A WEAK HILBERT SPACE WITH FEW SYMMETRIES

SPIROS A. ARGYROS, KEVIN BEANLAND, AND THEOCHARIS RAIKOFTSALIS

ABSTRACT. We construct a weak Hilbert Banach space such that for every block subspace Y
every bounded linear operator on Y is of the form D + .S where S is a strictly singular operator
and D is a diagonal operator. We show that this yields a weak Hilbert space whose block
subspaces are not isomorphic to any of their proper subspaces.

1. INTRODUCTION

The weak Hilbert spaces form a class of Banach spaces including Hilbert spaces that share
many of their important properties. We recall their definition. An infinite dimensional Banach
space X is called a weak Hilbert space if there exist positive numbers §, C such that every finite
dimensional space £ C X contains a subspace ' C F such that dim F' > ¢ dim F, the Banach-
Mazur distance between F and £9™ " is at most equal to C' and there is a projection P : X — F
with ||P|| < C, (¢5 denotes the Hilbert space of dimension n). The above definition finds its
origins in the seminal works of V. Milman and G. Pisier [21] and G. Pisier [23], however, the
book of G. Pisier [24] remains the most comprehensive reference for weak Hilbert spaces. In [24]
one can find numerous characterizations and an in-depth discussion of the properties of these
spaces. All subspaces, quotients and duals of weak Hilbert spaces are themselves weak Hilbert.
The Fredholm theory as developed by Grothendieck [14] works in weak Hilbert spaces as well as
Hilbert spaces and W.B. Johnson (unpublished, see [24]) showed that all weak Hilbert spaces
are superreflexive.

When one considers the rich structure and geometry of Hilbert space, it is natural to ask
what kind of geometry a weak Hilbert space must possess. In particular, it is very interesting
to investigate how divergent can the global geometry of such a space be when compared with
the local Hilbertian structure. The most significant step in this direction, was made by W.B.
Johnson in [15] where it was shown that the 2-convexification of the modified Tsirelson space is
a weak Hilbert space with no subspace isomorphic to a Hilbert space. Our aim in the present
paper is to construct a weak Hilbert space having a quite divergent structure from that of a
Hilbert space. Namely, we construct a Banach space X, with an unconditional basis (e, )
that has the following properties:
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(1) X,p is a weak Hilbert space.

(2) For every block subspace Y of X, every operator in £(Y) takes the form D|y + S where
De,, = A\ye, for some scalar sequence (A,) and S € L(Y) is strictly singular.

(3) Every block subspace Y of X, is not isomorphic to any of its proper subspaces.

(4) The space X,,, does not contain a quasi minimal subspace.

In the above(and herein) we use £(Y') to denote the Banach space of bounded linear operators
on Y. A operator S € L(Y) is strictly singular if its restriction to any infinite dimensional
subspace is not an isomorphism. In the sequel, we call an operator D diagonal if De,, = Ae,, for
some scalar sequence ()\,,) and some a priori fixed basis (e,). Although the space we construct
is built over the field of real numbers, by applying exactly the same methods one can naturally
extend the construction to that of space with the same properties defined over the field of
complex numbers. In both cases, we correlate the spectrum of an operator 7' € L(Y') with that
of the diagonal operator D, where T = D + S. We also recall that a space X is called quasi
minimal if it does not contain a pair of totally incomparable subspaces.

There are several criteria for showing that a space is weak Hilbert. One of them concerns
spaces with a Schauder basis and relates to how the norm behaves on disjointly supported
vectors. More precisely, N. J. Nielsen and N. Tomczak-Jaegermann in [22], by applying theorems
of W.B. Johnson [16], show that a space with a basis is weak Hilbert if the basis is asymptotic ¢o
for vectors with disjoint support. A good reference for this proof is [2]. We recall the definition
of this notion here. A space X with a basis (e;) is a asymptotic lo for vectors with disjoint
supports if there is a C' > 1 such that for every n € N, every sequence of disjointly supported
vectors (x;)_, with n < suppz; for i < n, (z;)I; is C-equivalent to the unit vector basis of
l5. Using this condition, Edgington [10], and then later Androulakis, Casazza, and Kutzarova
[2], constructed non-trivial weak Hilbert spaces each with an unconditional basis and saturated
with copies of 5. The definition of the space X, presented in this paper utilizes a type of
modified mixed Tsirelson saturation method which yields the aforementioned property. In the
next section we give a description of the norm of X, and further discuss some of its critical

properties.

2. DESCRIPTION OF X,

Let cop denote the vector space of the finitely supported scalar sequences and (e, ) denote the
unit vector basis of cpg. For z = )", ae; € coo, let suppz = {i € N: a; # 0} and ranx be the
smallest interval containing suppz. For E, FF C N, write £ < F if max F < min F or either
or F' is empty. For x,y € cog we write z < y and call z,y successive if ranx < rany. We write

n <z if {n} <z. For ECNand ) ;2 ajz; € coo let Ex =Y, p a;jx;.
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The definition of the space X,,; uses an injective function with range a subset of the natural
numbers or what has been referred to as a coding function. Codings functions were first intro-
duced by B. Maurey and H.P. Rosenthal in [20] where they construct a weakly null sequence
with no unconditional subsequence. They have become a ubiquitous component of construc-
tions of spaces with few operators and, as in our case, few symmetries. In [12], W.T. Gowers
constructs the first example of a space X4, not isomorphic to any of its hyperplanes. The oper-
ators on this space take the form D+ S where D is diagonal and S is strictly singular (c.f. [13]).
This is the first example of a space whose construction uses a coding function but which had an
unconditional basis; our construction is similar in this way. On the other hand, an important
new feature of our construction is that it admits an implicit description that is similar to the
modified mixed Tsirelson spaces described in [2, 3, 4, 10].

To help the reader better understand what is meant by this, we state the implicit equations
the norm satisfies. For n € N, let S denote the modified Schreier family of order n (see

Section 3 for definitions). A finite family (F;)%_, of pairwise disjoint finite subsets of N is called

SM allowable if {min E;}¢_; € SM. The norm requires two increasing sequences (mj)52, and
()52, satisfying certain growth conditions and so let us fix these throughout. The norm of
Xyn is the completion of cgp in the norm ||z|| = max{sup{||z||; : 7 € NU{0}}, |||/} where the

norms || - ||; satisfy the following implicit formulas:

k 1
1 2 .
|| z]|2; = sup {%<2 ||Eix\|2> L (Bi)iy is Sp1 allowable }
1

k
1 2 \?. N M .
|lz|2j41 = sup {mng (; ||Eza:|2jl) (B, 27i)i= 1s a Sn2j+1'0 special sequence .

The || - ||2j4+1 norms and special sequences are the key ingredients in showing that our space
has the asymmetry desired. The special sequences impose on the space the non-homogeneous
structure. We briefly outline some properties of special sequences; the exact definition can be
found in Section 3. Readers familiar with previous constructions will notice many similarities
(such as the ‘tree-like-property’). Let N; and Ny be infinite subset of N with N = N; U N,. Let
Y= {(Ez,z]z)?zl : EiﬂEj =10 andj1 <Joa <o < Jn
with j; € Ny and j; € Ny for i > 1}.

Special sequences (E;,2j;)"; € ¥ have two important properties:
(i) (Extension Property) Suppose (E;,2j;)i is a special sequence and E C N finite with
EN (UL E;) = 0. Then there exist an j € N such that ((E;, 2j1), ..., (En,2jn), (E,27))

is also a special sequence.
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(ii) (Tree-like property) If (E;,27;)i, and (F,2k;);", are both special sequences then either
ji# ki foralli=1,...,nand I = 1,...,m or there exists a d < min{n, m} such that
(Ei,25;) = (F3,2k;) for all @ < d—1, jg = kg, but By # Fy4 and j; # k; for all
d+1 <i<min{n,m}.

It is not difficult to see that for each j € N, each || -||; is equivalent to the original
norm || - ||. The behavior of the odd indexed norm is the most critical in prescribing the
asymmetric properties of the space. In particular, the norms || - ||2j41 exhibit the following
seemingly contradictive behavior. In every block subspace, on one hand, we can find a nor-
malized sequence (zx)¢_,, a special sequence (Eg,2jx)¢_, and a (bg)¢_, € Ba(f2) satisfying:
(maxsuppx)f_, (min Bp)f_; € Snyirs ll@klley, = 1, k = 1...d, suppzy N Ep = 0 for all
k=1,...,d and

d c
(1) 1) bl < —
1 maji41

for some universal constant C' > 1. On the other hand, we may also find (yk)gzl such that

suppyr C Ey and

a 0
(2) 1 bryrl >
k=1

m2j+17
for some predetermined 6 > 0. The fact that these estimates differ by a factor of mg;y1 is the
critical point and their existence in every block subspace yields the fundamental properties for
the operators.

This work includes the crystallization of the methods for evaluating norms in the fully mod-
ified mixed Tsirelson setting. It is important to note that in this case the basic inequality, an
important ingredient in previous constructions which reduces the complexity, is not, and per-
haps cannot be used. Some of our techniques can be traced to earlier papers ([1, 3, 4, 9, 11]).
In addition to the complexity inherit in dealing with the modified structure, complications arise
relating to the asymptotic ¢o structure. One should take note that our lemmas consider more
global estimates on the special convex combinations as opposed to pointwise estimates found in
the asymptotic /1 cases.

To conclude we state two important open problems in this area. A remarkable result of
N. Tomczak-Jaegermann and R. A. Komorowski [17] implies that our space X, as well as
the 2-convexification of modified Tsirelson space contains a (necessary weak Hilbert) subspace
without an unconditional basis. The next question was posed by P. Casazza and can be found

in [2].
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Problem 1. Does there exist a weak Hilbert space which does not embed into a space with an

unconditional basis?

Finally, the ultimate problem concerning the existence of singular weak Hilbert spaces was

also posed by P. Casazza.

Problem 2. Does there exist a hereditarily indecomposable weak Hilbert space?

3. SCHREIER FAMILIES AND REPEATED AVERAGES

In this section we recall the definition of the Schreier families and their modified versions.
We also give the definition of p-special convex combinations and use the Repeated Averages
Hierarchy, introduced in [6], to prove their existence.

The recursive definition of the generalized Schreier hierarchy (S, )n<. is as follows.

Definition 3.1. Set S; = {F C N : |F| < minF}. Let n € N and suppose that S, has been
defined. We set Sp41 = {UleFi P <. .<Fy, F, €S8, forl<i<d,{min Fi}glzl €S}

Note that for all n € N the family S,, is compact, hereditary and spreading. We also use
the following notation for the convolution of two compact, hereditary and spreading families of

finite subsets of N,
Notation 3.2. Let Q, P be two families of finite subsets of N. We denote by P[Q)] the following
family:

PQ={Ul F:F <..<Fy,F;eQ for1<i<d {minF}¢, e P}

Observe that, S,+1 = S1[S,] and that more generally, S;1r = S[Sk] = Sk[Si], for all k,l €
N. Throughout this article we will be using the modified versions of the generalized Schreier

families. These are defined as follows:

Definition 3.3. Set S{w = S1. Let n € N and suppose that SM has been defined. We set
ST%I = {U4_,F; : (Fy)%, are pairwise disjoint, F; € SM, for 1 <i <d,{min F;}{, € &}.

The analogous notation for the modified convolution, is the following.

Notation 3.4. Let Q, P be two families of finite subsets of N. We denote by P[Q]|n the
following family:

PIQly = {ULF; : (F)%, are pairwise disjoint, F; € Q for 1 < i < d,{min F;}¢, € P}.



6 SPIROS A. ARGYROS, KEVIN BEANLAND, AND THEOCHARIS RATKOFTSALIS
Again observe that the definition of the (S2), ., is equivalent to setting S}, = SM[SM]
and that more generally S, = SM[SM]y = S [SM]ar, for all k, 1 € N. It is proved in [3] that

for all n € N we have S,, = SM.

For E; C N we say (Ei)le is Sp-admissible if Fj < Ey < -+ < E4 and (min Ei)glzl € Sp.
d

d |, is Sp-allowable if (E;)%, are pairwise disjoint and

(min )¢, € S,. A sequence of vectors (z;)L, is S,-allowable (resp. admissible) if (supp z;)%_,

A sequence of finite sets of N, (Ej;)

is Sp-allowable (resp. admissible).

We are ready to define the p-special convex combinations.

Definition 3.5. Letn e N, F e S,,p>1,e>0 and x = ZkGF brer € cog. The vector x will

be called a (p,e,n)-basic special conver combination (bscc) if the following hold:

(1) (Cher )P =
(2) For allk <n and G € S, (X eaP)VP <e.

Definition 3.6. Letn € N, F € S,,, p> 1, >0 and v = Eﬁ:l bryk, such that (yr)i_, a
block sequence in coo. The vector x will be called a (p,e,n)-special conver combination (scc) if

S brey, is a (p,e,n) bsce, where ty, = maxsuppyg, for all k € {1,...,d}.

Remark 3.7. If Zizl bryk is a (p,e,n)-scc then the following hold:

(i) {maxsuppyx}i_, € S,
(ii) For eachl <n and G C {1,...,d} such that {maxsuppyy : k € G} € S,

(Xkec bi)l/p <e.

For the sake of completeness we prove the existence of the averages defined above. Similar

averages have been used in [1] and [9]. We follow the notation of [7].

Definition 3.8. Let L € [N]. The n-averages, (ak), € coo are defined recursively as follows.
Forn =0 we set aé = eminL- Suppose we have defined aﬂf for some n € N and all M € [N].
Then set Iy =min L, Ly = L and Ly = Ly_1 \ supp aﬁkil, for k=2,...,11. Finally,

1 L
aﬁﬂ = E(aﬁl + .. Fapt).

The following properties of the RAA can be easily verified using induction:

(1) |laZ|l1 =1, for all n € N and L € [N] and a%(k) > 0 for all k € N.

(2) suppak is the (unique) maximal initial segment of L that belongs to S,,.

The following proposition establishes the presence of (1,e,n)-bscc in cpo(N), for all n € N
and € > 0.
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Proposition 3.9. Letn € N, L € [N]. For allm <n and G € S, we have that

S ab(k) < —

min L
keG

We refer the interested reader to [7] for a detailed proof of the above. The existence of p-bscc,

for p > 1, is an immediate consequence of the following.

Remark 3.10. Lete >0,neN, F €S, andp > 1. Ifx =, pbrey is a (1,67, n)-bscc then

Y= ker bzlg/pek is a (p,e,m)-bscc.
Using Proposition 3.9 and Remark 3.10 we can readily establish the following.

Remark 3.11. Let (yx)72, be a block sequence in coo, € > 0 and n € N. There is an interval
E C N and (by)rer such that ), pbryy is a (€,n)-scc. Moreover, if 3/maxsuppy; < € and
d € N is such that {maxsuppyk}g:1 is a mazimal element of S,,, then there exists (b)%_, € coo

such that ZZZI bryrk s a (g,m)-scc.

In the sequel we work only with in the case p = 2, so whenever we consider a (2, €, n)-scc, for

some € > 0 and n € N, we shall refer to it as an (e, n)-scc.

4. THE DEFINITION OF %wh AND ITS BASIC PROPERTIES
Definition 4.1. Let D C cpg, m > 1 and n € N. We say that D is closed in the modified

b —(1/m, Sy) operation if for every (fi)&, C D such that (f;)%_, is Sn-allowable and (\;)¢_, €
Ba(ly) the vector

1 d

Let w(f) =m (weight of f) when f is the result of the above operation.

The definition of the space X, requires that we fix two increasing sequences of positive
integers (n;)52, and (m;);2, satisfying certain growth conditions. Let mg = m1 = 2, ng =1
and for j > 2 let:

(1) mjp1 = m3, £ = 3logy(my) + 1.
(2) nj is chosen such that £;(n;—; + 1) < n;.
As in the section 2, let N7 and Ny be infinite subsets of N with N = N7 U Ny and let
Y={(Ei20)ie: EiNEj=0and j1 <j2 < -+ <Jn

with j; € N1 and j; € Ny for ¢ > 1}.
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Define an injective coding o : ¥ — Nj such that

2
M2 ((E1,251 ) (Bis1,25001)) = T020((Er 251)00s(E,25,)) * (NAXSUPPE;)~.

Definition 4.2. (o-special sequences).

(1) A sequence (E;,25;)5°, is o-special if j; € N1 and for each i > 1,
U((E:h 2j1)7 ey (E’L’ 2]1)) = ji-i-l'

(2) A o-special sequence (Ej, 2j;);_; is a Sy, ., o-special sequence if (min E;)7_, € Sy,

and 271 > 25 + 2.
(3) (fi)lo; C coo(N) is a o-special sequence of functionals (S

naje1 O-Special sequence of

functionals) if there exists a o-special sequence (E;, 2j;)7_; (S

naj41 O-Special sequence

resp. ) such that supp g; C F; and w(f;) = mgj, for each 1 <1 < p.

It follows from the definition that the o-special sequences satisfy the extension property and

the tree-like property from Section 2.

Definition 4.3. The norming set Dy, is the minimal subset of coo(N) such that
(1) Dyp contains {xe’ : n € N}
(2) Duyp is closed under ly — (1/maj, Sn,;) operations.
(3) Dypn contains f = 1/majy1 Y by Nifi such that (\)E_; € Ba(l2) and (f;)f_y is a Sy,

o-special sequence of functionals.

2541

The next lemma concerns a decomposition, or tree analysis, of each f € D,p. It is routine

to check that every f € D, admits such an analysis.

Definition 4.4. (Tree Analysis) Let f € Dy, A tree analysis of f is a set (fa)aca such A is
finite tree with a unique root 0 € A satisfying the following conditions.

(1) fo=f and fo € D for all a € A.

(2) a € A is terminal if and only if f, € Dy.

(3) Let a € A be non-terminal. Denote by Sy, the set of all immediate successors of a in

A. Then there exists j € N and Y gcq )\% <1 such that,

1
Ja = p— Z Asfs-
7 BeSa
If j is even, (f3)pes, is Sn;-allowable and if j is odd (fs)ses, is a Sn,,., o-special

sequence of functionals.

Notation 4.5. Let f € Dy, and fiz a tree analysis (fo)aca of f.



A WEAK HILBERT SPACE WITH FEW SYMMETRIES 9

(1) Let m(or) = Ig<qw(fg) for o # 0.
(2) Let M) =TIg=<aAg for o # 0.

Definition 4.6. (The tree representation). Let (f¢);_; C Dy and (Np)y_; € Ba(f2). For each
Ce{l,...,r} let (fa)aca, be the tree analysis of fy and let £ € Ay denote its unique root. Set
A =Uj_, As. The collection (fa)acAa is a tree representation of >,y Aefe.

Notation 4.7. For each o € A we let,

(1) AMa) = H’yja Ay
(2) m(a) =[I,zaw(fy)-

In the following Remark we state some basic properties concerning antichains of A where

(fa)aca is a tree analysis of a functional f or a tree representation of a functional of the form

> =1 Aefe

Remark 4.8. Let (fy)aca be a tree analysis or a tree representation. If D C A is an antichain,
then the following can be readily verified:

LY cpN(y) <1

2. If D is mazimal then f =3 p %fy

: A
3. For x € Xyn, if we set 2 = x|y _psupp £, » then, f(zP) = > veD %fv’suppx[) (zP).

At this point we state the following result which concerns the allowability of families of

functionals defined through antichains of a given tree representation.

Lemma 4.9. Let j € N, (fo);_; C Dyn a Sp;_, allowable family and (fo)aca be a tree repre-
sentation of the family (fi)y_; C Dyn and
1 1
F:{GGA:BE[W>W}37 w(fg) <mj_1 for all B < a}

Then for every antichain G C F' the family {f, : a € G} is Sp; 1 allowable.

Proof. Let a € F. It is easily verified that {3 € A : 8 < a}| < 3logy(m;). The convolution
property of the modified Schreier families and the fact that for all § < a, w(fg) < m;_1 yield
that for a given ¢ € {1,...,r} the family {f, : a € F N A} is S(3logy(m;)n,_1) dllowable. Since
the family (f¢)j_, is Sn;_, allowable we have the result. O

For the definition of X, it is now routine to check that the norm satisfies the implicit
formulas stated in the introduction. We restate the norms here for reference. Note that X, is
the completion of ¢gg in the norm ||z|| = max{sup{||z|/; : j € NU{0}}, ||z||oc} Where for each

Jj €N, | -|; satisfy the following implicit formulas:
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k
1 .
|z]|2; = sup {m% ( ;:1 ||szH2) C(B)E s Sn,,; allowable },

1

maj+1

i 2 % Nk . .
|lz]l2j41 = sup{ <Z HEZ:L'H%Z) 1 (Eiy27i);—1 1s a Snyj,1-0 special sequence}.
i=1

We now establish the following;:

Proposition 4.10. The basis (€;)ien of Xyn is asymptotic Uy for vectors with disjoint support

and therefore X is a weak Hilbert space.

The proof of this proposition follows from Remark 4.11 and Lemma 4.13. The next remark

follows from equation (3).

Remark 4.11. For every sequence of disjointly supported vectors (xk)izl such that d < supp x;
forie{1,...d},

d

>

k=1

1/< 2
2
3(lal?) <
k=1
The following remark is a critical, however simple, observation we use in the proof of Lemma
4.13.

Remark 4.12. Let f = 1/m; > % aifi € Dy and x € Xyy. Then there is a g € Dy, such
that supp g C supp f and

g(z) = ;(Z |fi<x>\2)%

Proof. It fi(x) =0 for alli € {1,...,d}, let f = g. Otherwise observe that,

1 <& fi(z)
g=— fi
mj ; (0 fi(2)2)
does the trick. O

SIS

Lemma 4.13. Let f € D,y and (xk)izl be a sequence of disjointly supported vectors. There
exists a disjointly supported sequence (gx)¢_, C Dy with supp g, C supp f for allk € {1,...d}
such that
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Moreover, the standard basis of X, satisfies and upper lo estimate on vectors with disjoint

support.

Proof. The moreover statement follows immediately from the first conclusion since |gx(zg)| <
|xk||. We proceed by induction on the height of the tree analysis of f € D,y. If f = *e; the
claim is obvious. Assume the conclusion holds for all k¥ < n and let f have a tree analysis of
height n with f =1/m; Y " | X;f;. By applying the induction hypothesis for each f; and then

the Cauchy-Schwartz inequality we have,

nij zp; Aifi < zd; $k> < Zp: Ai (;il |g’“’i($’“)|2> 2

k= =1

<Zd:zp: |gk,i(l’k)|2>é-

k=1 1i=1

1
< —
m;

For each k € {1,...d} and any (a;)}_; € Ba(l2), 1/m; Zle aigk; € Dyp. Now apply Lemma
4.12 for each k =1,...d, to find g € D with supp gx C Ulesupp gk,i such that,

n 1/2
(ol < (X lonaon)?)

i=1
The result follows. U

5. RAPIDLY INCREASING SEQUENCES, EXACT VECTORS AND O-DEPENDENT SEQUENCES

In this section we state relevant definitions that lay the groundwork for Section 7 where
we prove that the operators have the desired decomposition. The following definition is a

fundamental component in the construction of all spaces with few operators.

Definition 5.1. Let C' > 0 and (2j)r be an increasing sequence of positive integers. A block
sequence (Tg)gen 1 Xyp is a (C, (2jk)k)-rapidly increasing sequence (RIS), if the following are
satisfied for each k:

(1) [lzsll < C;

(2) Each xy, is a (1/m§jk,n2jk)—scc;

(3) (maxsuppxk)Q/Tngjk+1 < 1/myj, .

Definition 5.2. A block sequence (x)ren is a seminormalized (C,(2j,)52)-RIS if it is a
(C,(24x))-RIS and ||zk|| > 1 for all k € N.

Finding a RIS is done inductively. The next lemma establishes the existence of seminormal-

ized scc’s in every block subspace.
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Lemma 5.3. Let (zx) be a normalized block sequence in Xyp, € > 0 and j > 2. Then there

exists a block sequence (yi)r of (xr)r such that [Jyx]| < 1 and a (e,ng;)-scc Zizl ary such that
d

> %=1 aryell = 1/2.

The proof of the preceding Lemma is identical to Lemma 4.5 in [4], making the obvious

modifications to accommodate the ¢5 structure. The next definition is new.

Definition 5.4. (Ezact Vector) Let (zi)ren be a seminormalized (C, (2ji)72)-RIS. A vector
T =maj Y pcpbrrr is a (C,27) evact vector with respect to (Tx)ken if J < jmine and ) ,cp by

is a (1/m§’j,n2j)-scc.

Definition 5.5. (Exact Sequence) Let (ys) be a seminormalized (C, (2is))-RIS. A block sequence
(xk) is a (C, (2jk)) exact sequence with respect to (ys) if

(1) Each xy, is a (C,2j) exact vector with respect to (ys);
(2) minsuppzy < minsuppys implies ji < is;

(3) maxsuppys < minsuppxy implies ji > is.

A block sequence (zx)ken s a (C, (27x)) exact sequence if it is an exact sequence with respect to
some RIS.

The existence of such a sequence in every block subspace is straightforward.
Next we define the crucial notion that allows us to establish the desired decomposition of

operators on Xp.
Definition 5.6. Let j € N, C > 1. A block sequence (x)ren is a (0,C,25 + 1) dependent

sequence if

(1) (zk) is a (C,(2jk)) exact sequence.
(2) j+ 1< j1 € Ny and there is a sequence (E;)2, such that (Ej;,25;)52, is o-special with
(UsenFi) N (Usensupp ;) = 0 and maxsuppz; < maxsuppF; for all i € N.

In this case we say that (xy) is a (0,C,2j5 + 1) dependent sequence with respect to (E;, 2j;)32,.
Remark 5.7. If (zy)ken is a (0,C,2j+1) dependent sequence then (ﬁﬁk) is a (C,(2Jx))-RIS.
k

Proof. Conditions (1) and (2) in the definition of RIS are immediate. Since o((E;, 2j;)%_ ;) =
Jr+1 for all k£ € N and

2 2
maj, ., > Maj, (maxsupply)” > maj, (maxsuppry)

condition (3) is verified. O
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6. THE BASIC EVALUATION

The aim of this section is to show the following result:

Proposition 6.1. Let j € N, C > 0, and (xk)%zl be a (0,C,2j + 1) dependent sequence and
let ZZ:1 brxy be a (1/m%j+2,n2j+1)—scc and f € Dy, with w(f) < majy1. Then,

Z bk(lik

In order to prove the above we need some preliminary work.

2g+1

We begin by providing three fundamental techniques that allow us to derive small estimates.

Lemma 6.2. [Minimum Free Estimate (MFE)] Suppose (f¢))_, C Dy, is a sequence of disjoint
functionals and (z1)¢_, is a block sequence in Xy, with ||zg| < C such that for all £=1,...,p
and k =1,...,d, minsuppfr € ranxg. For (\))_, € Ba(l2) and (bg)d_, € coo,

p d d 1
me(zbkxk) < 4c(zbg)2
/=1 k=1 k=1

The above Lemma although easy is critical. It is similar to Lemma 4.9 in [4] and the key
point is that it distinguishes the behavior of modified mixed Tsirelson spaces Tas[(6n, Sp)n] built
on the Schreier families from the ones of the form Th/[(6y, Ay )r] which use the lower complexity
families (Ay),. Indeed, as it is known, the latter class (including among others the modified
Schlumprecht space) contains members with subspaces isomorphic to ¢; and hence not reflexive

(c.f. [19)).

Proof. Let Iy = () and for each k € {1,...,d}, define I, = {¢ : minsuppfy < supp zj}. By defini-
tion, { feliminsuppas,00) : € € Ix} is Si-allowable. For each t = 1,...,d, define £ = Zéelt\lt_1 A2,
gt = (1/2) Zéelt\lt,I ()‘f/ft)fd[minsupp:pk,oo) € Dyp and Ep = supp gt Applying the upper /o

estimate, the Cauchy-Schwartz inequality and the the lower /5 estimate, it follows that,

Z > wﬂ(Zbkxk) —2Z§t9t(zbkxk) < 2;&(2\\@ (b )

t= 1Z€It\ft 1
d

d k 1 1 .
—2<ZZ||Et (brae) | >2 §4<Zbic2)2 §4C<sz>2
k=1 k=1

k=1 t=1
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Lemma 6.3. [Small Allowability Estimate (SAE)].Let (fo);_y C Duyn be Sq allowable, and
(z)¢_, a block sequence in Xy, with |xg|| < C for k =1,...,d such that Zi_l bpxy is a (€,mj))
scc with nj, > q and € < 2_ , where j1 = jo if jo is even and j1 = jo + 1 if jo is odd. If we set

Jl

o ={ke{l,..,d} : 3 e {1,...,r} with minsuppf, € ranzy}

then for (A¢)j_, € Ba(l2),

r d
D Aefe(d ) <
=1 k=1

Proof. We can readily observe that —— ZZ 1 Aefe € Dy, and also the family {maxsuppzy : k €

d} is S, allowable. Hence, an apphcatlon of the upper fo-estimate yields,

> Nefe= m, Z Aefe) (D i)
=1

ked

< ijl(z bp)'/? < Cmy, e <

T
ked n

Our third and final basic estimate is the one that utilizes the RIS condition.

Lemma 6.4. [RIS estimate (RISE)]. Let (z)¢_, be a block sequence and (mgjk)zi% a sequence
of weights such that (minsuppz;)* < m% . Then, for every disjoint family (f¢);—y C Dyn sat-

m23k+1 2k

isfying || felsuppaplloo < m%k forall £ = 1,...,7 and k = 1,...,d and (ck)ﬁzl € cgo, with

0 < ¢ < myj, we have

Zfe ZCkak
=1 k=1

Proof. Let k € {1,...,d}. Observe that as the functionals (f;);_, have disjoint supports, [{¢ :

1

minsupp f; < maxsuppzy}| < maxsuppzy. Hence,

(minsuppy,)? < 1

. - 2
M2jy 44 Mo

r r
Z ff(xk) < Z Hff‘suppkaoo + IMaxXsuppry <
(=1 (=1

Summing up for all k yields the result.
O

The next lemma concerns that application of a £5 convex combination of a sequence of func-
tionals with ‘small’ allowability to a special convex combination of vectors with comparatively

large character. The term ‘character’ refers to the n component of a (e, n)-scc.
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Lemma 6.5. Let C > 1 and (z)¢_, be a block sequence in X,y such that ||zx|| < C. Let
22:1 brxy be a (e,mj)-scc with e < 1/m§1, where j1 = j if j is even and j1 = j + 1 otherwise.
Let also (fe);_, be Sg-allowable for ¢ < n; and (A\¢)¢ € Ba(l2),. Then,

r d
Z Aefe < Z bkﬂik) < 5C.
=1 k=1

Proof. Let ® = {k € {1,....,d} : 3¢ € {1,...,r} with minsuppf, € ranx;} and ¢ = {1, ..., k}\ ®.
Then,

Applying the SAE (Lemma 6.3) we can see that >, Ao fe(Dpcq brtr) <
By the MFE (Lemma 6.2) >~)_; Ao fe(3reac brxr) < 4C.

Combining the above yields the result. O

ij

3'1

The next lemma is more general than the previous in some sense, but is not a direct gener-
alization. Here we assume that the disjoint sequence of functionals is at most Sy, allowable for
ngq strictly smaller that the characters of a sequence of scc’s. In the previous lemma we assumed
the allowability was of the sequence of functionals at at most one less that the character of one
scc. The major difference (or restriction) of course is that the allowability must be indexed by

a member of the sequence (n;) and this is not so in the first lemma. The proof is very similar.

Lemma 6.6. Let C > 1 and (xk)i 1 be a block sequence in X, such that ||zgx|| < C and each
Ty 18 (1/m%jk,n2jk)-scc and j1 < --- < ja. Let (fo))_; C D be Sy, -allowable with q¢ < 2j1 and
w(fe) < maj,. For (\))_, € Ba(lz) and (b)¢_, € coo,

d d 5C L \z
Z)\eﬂ(Zbkmk) < U(Zbi) :
— — min w(fy)

1<t<p k=1

Proof. For each k € {1,...,d} let xp = > 1% by x);. For each ¢ € {1,...,p} denote by Sy the

immediate successors of f; in its tree analysis and let S = Uj,_,S,. Let,
® = {(k,i) : 3 a € S such that, minsuppf, € ranzy;}

For each k € {1,...,d} let & = {i : (k,i) € ®}. For each ¢ € {1,...,p} we have assumed
(fa)aes, is Sn2J _,-allowable. By the convolution property of Schreier families we may conclude
that {fo : @ € S} is Sany;, ,-allowable. Recall that 2ngj,_1 < ngj;, and observe that k €
{1,...,d} {maxsuppzy; : i € ®y} € Sonyj, 4+ Observe that,

> /\afa(Zbk > b;“ac;“>

aES k=1 1€Dy,

ZAm<Zbk > b;“m;“) :;:A@

k=1 1€Dy
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Applying the SAE we obtain,

d
ZMfz(Zbk > bkz$kz> <> C. < Tif
J1

—1 25,
1€EDy k=1
For the remaining part we may apply MFE to see that,

Z Aefe < Z b Y bkzwm)

k=1 Ze{lz 7pk}\¢k

L — i o Z Z )\Mafa<2 Z bkﬂ?kz>

1<e<p E 1 aeS, k=1 de{l,....pp}\Pr
4C

min w (fe)

Combining the above estimates yields the result.

The final element we need in the proof of Proposition 6.1 is the following:

Proposition 6.7. Let (zy){_, be a (C,2jy)i ezact sequence and (f¢)j_, C Dy be Sp, allowable
with ¢ < 2j1. Assume further that for k € {1,...,d} and ¢ € {1,...,m} such that supp f; N
supp i, # 0 we have w(f;) # maj,. Then for (Ae)j_,, (br)i_, € Ba(ls)

40C
Z Acfe Z brr) < —— i w(fy)”
1<e<r

We shall present the proof of this result in the last section. Granting this we proceed to
the proof of Proposition 6.1. Our approach in proving this result is separated into two steps.
In the first step, we use the tree analysis (fy)qsca of f to split the support of each xj into
four disjoint sets and we define the vectors ka,xf ,xfjl,mg?. The second step is to use the
preparatory estimates presented earlier in this section to evaluate the action of f onto each

Y ket bkxi where [ is one of the G, S, R, Rs.

Proof. (Proposition 6.1).
We start by defining the spitting of the support of each (zy), for k =1, ..., d.
The partitioning:
Let k € {1,...,d}. We define the following sets.
G ={t € A: tis maximal supp f; N supp zj # @,H7<t m < m}
Let Py denote the maximal ¢ € A such that supp f; Nsuppzy # () and t & Gy.
For t € Py, let By =t if w(fy) < mgjq1 for all v < t or By = min{y <t : w(fy) > maji1}

otherwise.
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We set Sy = {ﬂt:tGPk,m < #ﬂ}, Ry = {ﬂt:tEPk,m(lﬁt) > L1
J

mMoj+1

We split Ry, into: RII€ = {ﬁt € Ry : w(fgt) = m2j+1}, Ri = {Bt € Ry : w(fﬁt) > m2j+2}.

Using the above sets we partition x; in the following way: Set :EkG = $k|Utecksupp fis
S _ Ry __ Ry
Tk = xk|U5tESkS“ppfﬁt’ xkl - xk|uﬁteR}CSUpr@t and ka B xk‘uﬁteRisuppfﬁt'
We also set 2! = ZZ:1 bkxi, where I = G, S, R1, Ry and we denote by G, S, R1, Ry the union
for all k£ of the corresponding Gy, Sk, R}%;, Rz. In the following Lemma and Corollary we present

some easy consequences of the above partitions.
Lemma 6.8. The set {3; :t € U_ Py} is an antichain of A.

Proof. Let B¢, # Bt,, with t1,ta € UglzlPk and suppose that 3;, < Bt,. As [, is not maximal
w(fg, ) > maj1. However, by definition for every v < B, we have w(fy) < mg;+1 which is a

contradiction and the proof is complete. O

Combining Lemma 6.8 and Lemma 4.9 we have the following:

Corollary 6.9. For 3, € S let a; = min{y < [ : H,@<~, w(;ﬁ) < m%} Then the families
2j+1
{fa: : Be € S}, {fs, : Bi € R} are Sp,; ., —1allowable.

Let us also observe that,

d d d d d
FO bwwr) = O brxf) + FObwad) + O bra) + O bray?)
k=1 k=1 k=1 k=1 k=1
We shall consider the cases given by the partitions separately. We start with f (22:1 bkx,f)
A straightforward application of the RISE (Lemma 6.4) yields,

2 1

. 2 !
maj Mo

d
FO - braf) <
k=1

We pass now to f(Zzzl bray). For By € S let a; = min{y < f; : ﬁ < ﬁ} By Corollary
6.9 the set {fq, : Bt € S} is Sp,;,, 1 allowable and by the definition of 3; we also have that
w(fa,) < maojy1. Additionally we can readily see that,

d d
A = 3 253 ).
k=1 k=1

{a¢:8:€5} m(a

Applying Lemma 6.5 on the sum,

d
o Mae) far O bawi)).
k=1

{as:B:€5}
We may conclude that,
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Zbkl‘k —— D Ml Zbkxk 5C

2j+1 {at ﬂtES} 2j+1
We now consider f(Zk:1 bkiﬂk ).
Let E = {k <d:36, € R:supp fg, N supp:z:kR2 # 0, w(fs,) =mo;}t and E¢ = {1,....d} \ E.

Observe that by Corollary 6.9 the family {maxsuppzy : k € E} € S, 1. A direct application

2j4+1—
of the upper /5 estimate yields,

FO -y <cd )t <c

keE kEE m2ﬂ+1
For k € E° we can see that,

FO - )= > 2((%3) Fa (D bra).

keEe {B.eR2} keEe

By the definition of the set E¢ for §; € R? and k € E° if supp f3, N supp :c,fz # () we have

that w(fs,) # mo;,. Hence, apply Proposition 6.7 to obtain,

40C C
O b)) < — <——.
keEc mlnﬂteRz w(fﬁt) m2j+1

Finally we pass to estimate f (Ezzl bkkal). For each 3, € R! we denote by S, its immediate
successors in A. By the tree like property of special sequences and the fact that (zg, gf)k)i:l
is a O-dependent sequence we can see that there exists at most one v3 € Sg and at most one
ko € {1,..,d} such that supp f,, Nsuppzg, # O with w(f,,) = maj, - This observation yields
that that the family {f,,: 8 € R} is Sp,,,,—1 allowable and that the same holds for
{maxsuppaz:kR1 : 38 € RY,y € Sp with w(fy) = ma;,}. Setting By = {k < d: 33 € R,y €
S with w(f,) = mgj, } a direct application of the upper /5 estimate yields,

FO- by < (- B2 < C

keE; keE; 23“

For k ¢ E1

A by =S L % (” (3 bt

KEE gert At s, m(7) kEE
We may observe now that by the definition of the special sequences for each v € Ugcp1Sp if
there exists & ¢ E; such that supp f, N supp xkl # 0 then w(fy) > maoji1 and w(fy) # maj, .
Thus, applying Proposition 6.7 we obtain,

40C C
f(E bkkal)S S 5
min w(fy) T m5.

k¢E1 "/EUBSb J
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O

Proposition 6.10. Let j € N, C > 0, and (z1){_, be a (0,C,2j + 1) dependent sequence and

let Zizl brxy be a (1/m%j+2,n2j+1)—scc. Then,

| Zbkka <

o-special sequence (¢x)¢_, such that maoj, = w(¢y) for k = 1,...,d and

2j+1

Proof. Fix a S,
let f € Dyp. Let (E, jk)k 1 be the S, ., o-special sequence corresponding to ((bk)g:l. If

2j+1

w(f) < majt1, Proposition 6.1 yields the result. Assuming that w(f) > mgj;1 we distinguish

the following cases:

Case 1. w(f) = maj42. Assume that there exists a kg € {1, ..., d} such that w(f) = ma;, . Then,

d
FO bear) = fbrgary) + £ brai).
k=1

kko
By Proposition 6.7 f(3_y .k, bkk) < %. Additionally, f(bryZr,) < %k ll|bke| <
<. Hence,

m2]+2

Z brag) < C

23+1

Case 2. w(f) = mgjqr1. Then f = WZZ:l Aefe with (fg);_; being a Sy, .., o-dependent
sequence. Let (Fy,24,);_; be the S, ., o-special sequence corresponding to (fy);_;. If

there exists k € {1, ...,d} such that supp f Nsupp zx # 0 then by the tree like property

of special sequences there exists ¢y € {1, ...,7} such that Fy = Ey for all ¢ < {y, w(fy,) =

w(py,) = maj, and w(fe) # maj, for all £ > ¢y and k > 4. Since (:):k)gzl is 0-dependent

we have (Ugglsupp fo) N (U4_ supp x;) = (). In this context we write,

d
FO brwy) = - )\eofeo Z brwk) + Z brxk) =
k=1 It

1
= Maji1 >‘€0 fﬁo (b€0$@0)

€>Z

Azofzo > by +

k#£Lo Z>f()

Z bkack

For the first term, since Zgzl brxy is a (# ngj+1) scc we have, |by,| < ——. There-
Myj42 23

fore, r Ao foo (begxe,) < m%C_H. For the last two terms we apply Proposmon 6.7 to
J
see that
40C C
)\gofgo Z bk$k <

m2j+1 w(fe,) ~ m23+1’

ko
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and

ZAzszbkxk_ oo o ¢

min w( fy) m2j+1'

maj+1
I >4 >0

7. THE SPACE OF BOUNDED LINEAR OPERATORS

In this section we investigate the behavior of the operators in £(Y') where Y is block subspace
of Xypn. In particular we show that every T' € L(Y) takes the form 7' = D + S where D is
diagonal and S strictly singular. For that purpose we start by fixing Y to be a subspace of X,

generated by a normalized block sequence (yy,),. We start with the following easy Remark.

Remark 7.1. Let (zy)n be a (C,2j;)x-RIS and (By,)y be finite subsets of N such that B, C
supp x,, for all n € N. Then, the sequence Byx, is a (C,2ji),-RIS.

Lemma 7.2. Let (xy), be RISinY and T :Y — 'Y a bounded linear operator. Then for every
n and for every partition of supp x,, into sets Cy,, By, lim, C,,T By, (x,) = 0.

Proof. Suppose, towards a contradiction, that the conclusion fails. Then, by passing to a
subsequence if necessary, we assume that there exists ¢ > 0 such that ||C, TB,|| > € for every
n € N. By Remark 7.1 (Bpz,) is a (C, (2iy,))-RIS. For each n € N let f, € D, such that
fn(CLTBpxy) > € and supp f, C Cy. Choose j € N such that ——

construct sequences (2x)72;, (9x)52; and (Ej, 25;)52, such that,

m2 — < ”T”C Our goal is to

(1)
(2)
3)

(4) grx(Tz) > € for all k € N.

(2zk)32, is a (0,C, 25 4+ 1) dependent sequence with respect to (Fj, 25;)52,;
3/maxsuppz; < 1/7712j+27
(9r)321 C Dyp is o-special with respect to (Ej,2j;)52;

Assuming we can construct these sequences we arrive at a contraction in the following way:

Find d € N such that (min E;)?_; is a maximal element of S, Using Remark 3.11 there is

2j+1°
a sequence (b;)9_, such that ZZZI brzr is a (1/771%],r27 n2j+1)-scc. Indeed this is possible since
minsuppF; < maxsuppz; for all i« € N. Using the conditions on the sequences and Propostion

6.10 the contradiction to our choice of j is as follows,

zbkgk@wk)_H( )H oy

2]+1

maj+1 m2]+1

Let us now construct the desired sequences. Let j+1 < j; € Ni. Using Remark 3.11 find F} C

N and (a1,n)ner, such that ZneFl a1 nBpzy is a (l/mg’jl,ngjl)—scc and 3/maxsupprmax r, <
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1/m§j+2. Set,

1
Z1 = M2j, E al,anmn and g1 = § al,nfn-

TTLle
neF; ner
Notice that suppg; Nsuppz1 = 0 and g1(T21) > e. Let E; = suppgi U {maxsuppz; + 1}
and jo = o(E1,2j1). Find Fo > maxFy + 1 and (agn)ner, such that ZneFQ ag.nBrxy, is a

(1/m%j2,n2j2)—scc. Set,

1
z2 = M2jqy E a27anl'n and g = § a2,nfn-

neF, M2z neF;
Notice that (supp g1 Usupp g2)N(supp z1Usupp 22) = 0. Let Ey = supp goU{maxsuppze+1}. By
continuing in this manner we construct the desired sequences. Notice that since maxsuppzi <
maxsuppFy and (UgFj) N (Ugsupp i) = 0, we have that (z) is a (0,C,25 + 1) dependent
sequence with respect to (Ej, 25;)72;. O

The following can be readily verified.

Remark 7.3. Let Let (xzp), be RIS inY and T : 'Y — Y a bounded linear operator. Set
sp = sup ||CpT' Bpzy||, for n € N, where the supremum is taken over all partitions (B, Cy) of

supp z,,. Then lim, s, = 0.

The next step is to show that every diagonal free operator T': Y — Y has the property that
Tz, — 0 for every RIS sequence z,, in Y. By diagonal free we mean that y; (Ty,) = 0 for every
n € N.

To prove this result we will need a preparatory lemma that uses a simple counting argument
and is due to W.T. Gowers and B. Maurey [13]. Its present form is taken from Proposition 9.3
in [5]. Before we state the lemma let us fix some notation.

Let T : Y — Y be a bounded linear operator and suppose that (x,), is a block sequence.

For each n € N we define the following:

(1) A, = supp x,.

(2) P,={(B,C): BUC = A,,BNC =0, #B = #2n} if #A,, is even
(3)

(4)

3) P, ={(B,C): BUC = A,,BNC =0,|#B — #C| = 1}, if #4,, is odd
4) We set L, to be the entire part of #’24".

Lemma 7.4. Let T € L(Y) be diagonal free and (xy), be a block sequence in'Y . Then we have
the following:

i ApTa, = 2205 e 52 e, BTCan, if #A, is even.

2 . .
i AT, = 2Bt it ) e 57 5 oyep, BTCn, if # Ay is odd.
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Proof. We fix n € N. We give the proof only in the case where # A, is even, as the other case is
similar. We can write z,, as z,, = Zizl aryr. Then A, Tz, = Z@-eAn(Zizl ary; (Tyr))yi. As
the operator is diagonal free we can rewrite the above sum as:
AnTan = > > ay; (Tye)yi.
1€EAL k#i
We fix i € A,, and pass to show that

9Ln(2L, —1) 1 .
(Z ary; (Tyr)) = ( = ) oh Z yF (BT Cxy,).
n n (

ki B,C)ePn
For a fixed pair (B, C) € P,, we have that y(BTCxy,) = > ,cc ary; T (yx) which is non zero

only if i ¢ C, as B,C form a partition of A4,, and T is diagonal free. This indicates that for
each k # i the term a,y;(T'y;) appears in the sum Z(B,C)ePn y: (BT Cz,) as many times as is
the cardinality of the set R, = {C C A, : 1 ¢ C,k € C and #C = #TA" = L,}. We can easily
see that

(2L, —2)!  2L,(2L,—1) 1

N () %

This completes the proof.

We can now show the following.

Proposition 7.5. Let T : Y — Y be a diagonal free bounded linear operator. Then for every

(C, 2k )k-RIS (xn)pn in Y, T(x,) — 0. In particular, T is strictly singular.

Proof. Assume that the conclusion fails and by passing to a subsequence if necessary we suppose
that || Tz,|| > € for all n € N.

First we observe that lim, A,T(z,) = 0. Indeed, by Lemma 7.4 for each n € N we can
write A, Tz, = )\nﬁ Z( B,C)eP, BTCx,, where 1 < A\, < 4. Therefore using Remark 7.3 we
obtain lim,, A,T(z,) = 0. Granting this and using a sliding hump argument we may assume

the following two properties concerning the sequences (x,), and (T'z,):

(1) The sequence (T'zy,)y is a block sequence.

(2) supp z, Nsupp Tz, = 0, for all n € N.

We choose a j € N such that ﬁ < m Following the same lines as in the proof of

Lemma 7.2 we inductively construct sequences (2x)7,, (9x)7>, and (E;,27;)52,. such that,
(1) (zr)52, is a (0,C,2j 4+ 1) dependent sequence with respect to (Ej, 25;)52,;
(2) 3/maxsuppz; < 1/m§j+2;
(3) (gr)321 C Dy is o-special with respect to (Ej, 25;)52;
(4) gp(Tz) > € for all k € N.
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Granting this find d € N such that (min E;)?_; is a maximal element of S, Using Remark

2j41°
3.11 there is a sequence (b;)¢_, such that Zg:1 bzy is a (1/m%jJr27 n2j+1)-scc. Using Proposition

6.10 the contradiction to our choice of j is as follows,

Z brgi < Z kazk> < HT(ébkzk> H )

2g+1

maj+1 m2]+1

All the above yield the following:

Proposition 7.6. Let Y be a block subspace of Xyp, and T :'Y — Y a bounded linear operator.
Then T has the form T = D+ S where D : Y — Y is a diagonal operator and S : Y — Y is

strictly singular.

Proof. We set D(yn) = v} (Tyn)yn. Then clearly D is diagonal and bounded. By the previous
Proposition we have that T'— D is a strictly singular operator.
O

As a consequence we obtain the following:

Theorem 7.7. LetY be a block subspace of X, Then'Y is not isomorphic to any of its proper

subspaces.

For a proof of the above we refer the interested reader to Corollary 30 in [13].

Similar arguments as the ones used in the preceding Theorem and Proposition 7.6 can be
applied to a more general setting. Namely, if Y is a subspace generated by a sequence (y,)5
of disjointly supported vectors and T' € L(Y') then T takes the form T'= D + S, where D is

diagonal and S strictly singular.

Remark 7.8. LetY be a subspace of X1, generated by a sequence (yp)oo, with pairwise disjoint
supports and T € L(Y). Then there exists a diagonal operator D' : X, — Xy and a strictly
singular operator S € L(Y') such that T = D'y + S.

Proof. By Proposition 7.6 there exist a diagonal operator D € L(Y) and a strictly singular
S € L(Y) such that T = D + S. For each n € N there exists a A\, € R such that T'(y,) = A\nyn-
Let 2 € N. Set D'e; = \ye; if i € suppy, and D’e; = 0 otherwise. It can be readily seen that
Dy is a diagonal operator in £(X,) and that the restriction of D’ on Y coincides with D. 0O

This remark gives rise to the following problem.

Problem 3. Let Z be an arbitrary infinite dimensional closed subspace of Xyp. LetT : Z — Z

be a bounded linear operator. Do there exist D : X, — Xywn diagonal and S strictly singular
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such that T = D|z + S? Moreover, does there exist an infinite dimensional closed subspace Z

of Xwn which is isomorphic to one of its proper subspaces?
The arguments in the proof of Proposition 7.6 yield the following,

Proposition 7.9. Let Y, Z be two disjointly supported block subspaces of Xn. Then every

bounded linear operator T .Y — Z is strictly singular.

We recall that a Banach space X is quasi-minimal if every two infinite dimensional closed

subspaces of X are not totally incomparable.
Corollary 7.10. The space X, does not contain a quasi minimal subspace.

Proof. Suppose Z is a quasi minimal subspace of X,,;,. Let Y be a subspace of Z isomorphic
to a subspace of X, generated by a block sequence (y,)nen. Proposition 7.9 yields that the
spaces generated by (ya2n)neny and (Y2n+1)nen are totally incomparable. This contradicts the

assumption that Y is quasi minimal and the proof is complete. O

As it was mentioned in the introduction using the same method one can construct a space
%gh over the field of complex numbers that shares the same properties as X,,;. At this point we
consider some of the spectral properties of a T' € L(X,,). For the rest of this section we abuse
notation and denote by X, both the real and the complex Banach space discussed above. For
every bounded linear operator T' that is considered we let o(T) be its spectrum and o,(T) its

point spectrum. We start with the following result.

Lemma 7.11. Let D € L(Xy) be a diagonal operator with De, = A\pen, for n € N. Then
o(D) = { )iy

Proof. Let A € {\,}22,. Choose a subsequence (Ag,)>2; such that Ay, — A. Observe that
Dey,, — Aeg,, — 0 and thus A € o(D). Now, suppose that A ¢ {\,}>2 ;. Then there exists € > 0

with |A — A, | > €. As the basis of X, is unconditional this yields that D — AI is invertible and
the proof is complete. O

The following result correlates the spectrum of an arbitrary T € L£(X,,,) with that of its

diagonal part.

Proposition 7.12. Let T € L(Xyp) with T = D + S where D, S € L(X,}) and D is diagonal
and S strictly singular. Then the following hold,

(1) o(T)\ (op(T) U{0}) C o(D);
(2) If A is an eigenvalue of D with infinite dimensional eigenspace, then A\, € o(T);

(3) a(D)\ (ap(D) U{0}) C o(T).
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Proof. (1) Let A € o(T') \ (0,(T") U {0}) and suppose towards a contradiction that A\ ¢ o(D).
Then the operator D — A[ is invertible and therefore a Fredholm operator of index 0. Standard
Fredholm theory (see for example Proposition 2.c.10 in [18]) that D + .S — AI is also Fredholm
of index zero. By our assumptions, T'— A\l = D + S — Al is not invertible and as it is Fredholm
A € 0,(T') which is a contradiction and the proof is complete.

(2) By our assumptions there exists an infinite dimensional subspace Y of X, such that (D —
A1)y = 0. Therefore, (T' — A\, I)|y = S|y which immediately yields that 7' — A\,I is not
invertible.

(3) Let A € {\,Jo2, with A ¢ {)\, : n € N} U {0}. Choose a subsequence (\g,)>; such
that A\g, — A. Since Dey, — e, — 0 and S is strictly singular we can find a subspace Y of
< ek, :n € N> such that the operators D — Al and S are both compact on Y. Hence, T' — A

is not invertible. O

8. THE PROOF OF PROPOSITION 6.7

The aim of this section is primarily to prove Proposition 6.7 which was stated in Section 6.

We start with the following.

Proposition 8.1. Let (z4)¢_; be a (C,24j)) an ezact sequence. Let (fo)j_; C Dyp be Sp,-
allowable with q < 2jy1. Assume further that for each k € {1,...,d}, max{w(fy) : suppzr N
supp fr # 0} < maj,. Then for all (Ae)y_,, (br)?_, € Ba(ls),

T d
16C
Aefe( bk$k> < —
2 Nefe 2 min w(fr)
(=1 k=1 1<e<r

For the proof of Proposition 8.1 we shall follow a similar strategy to that of Proposition 6.1.
Namely, we shall first consider a partition of the vectors (%)%;1 and then proceed with the
evaluation of >~,_; A\¢f; on each part separately.

For each k € {1,...,d}, let z, = maj, > b, by iwg; where ((z:)0%,)¢_, is a (C, (2jk;)) RIS
sequence in the lexicographical ordering. Recall that ji < ji; < jr41 for all & € {1,...,d}
and i € {1,...,pr}. We will partition the support of each z ;. For each k € {1,...,d} and
ie{l,...,px} let,

G, = {t € A: tis maximal supp f; N supp xy; # 0, ﬁ < m )

Let Py, denote the maximal ¢ € A such that supp f; Nsuppxy; # 0 and t & Gy, ;.

For t € Pp;, let By =t if w(fy) < moy, for all v <t or B = min{y <t : w(fy) > maj,}
otherwise.

We set Sg; = {f; :t € Py, W < ﬁjk}, Ri;={Bt:t € Py, W > ﬁ}'

We split Ry, ; into: Ri,’l- ={p € Ry ;- U)(fgt) > m2jk,i}’ R]%,i ={p € Ry ;- w(f/gt) < mzjk,i}’
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Using the above sets we partition xj; in the following way: Set :ck,Gl = $k7i|Ut€Gk _supp fi

S _ ) Ry _ ) Ry __ )
Lhi = wk,l‘ulgtesk’isupp,f{jtv Lpi = xk’l’UﬁteR}c isuppfgt and Lpi = xk’Z’UEtERi Z_suppfﬁt'

We also set z = ma;, S P by xl . where I = G, S, R', R? and we denote by Gy, Sk, R, R?
k Jk i=1"k2" ki k k
the union for all ¢ of the corresponding G, ;, Sk i, R,i i Rii

We present the proof of Proposition 8.1

Proof. (1) We start by showing that, > ;_, )\gfg(zz:ko bral) <

1 _ _ -
‘|f£|supngi“m < o7, forall=1,....,r,k=1,...,dandi=1,. ,pk Thus applying the RIS
estimate (RISE) on 2 we can see that Y _;_, Ao fe(z§) <

result.

m% . Summing up for all k yields the
ik

(2) We pass to the following evaluation :

r d
10C
S
Dm(zbm) <
=1 k=1

271

For each (; € Sy set a; = min{a < [ : < . Observe that {a; : B; € Sk} is a maximal
m(a) k

antichain for the tree representation of the functlonal SYRPY. felsupp 2G- We can also see that

m(lat) > 3 . Hence by Lemma 4.9 the family {f,, : B € Sk} is Sn2 1 allowable.

27k

2

2Jk {at: ﬁteSk}

r Pk
S i) < (zb)
=1 =1

A direct application of Lemma 6.5 and a summation over all k yields the estimate.

(3) At this point we prove that,

Z)\gfg<2bkx> mf
J1

Fix k € {1,...,d}. For B € R}, let hg = fﬁ‘suppx Observe that
r A 5 Pk
Z /\gfg(kal) = maj, Z m((ﬂ))hﬁ ( Z bkzx%)
=1 BeR) i=1

By Remark 4.8 and the fact that for k # k' it holds thatR,lC N RL, = 0. The family {hs: 3 €

R,lc} is Spy;, _1 allowable and {Jnaaxsuppa:kR1 i < pk,xk L #F O} € Sny,, —1 allowable. Therefore,
m23k ZbeRl ( hg = g € Dy, and (Z{ o0y O b2 )1/2 < mg]-k
Thus applying the upper {5 estimate,
R
> -1 Azfé(ﬂfgl) = m%jkgk(z{i:rﬁlﬁéo} blmv’%;) < mC

27k

A summation over all k yields the estimate.
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(4) The last estimate is,

min w (fe)

T d

12C
E Agfg( E bkx,fQ) < —F=
/=1 k=1

Fork € {1,...,d} and 8 € RZ let hg = fg|suppszQ. It is clear that for 5 # [, supp fzNsupp fgr =
(). For B € Ri not maximal let Sg denote its immediate successors in A. For v € Sg set
hy = fW’suppka?' For given k € {1,...,d} and i € {1,...,pi} write :Uff =) bk,i,jxﬁij. We

7=1
define the following sets:

®% = {(k,i,7): 3B € R? not maximal, v € S with minsupph, € ran mfﬁj}u

{(k,i,7) : 38 € R? maximal s.t. supp fa Nsupp xﬁi’j #0}

o, ={j: (ki j) € 8}, @ = {(ki,j) : k <d, i <pp, j < pri}\® i = {1, ... o} \OF .
Since, w(fg) < may, ,, for all 3 € R,%,i it follows that the family {h- : v € Sg} is a S,
allowable family. In addition, the family {hs : 3 € R}} is Sy,
{hy:7 € S3,8 € R} U{hg : B is maximal and supp hz N supp :L‘kR2 £ 0} is S(ns;, —1) allowable.

(2ij.i—1)

1) allowable, hence the family

Hence, applying Lemma 6.3 (SAE),

(X 2D X ARY bl <
BER?, vESg BER? je®y, Fherd
8 maximal
Summing up for all i € {1,..,pr} and for all k € {1,...,d} yields the desired estimate.
The final estimate for this proposition concerns kai such that j € @y ;.
Before proceeding we need the following notion:
We call 8 € R? s-minimal if [{# : 8/ < 8, 3 € R?}| = s. For s > 0let Ly = {3 € R? :
B is s — minimal}.
Observe that for s > 0 and 3 # ' in L the nodes 3,3 are incomparable. Indeed, if we
assume that 3 < 3, then [{y € R2:y < '} =s>[{y € R?: v < B} +1 =5+ 1 which is a

contradiction showing that the nodes are incomparable.

Sublemma 8.2. For each v € USg let, ny = A(7) [ 12525 w(i‘a)‘ Then, z’yEUSg 773 <2.

Proof. By the definition of the set R? we deduce that for 3 € L, with s > 0, HZ«HB Lo«

w(fs) maj
As we saw earlier for each s > 0, the nodes in L, are incomparable. Therefore,
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Sy Yy (I1%) Lo

YEUS3 {=1  BeR2nA, “{=<6=<p YE€Sg

=Yy > (1

9 2
i) SN
s>0 (=1  BeL;NR2NA, {<6=p

xS

=1  BELoNR2NA, “{=<5<0 V€SB

< +1<2.

- (Z maj )

s>0
O
Now, let
= (b S X st
]€¢k1

and

y= (Zbkzbkz Z bk,l,jxkzj>

]€¢kz
Observe that,

r

™=~

A
w(fe) Z H

BERZNA, f<5<6

> Aefiuly) =
P

For each 8 € R? use the fact that w(fz) > maj, to continue as follows,

(fﬁ) 2 M)

k=1 ¢=1 ’7655

<

r d
;W@)_mw zlml v YOI

1<0<r 2k 21 gerznA, e<6=<8 " 765

Ro

Since Uge R2SUPD hg = suppx;? each myj, term cancels to yield,

Z)\Efé(y) = T Z Myhey
/=1

1<Z<r veusﬁ
The final estimate follows by applying Lemma 6.2 and Sublemma 8.2. Combining the estimates
(1),(2),(3),and (4) yields the result. O

We pass now to show the main result of this section, namely the proof of Proposition 6.7.



A WEAK HILBERT SPACE WITH FEW SYMMETRIES 29

Proof. (Proof of Proposition 6.7). For each k € {1,...,d}, xp is of the form, z; =
Majy D08 ) be ik

Note that maj, by, < 1/ma;, hence ||zy|loo < 1. We shall decompose {1,...,7} as follows;
Ey = {E : ’w(fg) < mle}
For k € {1,...,d}

Eio = {l:maj, <w(fe) <ma,,}

For k € {1,...,d} and 1 < i < py;

By ={l:maj, , <w(fe) <may .}
and for 1 < k < d,

Eppp = {0 maj,, < w(fy) <maj,,}

and finally,

Eap, = {l:maj,,, <w(fo)}

Next, according to the set that some £ belongs to, we split the functional f, into at most four
parts denoted as: f; with e = 1,2, —1, -2 as follows. Let £ € E},; then, f[Q = fd[l,maxsuppcck’i_l]
if 1 <iand f[z = folj1 maxsuppay,_,pif @ = 1.
fé_l = ff|[suppxk,i]7
f7 = felminsuppay i1 1 ;maxsuppay]» if @ < P and fj = 0,if i = py.

J7 = Flpminsuppay1,00) if k < d and f7 = 0,if k = d.

For / € Ek,O set f£_2 = ff‘[l,maxsuppzk,l]; f[_l = ff‘[suppmk]a le =0 and f£2 = ff|[minsuppa:k+1,oo)-
Finally for ¢ € Ej set f[z = f[l = le =0 and ng = f,.
We proceed to the estimates:

Notice that for € € {-2,...,2}

r d
S ONSFOQ bhar) = D Meff Zbkxk + Z > nff Zbkwk
=1 k=1

leEy t=1/{4cE; o
d pg

> s Zbkfbk

t= 1] 1£€Et‘7
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(1) For £ € Ey Proposition 8.1 yields Y- e g, Aef7 (Ek 1 brxy) < ﬁu}c(), while for € # 2 the
corresponding sum is equal to zero.

(2) For the sum

Z >Nk Zbkﬂﬁk zd:i > Zbkﬂﬁk

t=1/¢eFE; t=1 j=1/lcE; ;

we can directly apply the RISE (Lemma 6.4) and obtain

Z Afy? Z brxk) < —

(3) Note that,

Z Z )\Efﬁ Zbkmk ZmQkak Z A@f@ Zbkzxkz

t=1¢cFE: LeEL o
Observe that for all £ € Ej o, w(fy) > myj, if f[ # 0 by our assumption. In addition, the
family (fg_l)eeEk,o is Sy, allowable and w(f[l) < mgj, - Hence, Proposition 8.1 yields that,

12C
> st meﬂ?m S gy

ZEE}C ,0
Therefore, the estimate is a result of a summation for all k.

For the term thzl > ZZeEt,j )\gf[l(zzzl brxy) we may apply the SAE (Lemma 6.3) to
see that,

Z Z )‘efé mQJkZb]“JI]“ S ©

j=1teE,; maj,
Again summing up for all £ yields the desired estimate.
(4) Notice that ZEEEM eff(zg) = ZZEE;“' Ao (maj, Y751 begaky). Consequently apply-

ing Lemma 6.6 we have,

> Neff () 5cm2jk

EeEk i
Thus, summing up for all ¢ yields

p
S Y A zk“% < Le

=1 ZeEkz

Hence, the summation for all k gives the desired evaluation.
(5) Finally, for the sum Zle Z?’;l ZﬁeEu )\gfg(zgzl brxy) we can verify that the condi-

tions of Proposition 8.1 are fulfilled and a direct application yields the result. O
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