OPERATORS ON ASYMPTOTIC /¢, SPACES WHICH ARE NOT
COMPACT PERTURBATIONS OF A MULTIPLE OF THE IDENTITY

K. BEANLAND

ABSTRACT. We give sufficient conditions on an asymptotic ¢, (for 1 < p < co0) Banach
space which ensure the space admits an operator which is not a compact perturbation of
a multiple of the identity. These conditions imply the existence of strictly singular non-
compact operators on the HI spaces constructed by G. Androulakis and the author and by
I. Deliyanni and A. Manoussakis. Additionally we show that under these same conditions

on the space X, f, embeds isomorphically into the space of bounded linear operators on
X.

1. INTRODUCTION

Is there an infinite dimensional Banach space X on which every bounded linear operator
can be decomposed as a compact perturbation of a multiple of the identity? Originally posed
by J. Lindenstrauss, this problem has become known as the scalar-plus-compact problem and
is one of the most famous in functional analysis. In this note, we give sufficient conditions on
a space whereby the space of bounded linear operators does not have such a decomposition.
Let’s start by reviewing results which relate to this famed open problem.

Lindenstrauss’ question is related to the result of N. Aronszajn and K.T. Smith ([6]) in
1954, which implies that if a space X satisfies the above condition and is a complex space,
then every bounded linear operator on X must have a non-trivial invariant subspace. Thus, a
complex space which is a positive solution to Lindenstrauss’ problem also serves as a positive
solution to the invariant subspace problem for Banach spaces.

That being said, the possibility that for any Banach space there is an operator on the
space which is not a compact perturbation of a multiple of the identity, is still in play. In
support of this possibility, sufficient conditions have been established on a space X which
imply /., embeds isomorphically into £(X), the space of bounded linear operators on X (see
2],[12],[19]). If a space X serves as a positive solution to the scalar plus compact problem,
has a basis (or more generally the Approximation Property) and a separable dual space, then
L(X) must be separable. Curiously, each of the results in support of a negative solution to
the scalar plus compact problem, require the existence of an unconditional basic sequence
in the space. The weaker problem of whether there is an operator which is not a compact
perturbation of a multiple of the inclusion from a subspace of a Banach space to the whole
space has also received attention (see [4],[5],[17],[21]).

In their successful effort to construct the first example of a space with no unconditional
basic sequence, W.T. Gowers and B. Maurey ([18]) constructed a space which, as W.B.
Johnson observed, possesses a stronger property called hereditarily indecomposable (HI). A
Banach space is HI if no (closed) infinite dimensional subspace can be decomposed into a
direct sum of two further infinite dimensional subspaces. This groundbreaking construction
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was a great leap forward in the progression towards a positive solution to the scalar-plus-
compact problem. More precisely, it was shown that every operator on the space of Gowers-
Maurey can be decomposed as a strictly singular perturbation of a multiple of the identity
operator. Spaces which have this property are now aptly referred to as spaces admitting “few
operators.” An operator on a Banach space is called strictly singular if the restriction of it
to any infinite dimensional subspace is not an isomorphism. The ideal of strictly singular
operators on a space contains that of the compact operators, but in some cases (e.g. £,
1 < p < o) they coincide. The fact that Gowers-Maurey space admits few operators is
related to the fact that it is HI. In fact it was shown in [18], that every complex HI space
admits few operators. In 1997, V. Ferenczi proved ([13]) that a complex space X is HI if
and only if every operator from a subspace of X into X is a multiple of the inclusion plus a
strictly singular operator. It is not the case however, that admitting few operators implies
that the space is HI. The most recent in a collection of counterexamples is the paper of S.A.
Argyros and A. Manoussakis ([8]) in which they construct a reflexive space admitting few
operators for which every Schauder basic sequence has an unconditional subsequence. The
most comprehensive resource for HI spaces and spaces admitting few operators is [9].

The natural question then becomes: for any of these spaces which admit few operators does
there exist a strictly singular non-compact operator, or do the strictly singular and compact
ideals coincide? There have been results in this direction as well. In 2000, Argyros and
Felouzis ([7]) constructed an HI space X with the property that for every infinite dimensional
subspace of X there is a strictly singular non-compact operator on X with range contained
in the subspace. In 2001, G. Androulakis and Th. Schlumprecht ([6]) constructed a strictly
singular non-compact operator on the space of Gowers-Maurey. In 2002, I. Gasparis ([14])
did the same for certain members of the class of totally incomparable asymptotic ¢; HI spaces
constructed in [15]. In 2006, G. Androulakis and the author ([3]) and A. Manoussakis and
I. Deliyanni ([11]) independently constructed different asymptotic ¢, HI spaces (for p = 2 in
the former case and 1 < p < oo in the latter). In the following, by extending results in [14],
sufficient conditions are established under which a strictly singular non-compact operator
can be found on each of these spaces.

2. DEFINITIONS AND NOTATION

Our notation is standard and can be found in [20]. Let (e;)$2,; denote the unit vector basis
of cpo(N) = cpo, and ()22, the biorthogonal functionals of (e;);. Let span{(e;);} denote
vectors finitely supported on (e;);. For a Banach space X let Ba(X) = {z € X : ||z|| < 1}
and S(X) = {z € X : ||z|| = 1}. If EJF C Nthen £ < F if maxE < minF. If
r =7 a;e; for scalars (a;);, let supp (z) = {i : a; # 0} and the range of =, denoted r(z),
be the smallest interval containing supp ().

The notion of Schreier families ([1]) is used throughout. They are defined inductively as
follows. Let So = {{n}:n € N} U{0}. After defining S, let,

So1 ={FCN:F=|JFforF,eS,andmeN, m<F <..<F,}u{0}
i=1
A few properties of the Schreier families we need are:

- (Hereditary) For n € N, S,, C Sp41.
- (Spreading) If (p;)X, € S, and p; < ¢; for all i < N, then (¢;)Y, € S,..
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- (Convolution) If (F;), is a collection of subsets of N such that F; € S, for alli < N,
Fy <...< Fy and (min ;)Y € S,, for some n,m € N then Ufil F, e S, im.

Let (E;)k_| be a sequence of successive subsets of N, we say that (E;)% | is S, admissible if

(min E;)¥ , € S,. For B} < -+ < E; C N and (a;); € cgo the sequence (%)Z | defined by
Ti = )i aj¢; is called a block sequence of (e;);. For a block sequence (z;)¥_; of (e;); we
say that (z;)¥, is S, admissible if (supp z;)%_, is S, admissible.

Herein we deﬁne a class of spaces in terms of the norming functionals of the space. We
begin by recalling the notion of a norming set ([14]),

Definition 2.1. A set N' C span{(e});} is called norming if the following conditions hold,

’ (en)n - N’

- If ¥ € N then |z*(e,)| < 1 for all n € N.

- Ifx* € N then —x* € N (N is symmetric).

- Ifz* € N and E is an interval in N then Ex* € N (where Ex* denotes the restriction
of x* to the coordinates in E).

If NV is a norming set we can define a norm || - ||» on coo by

Z a;ell = sup{x* (Z aiei> A N}
i N j

for every (a;) € cpo. Now define the Banach space X to be the completion of ¢y under
the above norm. By the definition of norming set, (e;); is a normalized bimonotone basis for
Xn.

For the following definitions and notation we closely follow [14]. The following are condi-
tions on two increasing increasing sequences of positive integers, (n;)32; and (m;)52,.

(i) my > 3, there is an 1ncreasmg sequence of positive integers (s;)52; such that mq; =
[1=, msi, mojo1 = m3,; for i > 1 and m3 = ma.

(ii) There is a sequence of integers (f;)72, such that 4f; < ny; for all j > 2 and 5ny < ng,
where

f = Inax {pn1+ Z PiN2; - P, Pi € NU{O} ml H sz <m2j}

1<i<y 1<i<y

We now define a particular type of norming set. Our definition is slightly less general than
that which would be considered analogous to (M, N)-Schreier in [14]. Our goal is to tailor
the definition of (M, N, q)-Schreier so as to make it as apparent as possible that the spaces
found in [3] and [11] are (M, N, q)-Schreier for specified g.

Definition 2.2. For sequences M = (m;)2, and N = (n;)$2, satisfying (i) and (i) we call a
norming set N, (M, N, q)-Schreier (for 1/q+1/p=1 and 1 < p,q < 00) if for the following
sets, with k € N,

{m% Z% i € Ba(ly), vi € Q, (x7); is Spy, admissible and (z); C N}
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N = U{ Z%E$ 1 € 2Y7Ba(l,), v € Q, E is an interval C N, (x});

m
oo UM2k+1

s an S admissible C UM’ and there is a 1-1 map,

N2k41
j=1
o SF(U M) — N, xf € Ng(m§7,.,7x§_1)}
j=1

(SF(U;2, Nj) = {finite sequences of finitely supported successive elements of |J;=, Nj}) we
have N C 72, NjUNE U{te, :n € N} and Nj C N for all j.

In the case of the Banach space constructed in [3], there are fixed sequences M = (m;),
and N = (n;)$2,. We suppose further that M and N satisfy conditions (i), (ii). It follows
directly from the definition that the norming set for this space is (M, N, 2)-Schreier.

For the asymptotic ¢, HI space, X(,), found in [11] the reasoning is similar. Assume
that the sequences M and N prescribed in [11] satisfy conditions (i), (ii). For a fixed p and
1/q+1/p = 1 we must show that the norming set N (denoted K in [11]) is (M, N, q)-Schreier.
The reader may refer to [11] for precise definitions. K = J,;2, K" where K" = |J, K}". By
definition, for j,n € N, K3; C Nj, and K3, C NZ. Thus, K C |J; NUNLU{=*e, : n € N}.
If 2% € Nj then z* = 1/my; Y, viw; where (27); C N = K, so again by the definition of K,
we see that N; C V.

It is convenient to view an element of N as successive blocks of the basis (ef);. This
decomposition into blocks is not unique, and thus our goal is to find a decomposition that is
the most suitable. To this end, we associate each element of A/ with a rooted tree. A finite
set with a partial ordering (7, <) is called a tree if for every « € 7 the set {3 € 7 : f < a}
is linearly ordered. Each element of the tree 7 is called a node. A node a € 7 such that
there is no § with a < 3 is called terminal (o <  means o < f and a # (). If § < a we
say « is a successor of 3. For aw € T let D,(7) denote the set of immediate successors of «
in 7. A branch of 7 is a maximal linearly ordered subset.

For each o € 7 we define corresponding v, € Q, m, € (m;)°, and n, € (n;)2,. We
associate to each * € N arooted tree 7 (i.e. a tree with a unique first node) in the following
way: Let o be the root of 7. There is an x(*lo € N such that 2% = 74,2}, and

Z V8-

Oc() ﬁeDao (T)

In this definition (25) e p,, (7) 18 Sn, admissible, mq, = m; for some j € Nand (v3)sep,, (1) €
Ba((,) if j is even and (ys)sep,, (1) € 2Y/PBa(l,) if j is odd. Thus for any pairwise incom-
parable collection A of 7 which intersects every branch of 7 we have,

(1) A —Hﬁm 8 x*.
a€A Hﬁ-«x mp

Call (z7,)aer the functional tree of z*. For § € 7 the functional 273 has a corresponding tree
73, which is a subset of 7.
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3. MAIN RESULTS

We start this section by stating the main theorem of the paper. The proof of this theorem
can be found at the end of this section. The majority of this section is devoted to proving
auxiliary lemmas and remarks.

Theorem 3.1. Let N be a norming set which is (M, N, q)-Schreier and Xy be the corre-
sponding Banach space. There is an operator on X which s not a compact perturbation
of a multiple of the identity. If Xxr is HI, this operator is strictly singular. Moreover, {
embeds isomorphically into L(X ).

The existence of the following sequence in the space Xy, is the main ingredient in the
construction of the desired operator. The definition below is tailored to fit our construction.

Definition 3.2. Let (xy)r be a block basic sequence of (eg)x. If there is a C' > 0 such that
foralll € N, F C N with F > | and (zy)rer being Sy, admissible we have || Y, o Brpwr|| <
Cl|(Be)rerllq for every scalar sequence (Bi)rer, we say (xx)r satisfies an upper €2 estimate
with constant C'.

For the rest of the section we fix p, ¢ and AN such that 1/p +1/g = 1 and N is a
(M, N, q)-Schreier norming set. It follows easily that any normalized block sequence (z;)!",
with m < suppz; in Xy, satisfies a lower £, estimate with constant 1/m,. The next remark
demonstrates that X, is an asymptotic ¢, space by verifying that is satisfies an upper £,
estimate on normalized blocks.

Remark 3.3. Let (z;)*, € Xy be a normalized block basic sequence of (e;);. For any
sequence of scalars (a;); the following holds:

m 1
< 12(2 |a,~|p)p.
N i=1

m

E Q;T;

=1

Proof. Let o(T) denote the height (i.e. the length of the longest branch) of a tree 7. Since
each z* € N is associated with a tree 7, we proceed by induction on o(7). For z* € N such
that o(7) = 1 the assertion follows easily. Assume the claim for all 7 such that o(7) < n
and let z* = 1/my >, v;2; € N have associated tree 7 with o(7) = n. By definition of N,

(23); is Sy, admissible and (v;); € 2Y/?Ba(l,). Define the following two sets,

Q(1) = {1 <i<m: there is exactly one j such that r(x}) Nr(x;) # 0},
and Q(2) ={1,...,m} \ Q(1). Apply the functional z* to > ., a;x; to obtain:

oy E a;T;

i€Q(1)
r(@f)Nr(z;)#0

;—iZWﬂ( ) |az'|p>ij D lai

i€Q(1) i€Q(2)
r(@})Nr(2:)#0

1 A 1
'm—k;%% <2azxz)‘ < m—kzj:hﬂ

1=

1
+ —
M

*
E ’}/j.l’j E a;T;
J

i€Q(2)

=

IN

Y

1 *
m_k z]: Vi (i)
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The first inequality follows from the triangle inequality. The second follows from applying
the induction hypothesis for x;-‘(Z{iEQ(l):r(x;)w(Ii#@} a;x;) and using the definition of Q(2).
We may apply the induction hypothesis since the height of the trees associated with the
functionals z7 are each less than n. Before continuing, notice that for each i € Q(2) the set
Ji ={j :r(xj) N (x;) # 0} is an interval and therefore,

1 Yj
(2) — J e N
My 227 (ZjeJi [y;19) e

The above estimate continues as follows,

54;\%-;( 3 ram) S Jad (Zw)

i€Q(1) 1€Q(2) JEJ;
r(@)r(2;) 0
q
(o) (25 w) () (s
J J i€eQ(1 1€Q(2 i€Q(2) JEJ;

r(z )ﬂr(xz#@

g4(;m|q> » > w) (Zram’) (@mrq)ésw(imw

7 1€Q(1 1€Q(2
r(z )W‘(wz)#@

In the first inequality we used the fact that 3 < m; in the first term and (2) in the second term.
For the second inequality we applied Holders inequality. For the third inequality we used
the fact that for each j there are at most two values of i € Q(2) such that r(x7) Nr(x;) # 0.

For the final inequality we used (3, |7,/7)*/? < 2. This finishes the proof. O

The following is a compilation of remarks (variants of which can be found in [14]) regarding
the sequences (m;)2,, (n;)2; and (f;)52,. In the interest of completeness we have included
the proofs.

(1.1) If pp = 5ny + >, sing; for k > 2, then p, < 2f;.

(1.2) If (a;)f7] is a sequence of non-negative integers and a € NU{0} such that m§ [[,_, ms: <
Moy, then anl + D ek @iN2i < D

(1.3) Let (a,)5~! be a sequence of non-negative integers, (x})f_, be S5, any admissible
and (f;)i_, € Ba({,) then we have,

= a2t e N
T ;“

The proof of (1.1) follows by induction. For & = 2 we have fs = 4n;+(s;—1)ny. Since s; >
2 the claim follows. Suppose the statement is true for some k& > 2. Let f, = yni+) . < ViN2i
and observe that,
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Pri1l = Dny + Z Sing; + Sgnok < 2(yny + Z%nzi) + sgngk (by the induction hypothesis)
i<k i<k
< 2(yng + Z Yinai + Spnok) < 2 fr1-
i<k
We obtained the third inequality by noting that mj [[,_, ma;m3} < mopmi; = mapye and
using the maximality of fi;.

To prove (1.2), again proceed by induction. For k = 2, deduce from the hypothesis that
a+ ba; < bsy. Clearly, a; < s1. If a < 5 we are done. Suppose 5n < a < 5(n + 1) for some
n € N. This implies that a; < s; —n. The following inequality finishes the proof of the base
step,

any + aing < ang + (s1 —n)ng < sy1ng + 5(n+ 1)ng — nng < 5ng + s1na.

The final inequality follows from 5n; < ns.

Assume the statement is true for some £ > 2. By assumption, m§ HZ <htl ma: < Mojt2
and by definition moy, o = m2’,§+1 Clearly, m$ [],_,, ms; < mgj~ %1 Thus sp +1 > ag. This
leaves two possibilities, either s = aj or s; > aj. In the former case, m{ HKk mat < Moy
By the induction hypothesis an, + Z¢<k a;ng; < pr and thus anq + Zi<k+1 ang < Dki1-
If s;, > a; we claim that an; + Zi<k+1 a;no; < SpNok, which clearly finishes the proof. To

see this, we start by showing that any + ) ,_, aingy < 2(si — a + 1) fr. By assumption

sg—arp+1

m§ [ o, msi < m3j , which implies that,

Sk ak+1 | |m Sp— ak+ < ka
2 .

i<k
where |z ] is the greatest integer of x. By the maximality of fi we have,

— N — | N2 S Jk-
sk—ak+1 ! i<k sk—ak—i—l 2 F

Since x < 2| x| for x > 0 we see that,

a a; a a;
—_—n; + —_— g <2 | ———— | ny + — | ny | <2f3.
Sp—ap+ 1 ! ;Sk—ak—i-l 2 (Lkz—a;ﬁ—lJ ! ;\‘Sk—ak—i—lJ 2) T

Finally, using 4 f; < ng observe that,

any + Z aing < 2(sp — ap + 1) fro + axnor, < nop((sk +1)/2 — ai) + agnoe < spnok.
i<k+1
The proof of (1.3) requires a complicated induction. For simplicity we prove the case

where a; = a; = 1 for some j,I < k. Suppose (z7)i_; € N is Sy, 4n,, admissible. Let
(Bi)i_, € Ba(l,). We wish to show that,

Z@x eN.

MoyMmaj =
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Do this by carefully grouping the functionals. Let (J;)7, be successive intervals of integers
such that (J;—, Jx = {1,...,t}, (2])icy, 18 S, admissible for each & <m and (z};, )it is
Sp,; admissible. Now define a sequence (zj)i, by,

! o1 s Ly W)l R
iy 2 = e 2 3t =SS 3 e

J k=1 NieJ, ieJg

] — 7
= Gi q) 2
) (Z 617) =
It is straightforward to check that z; € N for all k& < m. The claim follows by observing
that (2f)§; is Sp,, admissible since (27, 5 Ji—y IS Sn,, admissible and ((3,c,, 169V, €
Ba(¢,).

For any functional tree 7 we define a function ¢ : 7 — N U {0} in the following way,

ng; 1if ng = ny; for some ¢
©(B) =< np if ng = ng;4 for some i
0 if § is terminal

Remark 3.4. Let (z})aer be a functional tree for some x* € N such that for a € T,
(25)seDa(T) 18 Sp() admissible. For every subset A of T consisting of pairwise incomparable
nodes, the collection (z},)aca is Sq admissible where d = max{}_,_, »(0) : o € A}

Proof. We proceed by induction on o(7). The base step is trivial. Let k& > 1 assume the
statement for 7 such that o(7) < k + 1 and suppose o(7) = k + 1. Let ap be the root of
7T and for o € D,,(7) let 7, be the tree corresponding to z}. For the given collection A
and a € D, (7) we can define A, = {3 : § € T, N A}. Notice that A = UaeDaO(T) A, or
A = {ap}. Apply the induction hypothesis for each collection A, to conclude that (7%)sca,
is Sq, admissible for d, = max{}_, . _;»0(7) : B € Au}. Let do, = maxaep,, (1) da- The
block sequence ((275)seA,)acDag(T) 18 Sduyt+e(ag) admissible by the convolution property of
Schreier families. Finish by observing that da, + ¢(a0) = max{}_;_ , »(3) : « € A} and
((75) pedn)aeDay (1) = (T5)acA- O

Our next lemma allows us to decompose norming functionals. Decompositions are ex-
tremely useful when attempting to find tight upper estimates on the norm of vectors in the
space.

Lemma 3.5. (Decomposition Lemma) Let k € N and x* € N such that supp x* > 2k. There
isanm € N, o7 < ... <k €N, a partition I, Iy of {1,...,m} and scalars (\;)!"; such
that,

(a) a* =30, vy

(b) xf = +xej, fori € Iy and {j; 11 € [} € Sp, 1.

(C> (Zielg |)‘i’q>1/q < 2/m2k and (Eiehu]z |/\i|q)1/q <2

Proof. Let z* € N and k € N. Let 7 be the tree corresponding to z*. For each node [
there are corresponding mg, ng and 3. Let B denote the set of branches of 7. For each
branch b € B let «(b) denote the node of b such that either «(b) is the first node 5 for which
[ <3 ™Ma = may holds, or the terminal node of b if no such 3 exists. Set A = {«(b) : b € B}.
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Notice that A is a collection of pairwise incomparable nodes intersecting every branch of B.
Let A; denote the set of terminal nodes of A and Ay = A\ A;. Enumerate A with the set
{1,...,m} for some m € N and define I; = {i : &} € (2})aca,} for t € {1,2}. By (1) we
have,

¥ = —Hﬁja 8 x’, soset \; = —Hﬁja 8
vy HB—<0¢ mga H5.<a mg

It is left to verify that conditions (b) and (c) hold. Condition (c) follows from the fact that
for each o, (V5)sepa(r) € 2"/?Ba(l,), and observing that,

V(s

a€As

if 2 =a*.

Hﬁ-<o¢ mg

q) ¢ olp 2

[

B«

)" (5

icls a€Ag

maog maog

The second part of (c) follows similarly. The first part of (b) follows from the definition.
For the second part of (b) we employ Remark 3.4. Let R = (J,c4,18: 8 < a}. Fora € R
such that m, = mgj4; for some j € N, (l’*ﬁ)ge Da(r) 18 51 and hence S, admissible. To see
this, first note that for all 8 € R, mg < mg,. By the injectivity of the function o, (defined
in N2) for 8,7 € Da(R), mg # m, < my. Since suppa* > 2k we have that (2%)sep,(r) is
Sy admissible. Thus for a € Ay, (7})sepa(r) 18 Sp(a) admissible. By Remark 3.4, (z7,)aca,

is Sy admissible where d = max{} _;_, ¢(3) : @ € A1 }.
Let @ € A;. We have [[,,,mp = mb HKkmg?%b”“ < My, where b; = |{3: 3 <

a,mg =m;}|. Apply (1.2) for by =“a” and by; + 5by;11 =“a;”, to conclude that,

blnl + Z(bzl + 5b2¢+1)n2i < Z SiMNo; = Pk
i<k i<k
We also have,

> elB) = ( > b2i+1>n1 + > by < by + Y (b + Sbaigr )nai.

B=a 0<i<k 1<i<k 1<i<k

This holds for all & € A; and thus, max{}_; , ¢(8) : o« € A1} <p, — 1. O
Corollary 3.6. Let z* € N and k € N. Decompose z* as,

* Hajﬁﬁya *
r = = ——€, .

J
m
BeEmax T HO"<5 @

Then the set,

2 Hajﬂ 701
mag

{jﬁ (o) s> %}

is Sp,—1 admissible.

Proof. For k € N we can assume without loss of generality that suppx* > 2k. Apply the
decomposition lemma to x* to obtain I; and I5 such that
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i€l i€ly
where {j; : 1 € I} € Sp,—1. We claim that,

2 Hajﬁ Vo
maog

{jﬁi |=73*(6j@)| > ,j522]€} C{jiZiE]l}.
If this were not the case, then for some iy € I,
2Hajﬁ Vo

Moy
From the proof of the decomposition lemma,

< J™ ()] = iy (€55)] < s -

f)/
Nig = M for some 3 € A,.
Ha%ﬁ Mo
For 3 € Ay we have that Hoc-<ﬁ Mea > Mag. Serving as our contradiction. L]

Before passing to the main lemma of the paper we state the following fact concerning
the existence of a particular sequence of scalars. These scalars are called repeated hierarchy
averages and were first studied in [16]. These averages are defined in [3] for ¢ = 2. In [14] a
similar fact is established for ¢ = 1.

Fact 3.7. For any 1 < ¢ < oo and € > 0, there exist successive subsets of N, (Fj)%24,
and scalars (ag;)icr,, such that for each k € N, Fy, > 2k, Fy, € S,,, (ari)icr.llq = 1 and

(Xicq lawi D)1 < e for G € Sy 1.

The next lemma establishes the existence of a seminormalized block sequence satisfying
an upper /£, estimate with constant 1 in X,. These blocks are constructed using Fact 3.7
and used to construct the desired operator on X .

Lemma 3.8. Let (Fg)2, be successive subsets of N and scalars (ay;)icr, be such that
Fy > 2k, Fy € Sy, ani)ierlls = 1 and (XCicq |lard]D)Y? < 1/may, for all G € Sy,
and each k € N. The sequence of functionals (x})i, defined by, xj, = 1/ma Y i p arie;,
are seminormalized and satisfy an upper (7 -estimate with constant 1.

Proof. We start by making an observation concerning the decomposition of each z;. For
fixed k, and kg < k write F}, = Uf’;l Jir such that Ji1 < ... < Jia,, each Jy, is S,

admissible and (Jy,,)% is Spy, admissible (we can do this because Fj, is Sy, admissible).
Then,

k—Pkq

1 & i m a
2k ki
¥ q * * 0 ) *
L, E :(E : |akl|) Zkrforzkr__ § €.
) ) ) ) g l/q 7
Mok, r=1 “Ni€Jy,, mag €T (ZzEJk’T ‘akﬂ’ )

Since mak, /mar = 1/ [ op,<ocon my" and (€} )iesy, 18 Sp,—p,, admissible, we conclude by (1.3)
that z;, € N for all r < dj. Since, min J, = minsupp z; ., we have that (zzj,,)f’“zl is Sy,
admissible.

We now show that (z})s satisfies and upper £ estimate with constant 1. For starters,
let kg € N and F' C N with F' > kg such that (z})ger is St,, admissible. For every k € F
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we apply the above (since F' > kgy) to define (Zz,r)gk:r The block sequence ((z,:’r)szl)kep

18 Spy, +fi, admissible, by the convolution property of Schreier families. Hence it is Sy,
admissible by (1.1) and the hereditary property of Schreier families. To conclude, it suffices
to let (B )rer € Ba(ly) and show that >, . Biz; € N. We do this by observing the following
equality,

dy 1
> Beri = B mik Z( > |ak,z‘|q> Zhr

keF keF O r=1 MeJdy,,
1
1 i AN
= YOS Bl D lawal®) i
M2k, — )
keF r=1 ZEJ}C’,«

Since (Bx(Xies, . |ak7i|q)%)k € Ba({,) and ((Zz,r)fil)kep is Sp,,, admissible, it follows that
> wer Beri € N Thus, (27)x satisfies a upper £¢-estimate with constant 1.

To show that (z})x is seminormalized, it suffices to find a uniform lower bound. For each
k, define wp = 37, 0 aZ{]pej. It suffices to show that ||zx|| < 26/may. From this it follows
easily that ||z;| > 1/26 for all k € N. Let 2* € N be an arbitrary norming functional
which we may assume without loss of generality satisfies supp x* > 2k (since Fy > 2k). By
applying the decomposition lemma for k& € N and z*, we can estimate ||xy|| from above as
follows,

()| < DA€ ()| + | D A (a)
i€l i€ls
1
q P
<3 illan +Z|Ai|12( 3 |ak7j|q)
i€l 1€l {j:jE€supp yiNFy }
1 1 1 1
q P q P
<(Zhr) (Shear) s 2(S0r) (S X o)
ielh ielh P i€lz {j:j€supp y;NF }
1 9 9
<ol L pp 2 20
mog mog maoy,

The first inequality follows from the decomposition lemma and the triangle inequality. The
second inequality follows from the triangle inequality, the definition of x;, and Remark 3.3.
The third follows from two applications of Holders inequality. For the last inequality we
used condition (c) of the decomposition lemma, the fact that (j;)ies, is Sp,—1 admissible (by
condition (b) of the decomposition lemma) and the definition of (ay;)icr,. This concludes
the proof. O

We make two final remarks before proceeding with the proof of the main theorem.

Remark 3.9. Let (y}); be the even subsequence of the seminormalized block sequence (z7);

satisfying an upper (; estimate with constant 1 defined in Lemma 3.8. Let k € N, F' C N,
with F' > k such that (y;)ier is Sy, admissible. Then || Y. p Biyi|l < 1 for all (3;); €
Ba(¢,).
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Proof. Let k € N, F be a subset of N, with F' > k and (y);cr being S,,, admissible. Set
G ={i:i=2j, j € F} and note that (y;)icr = (2})iec. Since F' > k we have, ¢ > k + 1 for
all i € G. Since (77); satisfies an upper £¢, estimate G > k+1 and (7} )i is Sp,, admissible
an thus Sy, admissible, we have,

Z Biy; Z Bix;
ieF 1€G
This concludes the proof. U

Remark 3.10. Let (y;); be the subsequence from Remark 3.9. For every x € S(X), k € N,
F C N with F > k and (y})ier being Sy, admissible we have (y;(x))ier € Ba(ly).

Proof. Let x € S(X), k € Nand F C N with F' > k such that (y);cr is Sp,, admissible. By
Remark 3.9 for all (3;)icr € Ba({,) we have || Y., B;y;|| < 1. Apply this for,

5 ol sien 012
(ZjeF |y;<x>|p)1/q
and estimate || >, , Biy;|| from below with . O

<1

(Proof of Theorem 3.1) We are now ready to define the desired operator on Xy Let (y));
be the seminormalized block sequence from Remark 3.9. For x € ¢y, define the operator
T :coo— coo by Tw =3 .2, y(z)e;. Once we show that T is a bounded operator it can be
extended as on operator defined on X .

Since (y;); is a seminormalized block sequence it follows that 7" is non-compact. In the
case that X is an HI space, T" must be strictly singular. Since dim(KerT') = oo, if there was
an infinite dimensional subspace Y of X such that T'|y was an isomorphism. Y + Ker (T)
would be a direct sum. Contradicting the fact that X, is HI. (It is known that the spaces
constructed in [11] have few operators. Using similar techniques it can be further shown that
the space constructed in [3] has few operators.)

Our final task is to demonstrate that 7' is bounded. Let x € S(X) and z* € N. If
r* = =£ej for some j then |z*(Tw)| < 1. Thus assume * € N such that |suppz*| > 1.
Suppose x* has the following decomposition,

iL'* o Hajﬂ rya 6*
— =
B€maxT Ha<ﬁ Mea
Define,
.2 Ha<5 Yo N Ha<5 Vo
= {200 < )] < 2,
For k > 2 define,
. 2 Hor<ﬁ Yo * 2 Ha<ﬁ Yo
Hy = {]ﬁ T < 2% (ejy)] < m}

For k > 2 define, Gy, = {js € Hy : jz > 2k}. Clearly, suppz* = |J,—, Hi. Apply Corollary
3.6 to deduce that Gy € S,,—1. By (1.1) and (ii), G) € S,,,. By the spreading property
of Schreier families (y;)ieq, 18 Sn,, admissible for all k. For each k, apply Remark 3.10 to
deduce that,
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1

(3) (Zlyz ) <1 (Z|y:<x>|p)ps1

1€G 1€Ho

Estimate |2*(Tz)| from above in the following way,

(Zyz o) < il ez|+z[2|yz et + 3 il (e

i€EHo k=3 “ieGy 1€H\Gg

g(;w(xn)(; ) [(zajw )(Eajp:(n)

1

+(i6§0ky:<x>f)p(@m elr)’ ]
() (2

)

Jjp€H2 a=pg ]/3€Gk a=<p0
1
Na2(k—1)
(X ] )2
. mMo(k—1)
5€Hk\Gk azp

<—+Z (k_l):M.

my TS M2(k-1) M2 (k—1)

The first inequality follows from the triangle inequality and the definitions of Hy,Gy. For
the second, we apply Holders inequality to each of the terms. For the first and second terms
of the third inequality we used (3) and the definition of Hy. For the third term of the third
inequality we used the fact that |z*(e;)| < 1 for all 4, |Hy, \ Gi| < k — 1 and the definition of
Hj,. For the final inequality we used the fact that (| [],<57al)sea € 2Ba(ly) for A = Hy, Gy,
or Hy \ Gy. Thus, ||T]| < max{M,1}. -

We conclude by noting that ¢, embeds isomorphically into £(X) via the mapping

(a;);2, — SOT — lim ZalyZ ® €;.

n—00
=1

Here “SOT —1lim” denotes the strong operator topology limit. To see that this is a bounded
isomorphism one merely follows, almost identically, the previous calculation.
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