 2 XlX 2 

FIGURE 2. OR and AND Representations (n=2) 

Using the rules of fuzzy algebra, the 
fuzzy function f of n variables can be ex- 
pressed in the form 

f(xl,x 2 ..... Xn) = S ker (Hxj) 
jeS(k) 

where F and S(k) are index sets and x.=x. 
j ]+n" 

To illustrate the meaning of the above ex- 

pression, let 

f ( x l , x 2 , x 3 ) = X l X l X 2 + X l X 2 X 3 + X l X 3 X 3 + X l X 2 X 3  = 

• +H x. +H x. +H x. = S (Hx~) 
=H xj 3 J J ker J 
jcS(1) j¢S(2) jeS(3) jeS(4) jeS(k) 

where n=3, F={1,2,3,4} and S(i)={1,2,4}, 
S ( 2 ) = { 1 , 2 , 6 } ,  S ( 3 ) = { 1 , 3 , 6 } ,  S ( 4 ) = { I , 2 , 3 } .  

Thus, every implicant besides the number 0, 
can be represented uniquely as a binary string 
of length 2n, where 1 in the ith place repre- 
sents the variable x i in the it~ place and 0 
in the ith place means that the implicant is 
Vacuous i~ x . .  

Becaus~of the commutative law we can 
change the order of the literals in each 
phrase without affecting the function. Thus 
the phrases will be represented as conjunc- 
tions of the form 

XlXn+iX2Xn+2...xjXj+n...XnXzn 

and not as 

xlXZ...xj..-XnXn+l...Xj+n.-.XZn_iX2n. 

We can replace the column's and row's 
heading with decimal numbers representing the 
binary headings. Thus, there are four com- 
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combinations for each variable xi, l<i<n, to 

be presented in the heading of a row or a 

co lumn : 

i) The heading is vacuous in x i. The pair 

xi~ i is denoted by 00 and represented by 0. 

2) The heading includes x. but not x.. The 
i i 

pair x.x. is denoted by 01 and represented 
i i 

by i. 

3) The heading includes x. but not x.. The 
i i 

pair x.x. is denoted by I0 and represented 
i i 

by 2. 

4) The heading includes x i and xi" The pair 

x.x. is denoted by Ii and represented by 3. 
1 1 

Thus, every square on the fuzzy map is 
represented uniquely as a decimal number rep- 
resenting the binary sequence of length 2n. 
The following illustration is given for a 
fuzzy map where n=2, where the order is 

XlXlX2X 2 (XlX3X2X 4) • 

XlXl Xl Xl 1 

x2~2 15 ii 7 3 

x2 14 I0 6 2 

~Z 13 9 5 1 

1 12 8 4 0 

FIGURE 3. DECIMAL REPRESENTATION OF FUZZY 

IMPLICANTS, n=2. 

The fuzzy map has a row dimension of 4 s and a 

column dimension of 4 n-s squares, where s and 

n-s are the number of row and column varia- 

bles. respectively. 

For simplicity the headings of the rows 
and columns will be expressed as decimal num- 
bers. Thus, Fig. 3 will be represented as 

Xx~ 3 2 1 0 

15 II 7 3 

14 i0 6 2 

13 9 5 1 

Ol 12 8 4 0 

The fuzzy map can be considered as being a 
graphical representation of a table of com- 
binations and hence a graphical representa- 
tion of a fuzzy function. Figure 4 illus- 
trates the fuzzy map of the following three 
variables function: 

f ( x l , X z , X 3 ) = X l X l X 2 X 3 + X l X 2 X 3 + X 2 X 3 + X l X l X z X 3  • 
Using our notation 

f(xl,x2,x3)=XlX2X3X4+XlX2X6+X5X3+XlX4X5X6 = 

=XlX4X2X3+XlX2X6+X5X3+XlX4XsX6 = 



:S (111010;01001,000110,110101)= 

=Z(S8,41,6,S3)=Z(6,41,53,58). 

XlX 2 

x3~33 32 31 23 13 03 30 22 21 12 ii 02 0! 2D I0 00 
[ 

1 1 

1 1 

FIGURE 4. THE FUZZY MAP OF 

f(xl,x2,x3)=Z(6,41,53,58). 

4. FUZZY PRIME IMPLICANTS AND FUZZY MAPS 

The significance of the fuzzy map lies in 
the fact that it is possible to determine the 
implicants of a function from the patterns of 
l's appearing on the map. 

Define a square of the map with a 1 entry 
as being a 1-square. The simplification pro- 
cedure used on the fuzzy map is an exact 
translation of that used in fuzzy consensus 
theorem. However, this simplification pro- 
cedure is quite different from the one used 
on a Karnaugh map. In Boolean logic, two 
minterms can be "combined" by means of the 
theorem xy+xg=x if their corresponding bin- 
ary representations differ in exactly one 
bit. Namely, two minterms combine only if 
the corresponding points on an n-cube map 
are distance one apart, and thus, they are 
adjacent squares on a Karnaugh map. On the 
fuzzy map, however, the simplification is 
performed through subsuming operation, 
x+xy=x, and the fuzzy consensus result, 

~xixi8 + ~xixi~ = xixi8 

where xie{Xl,X2,...,Xn} and e and 8 are 
}n strings of literals from the set {xj j=l- 

The technique for minimization is straight- 
forward. 

To restate the basic principles involved 
in the derivation of a minimal complexity 
expression we state the following two steps: 

I) Choose as few groupings as possible. 

2) Choose each grouping as large as 
possible. 

Step (i) ensures that the number of first- 
level gates is reduced as much as possible, 
and step (2) ensures that each of these gates 
has a minimal number of input lines. 

Theorem 3: An expression for a fuzzy func- 
tion can be obtained by summing a set of 
phrases represented by rectangular groupings 
on a fuzzy map such that each subsumed l- 
square is contained in at least one of the 
groupings. 

Proof: By the fuzzy consensus operation 

~xjxj8 + ~xjxj8 = xjxjB 

where xj e{Xl,X2,...,Xn} , a and 8 are strings 

of literals from the set {xi}i= l.n Thus, each 

rectangular grouping of 1-squares of dimension 

2 k x s q where k~0 and q~0, represents a phrase 
which includes a conjunction of the form 
xj~j for at least one j, l!j!n. 

Clearly such a rectangular grouping is 
performed on a set of columns or rows 
which have the number 3 in the same digit 
of their headings. 

All other phrases are represented by 
rectangular groupings of dimension 1 x i, 
namely, k=q=0. 

In case some rectangular groupings 
are subsumed, the subsuming groupings 
are deleted from the map. The remaining 

groupings represent phrases which imply the 
fuzzy function and thus, it is sufficient to 
select the set of groupings such that every 
subsumed 1-square is included in at least one 
of these groupings. Hence, the function is 
properly described by an expression from the 
fuzzy map. I~] 

Definition 2: The right-bottom square on the 
fuzzy map having O's as row and column head- 
ings, is called the dominant s u ~ .  This 
square is represented by the binary 2n-tuple 
of O's. 

Definition 3: By a fuzzy column-extension 
(FCE) we mean that any original square on the 
map, in which a 1 is placed, forms an exten- 
sion of l's throughout a set of squares G, 
where G is the set of squares which possesses 
a row-heading that subsumes the original 
square row-heading, and that appears in the 
same column where the original square appears. 

Example 2: Let f(xl,x2) = Xl+XlXlX2 

x2~ 2 

x 2 

~2 

1 

Xl~l Xl ~i 1 

The fuzzy column-extension of f(xl,x2) is 
given by 

XlX 1 x 1 

x2x2 1 

x2 1 

iz 
1 

E 1 1 

1 

1 

1 

1 

Similarly, a fuzzy row-extension (FRE) 
can be defined. The reverse operations are 
called fu~ column-condensation (FCC) and 
fuzzy row-con en~ion (FRC), respectively. 

Theorem 4:The set of all needed F.P.I.'s of a 
fuzzy function can be obtained from the fuzzy 
map. 
Proof: The proof is by construction. Let 
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f(xl,x2,...,Xn) be a fuzzy function, over n 

variables, represented in disjunctive normal 
form. 

Given an n-variable fuzzy map, if there 
is a l-entry on the dominant square, the 
function is identically equal to i. This 1 
is the only F.P.I. of the function. 

If the dominant square does not have a 
1-entry, perform all possible FCE's. Deter- 
mine all rectangular groupings of 1-squares 

with maximal dimensions (2 k x 2 q = 2n-l), 
using the fuzzy consensus theorem, 

~xjxj8 +~xjxj8 = xjxjS. 

Next, form all rectangular groupings of 

1-squares with dimensions 2 k x 2 q = 2 n-j 
for j=2, such that no grouping is totally 
within a single previously formed grouping. 

Repeat this process for j=3,4,...,n. It 
should be pointed out that since in Boolean 
logic all squares in the groupings on the 
Karnaugh map are 1-squares, they must des- 
cribe prime implicants. However, on the fuz- 
zy map one grouping may subsume another 
grouping, and thus, not all the groupings are 
F.P.I.'s. In order to find the set of @II 
F.P.I.'s perform all possible FRC's between 
complete rectangular groupings. 

Consider the implicant in row i and col- 

umn j, where i<i<4 s, l<j<4 n-s. Every impli- 
cant in row i an~ in column k,such that col- 
umn k possesses a heading that subsumes the 
heading of column j, will be deleted by the 
occurrence of 1 in row i and column j. This 
is due to the fact that entry ij on the map 
is subsumed by entry ik and is therefore 
deleted. However• this deletion can take 
place only on the basis of rectangular 
grouplngs. Namely, a complete grouping is 
deleted from the map if and only if it sub- 
sumes another complete grouping and not only 
part of it. 

The next step is to perform all possible 
FCC's. This operation is also performed on 
complete ~ only. Practically, the 
above procedure is just an application of the 
fuzzy consensus theorem. Therefore, the set 
of all phrases formed is the set of all 
needed F.P.I.'s of the function. I~l 

Definition 4: A fuzzy implicant is called a 
fundamental phrase if it has either one of 
the following two attributes: 

(i) for every literal x. in the phrase, 
J 

the complement of x. does not appear 
3 

in the phrase. 

(ii) the phrase contains as many variables 
(complemented, uncomplemented, or 
both) as the function. 

Usually it is the minimal complexity form 
(minimal sum) rather than the sum of all 
F.P.I.'s of a fuzzy function that is desired. 
It has been shown [12] that this minimal com- 
plexity form must consist of a sum of phrases 
representing F.P.I.'s. A general approach 
for determining a minimal complexity form can 
now be stated using Theorem 4 and the fact 
that in the minimal representation each funda- 
mental phrase of the function must be covered. 
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Definition S: A F.P.I. which is subsumed by 
a fundamental phrase which does not subsume 
any other F.P.I. is called an essential 
F . F . I .  ( E . F . P . I . ) .  

The fundamental phrase which is subsumed 
by an E.F.P.I. is represented on the map by 
an essential 1-square. 

Theorem 5: Every E.F.P.I. of a fuzzy function 
must appear in all the irredundant disjunc- 
tive normal forms of the functions and, hence, 
in the minimal complexity form. 

Proof: Associated with an E.F.P.I. is a 
-~quare that is associated with no other 
F P . I .  IX l 

A general approach for determining a 
minimal complexity form can now be stated. 

The Algorithm: 

Input: The set of phrases representing 
f(xl,x 2 ..... Xn). 

Output: Minimal complexity form of 
f (Xl,X 2 ..... x n) • 

Step I: Expand f(xl,x 2 .... ,Xn) into sum of 

fundamental phrases. 

Step 2: Draw a fuzzy map of the expanded 
function. 

Step 3: If there is a 1-entry on the domi- 
nant square, then f=l and go to 
step 8. Otherwise go to step 4. 

Step 4: Perform all possible FCE's. 

Step 5: Determine all possible groupings 
with respect to Theorem 4. 

Step 6: Perform all possible FRC's. At this 
point, a grouping will be deleted 
if it subsumes a set of 1-squares, 
which do not necessarily have to be 
in a single grouping as required 
in Theorem 4. 

Step 7: Perform all possible FCC's under the 
same conditions in Step 6. 

Step 8: Halt. The set of the remaining 
groupings represent the phrases of 
the minimal complexity form. 

Note: It should be noted that there is a dif- 
e~nce in performing all possible FRC's and 
FCC's as described in Steps 6 and 7 of the 
algorithm and as described in Theorem 4. 
The difference is clear once it is noted 
that Theorem 4 describes the construction 
of the set ofall F.P.I.'s and the above al- 
gorithm obtains the minimal complexity form 
of the function, and thus applies the cov- 
erage technique to the set obtained by 
Theorem 4. 

Example 3: Let f(xl,x2)=XlX2+XlX2+XlXl+X2X2 . 

The phrases XlX 1 and x2x 2 can be expressed 

as sum of fufidamental phrases, and thus 

f (xl ,x2)=XlX2+XlX2+XlXlX2+XlXlX2+XlX2X2 + 

+XlX2X2 • 



~Xl 

x 2 ~ 3  2 1 
; 

3 i 1 ll 
I 

2 1 1 

iii 1 

0[ 

FIGURE 5. FUZZY MAP FOR EXAMPLE 3. 

~XlXx2~ 2 1 0 

1 1 

FIGURE 6. EXTENDED FUZZY MAP FOR EXAMPLE 3. 

The circled terms are those that can now be 
deleted by FRC and FCC. The rest is repre- 
sented by 

fmin(Xl,X2)=XlX2 +XlX 2. 

5. CONCLUSION 

In this paper we have discussed a new 
minimization technique for fuzzy forms. The 
method, based on the practical use of the 
concept of fuzzy consensus and the fuzzy 
consensus theorem, is implemented through 
the use of the fuzzy map. This fuzzy map 
is a natural extension of the Karnaugh map. 
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tribute to many other extensions, from 
Boolean algebra to fuzzy algebra, and to ap- 
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