A HEREDITARILY INDECOMPOSABLE ASYMPTOTIC ¢/, BANACH
SPACE
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ABSTRACT. A Hereditarily Indecomposable asymptotic ¢, Banach space is constructed.
The existence of such a space answers a question of B. Maurey and verifies a conjecture of
W.T. Gowers.

1. INTRODUCTION

A famous open problem in functional analysis is whether there exists a Banach space X
such that every (bounded linear) operator on X has the form A+ K where A is a scalar and K
denotes a compact operator. This problem is usually called the “scalar-plus-compact” prob-
lem [14]. One of the reasons this problem has become so attractive is that by a result of N.
Aronszajn and K.T. Smith [7], if a Banach space X is a solution to the scalar-plus-compact
problem then every operator on X has a non-trivial invariant subspace and hence X provides
a solution to the famous invariant subspace problem. An important advancement in the con-
struction of spaces with “few” operators was made by W.T. Gowers and B. Maurey [16],[17].
The ground breaking work [16] provides a construction of a space without any unconditional
basic sequence thus solving, in the negative, the long standing unconditional basic sequence
problem. The Banach space constructed in [16] is Hereditarily Indecomposable (HI), which
means that no (closed) infinite dimensional subspace can be decomposed into a direct sum
of two further infinite dimensional subspaces. It is proved in [16] that if X is a complex
HI space then every operator on X can be written as A + S where A\ is a scalar and S is
strictly singular (i.e. the restriction of S on any infinite dimensional subspace of X is not
an isomorphism). It is also shown in [16] that the same property remains true for the real
HI space constructed in [16]. V. Ferenczi [10] proved that if X is a complex HI space and Y
is an infinite dimensional subspace of X then every operator from Y to X can be written as
Ay + S where iy : Y — X is the inclusion map and S is strictly singular. It was proved in
[17] that, roughly speaking, given an algebra of operators satisfying certain conditions, there
exists a Banach space X such that for every infinite dimensional subspace Y, every operator
from Y to X can be written as a strictly singular perturbation of a restriction to Y of some
element of the algebra.

The construction of the first HI space prompted researchers to construct HI spaces having
additional nice properties. In other words people tried to “marry” the exotic structure of
the HI spaces to the nice structure of classical Banach spaces. The reasons behind these
efforts were twofold! Firstly, by producing more examples of HI spaces having additional
well understood properties we can better understand how the HI property effects other
behaviors of the space. Secondly, there is hope that endowing an HI space with additional

1991 Mathematics Subject Classification. Primary: 46B20, Secondary: 46B03.
*The present paper is part of the Ph.D thesis of the second author which is prepared at the University of
South Carolina under the supervision of the first author.
1



2 G. Androulakis, K. Beanland

nice properties could cause the strictly singular and compact operators on the space to
coincide giving a solution to the scalar-plus-compact problem.

An open problem that has resisted the attempts of many experts is whether there exists
a weak Hilbert HI Banach space. Recall that an infinite dimensional Banach space X is
a weak Hilbert Banach space [19],[20] if there exist positive numbers 0, C' such that every
finite dimensional space £ C X contains a subspace F' C E such that dim F' > § dim F, the
Banach-Mazur distance between F and /3™ is at most equal to C and there is a projection
P: X — F with |P|| < C, (¢3 denotes the Hilbert space of dimension n). Operator theory
on weak Hilbert spaces has been studied in [19],[20]. In particular, the Fredhold alternative
has been established for weak Hilbert spaces.

Recall some standard notation: Given a Schauder basis (¢;) of a Banach space, a sequence
() of non-zero vectors of Span(e;); is called a block basis of (e;) if there exist successive
subsets F; < Fy < --- of N, (where for £, F C N, F < F means max £ < min F'), and
a scalar sequence (a;) so that x, = Y ;. ase; for every n € N. We write 71 < 25 < ---
whenever (x,) is a block basis of (e;). If z = ). a,e; € Span(e;); then define the support
of x by suppx = {i : a; # 0}, and the range of x, r(x), as the smallest interval of integers
containing supp .

Some of the efforts that have been made in order to construct HI space possessing addi-
tional nice properties are the following. Gowers [15] constructed an HI space which has an
asymptotically unconditional basis. A Schauder basis (e, ) is called asymptotically uncondi-
tional if there exist a constant C' such that for any positive integer m, and blocks (x;)!", of
(e;) with m < z; (i.e m < minsupp x;) and for any signs (¢;)*, C {£1} we have

m
E iy
i=1

Maurey [18, page 141-142] asked whether there exists an asymptotic ¢, HI space for 1 <
p < oo and Gowers conjectured the existence of such spaces in [15, page 112]. Recall that a
Banach space X having a Schauder basis (e,,) is called asymptotic ¢5 if there exists a constant
C' such that for every m € N and all blocks (x;)™, of (e,), with m < x; we have

m

S|

i=1

<C

é(ZHmIIQ)QS > §O<Z||m||2)2.
=1 =1 =1

In the present paper we construct an HI Banach space which is asymptotic ¢5. Our
approach closely uses the methods and techniques of the paper [12] of 1. Gasparis. The norm
of our space X satisfies an upper ¢s-estimate for blocks (i.e. there exists a constant C' such
that for all blocks (z;), of (ey), we have || Y7 x| < C(>2", ||#]|2)2). In particular our
result strengthens a result of N. Dew [9] who constructed an HI space which satisfies an
upper fo-estimate (but not a lower estimate for blocks (z;)™, with m < x7).

S.A. Argyros and I. Deliyanni [2] constructed an HI space which is asymptotic ¢;. Recall
that a Banach space X having a Schauder basis (e, ) is called asymptotic ¢; if there exists a
positive constant C' such that for every m € N and all blocks (z;)7, of (e), with m <
we have

m

>
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m
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Ferenczi [11] constructed a uniformly convex HI space. Argyros and V. Felouzis [3] showed
that for every p > 1 there exists an HI space X, such that £, (or ¢y when p = 00) is isomorphic
to a quotient of X,. In particular the dual space X is not an HI space since it contains an
isomorph of ¢, (for 1/p+1/q = 1). Argyros and A. Tolias [6] have constructed an HI space
whose dual space is saturated with unconditional sequences.

Finally we mention that a Banach space Y such that every operator on Y can be written

as A+ S with S strictly singular, has to be indecomposable (i.e. the whole space cannot be
decomposable into the direct sum of two infinite dimensional subspaces) but not HI. Indeed,
Argyros and A. Manoussakis [4],[5] have constructed such spaces Y not containing an HI
subspace.
Note: After the submission of the current manuscript, the authors became aware of an HI
asymptotic ¢, Banach spaces (for 1 < p < 0o0) constructed independently by Deliyanni and
Manoussakis [8]. Their construction and methods are different from ours. In particular the
selection of special functionals in the two constructions are different.

2. THE CONSTRUCTION OF THE SPACE X

In this section we construct a Banach space X. We will prove in section 3 that X is
asymptotic ¢5 and in section 4 that X is HI. The construction makes use of the Schreier
families S¢ (for £ < w) which are defined in the following way, [1]. Set Sy = {{n}} : n €
N} U{0}. After defining S for & < w, set

Ser1 ={U F,:neNn<F <---<F, F, €5},

(here we assume that the empty set satisfies ) < F and F < {) for any set F'). Important
properties of the Schreier families is that they are hereditary (i.e if F' € S¢ and G C F then
G € S¢), spreading (i.e if (p;)7; € Se and p; < ¢ for all ¢ < n then (¢;)’; € S¢), and
they have the convolution property (i.e. if Fy < --- < F), are each members of S, such that
{min F; : ¢ < n} belongs to Sz then U, F; belongs to S,4s). For E; C N we say (E;)P, is
Se-admissible if £y < Ey < --- < E, and (min E;); € Sg.

Let [N] denote the collection of infinite sequences of positive integers and for M € [N] let
[M] denote the collection of infinite sequences of elements of M. Let gy denote the vector
space of the finitely supported scalar sequences and (e, ) denote the unit vector basis of cg.

Using Schreier families we define repeated hierarchy averages as in [12]. For £ < w and
M € [N], we define a sequence ([£]M)22,, of elements of ¢y whose supports are successive
subsets of M, as follows:

For £ = 0, let [(]M = e,,, for all n € N, where M = (m,,). Assume that ([{]M)>, has
been defined for all M € [N]. Set

min M

! a3

min M

=1

€+ 1" =
Suppose that [€ + 1]M < -+ < [€ + 1] have been defined. Let

M, ={m € M : m > maxsupp ¢ + 1]¥} and k,, = min M,,.
Set
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[§+1 n+1__z

For z € ¢y let (2(k))ren denote the coordinates ofx Wlth respect to (ek) (i e.x =y x(k)e).

For M € |N], £ < w and n € N define (§)X € ¢ by (¢ =/[¢ ) for all k € N. It is
proved in [13] that for every M € [N] and £ < w, sup{ZkeF[ M (k) F E Se_1} <&/ min M.
From this it follows that

for every ¢ < w and € > 0 there exists n € N such that for all M € [N] with

¥ n < min M we have that Sup{ (Z,~C€F((§){‘4(/Ic))2>é Fe Sg_l} <e.

Definition 2.1. Let (u,), be a normalized block basis of (en)n, € >0 and 1 < & < w. Set
Pn, = minsupp u, for alln € N and P = (p,).

(1) An (e,€) squared average of (un), is any vector that can be written in the form
o0 1
2ot ()7 (Pn)un, where R € [P] and sup{ (3, (€)1 (K))?)2 : F € Se1} <e.
(2) A normalized (¢,€) squared average of (uy), is any vector u of the form u = v/||v||
where v is a (g,&) squared average of (uy)n. In the case where ||v|| > 1/2, u is called
a smoothly normalized (¢,€) squared average of (uy ).

In order to define the asymptotic ¢, HI space X we fix four sequences M = (m;), L = (¢;),

= (f;) and N = (n;) of positive integers which are defined as follows: Let M = (m;);en €
[N] be such that m; > 246 and m? < m;,; for all i € N. Choose L = (I;);en € [N] such
that and 2% > m, for all i € N. Now choose and infinite sequences N = (ni)iGNU{O} and
F = (f)ien such that ng =0, [;(f; +1) <nj for all j € N, f; =1 and for j > 2,

(2) fj:max{ Z pin; : pi € NU{0}, H me <m§-’}.

1<i<j 1<i<j

We now define appropriate trees.

Definition 2.2. A set T is called an appropriate tree if the following four conditions hold:

(1) 7 is a finite set and each element of T (which is called a node of T ) is of the form
(t1,...,t3,) where n € N, t3; o € M U{0} for 1 < i < n (these nodes are called the
M-entries of (t1,...,t3,)), tsi_1 is a finite subset of N for 1 < i < n, and t3; is a
rational number of absolute value at most equal to 1 for 1 <i <n.

(2) T is partially ordered with respect to the initial segment inclusion <, i.e. if (t1,. .., t3,),
(S1,---,83m) € T then (t1,...,t3,) < (S1,...,83m) if n < m and t; = s; for
i =1,...,3n. For o, € T we also write « <X [ to denote o < [ or a = (3.
For a € T the elements f € T satisfying § < « (respectively o < (3) are called the
predecessors (resp. successors) of a. If (ty, ..., ts3,) € T then the length of (t1, ..., t3,)
is denoted by |(t1,...,tsn)| and it is equal to 3n. There exists a unique element of
T which has length 3 and it is called the root of T, and it is the minimum element
of T with respect to <. FEvery element o € T except the root of T has a unique
immediate predecessor which is denoted by o~ . If o is the root of T set o= = (). If
(t1,...,t3,) € T then (t1,...,t30) € T for all 1 < € < n. The nodes of T without



An asymptotic {2 Hereditarily Indecomposable Banach space 5

successors are called terminal. If o is terminal o = (t1,. .., t3,) then t3,_o = 0 and
tsio € M for 1 < i <mn. If B = (t1,...,t3x) is non-terminal then ts;_o € M for
1 <i <k Ifa € T isnon-terminal, then the set of nodes § € T with o < (3
and |B| = |a| + 3 are called immediate successors of a. Also D, denotes the set of
immediate successors of .

(3) If « € T then the last three entrees of a will be denoted by my,, 1, and 7, respectively.
If v is the root of T then my, (resp. I,) is called the weight of T, denoted by w(7T),
(resp. the support of T denoted by supp (7)). If o is a terminal node of T then I, =
{pa} for some p, € N. If a is a non-terminal node of T then I, = U{lg: 8 € D,}
and for 3,6 € D, with B # § we have either Ig < I5 or 15 < Ig.

(4) If « € T is non-terminal and mq = my; for some j, then (Ig)sep,, 5 Sn,,-admissible

and ZﬁeDa 75 < 1.

Now set

G = {7 : T is an appropriate tree}.
We make the convention that the empty tree belongs to G.

If 77,75 € G then we write 7; < 7Ty if supp (77) < supp (72). If 7 € G and [ is an interval
of integers then we define the restriction of 7 on I, 7|, to denote the tree resulting from 7" by
keeping only those o € 7 for which I,NI # 0 and replacing I, by I,NI. It is easy to see that
TieG taeTsetT,={f\a T, a0} (fora=(t,...,t3,) < 5= (t1,...,t3m)
let B\ a = (tsni1,---,t3m)). Clearly 7, € G. For T € G and « the root of 7, define —7
by changing v,, to —7,, and keeping everything else in 7 unchanged.

Define an injection

o {(T1i<--<T):neNT, €G (i<n)} = {my;:j €N}
such that o(7y,---,7,) > w(7;) for all 1 <i <mn.

Definition 2.3. (1) For j € N, a collection (Tp)}_, C G is called S; admissible if

(supp 7p)}_, is Sj-admissible.

(2) A collection of Sh,, ., -admissible trees (7,);_, C G is called S, ,, -dependent if w(7;) =
my;, for some j1 > j+1 and o(Tq, -+, Ti_y) = w(T;) for all 2 <i <n.

(3) Let Gy C G. A collection of Sy, ,-admissible trees (1,)] C G is said to admit an
Snajyi-dependent extension in G if there exist k € NU{0} , LE N and Ry < --- <
Ris1 < -+ < Rign € Go, Shy,,, -dependent where Ryii|ip.00) = Ti for all 1 <i <n.

(4) We say that Gy C G is self dependent if for all j € N, T € Gy and o € T such that
Ma = Maji1, the family {Ts : 3 € Do} admits an S, -dependent extension in Gy.

A set Gy C G is symmetric if —7 € Gy whenever 7 € Gg; Gy is closed under restriction
to intervals if 7|; € Gy whenever 7 € Gy and J C N an interval.

Definition 2.4. Let T" be the union of all non-empty, self-dependent, symmetric subsets of
G closed under restrictions to intervals such that for every T € I' and ov € T, if mq = majq
for some 5 € N then:
(1) « is non-terminal.
(2) Do = {1, ,Bun} for somen € N with Ts < --- < Tz, and there exist k € NU{0},
L € N and an S,,,,,-dependent family Ry < -+ < Rpq1 < -+ < Rpyn € I', with
Ritilipoo) = Ti for 1 <i < n.
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(3) (vs); is a non-increasing sequence of positive rationals such that )", 7[251, <1.

Notation 2.5. Let 7T € ' and v € 7.
(1) Define the height of the tree T by o(7T) = max{|f|: 5 € T}.
(2) Let m(a) = Mgzamg if |af > 3, while m(a) = 1 if |a| = 3.
(3) If mo = m; for some i € N set n, = n;. Also set n(a) = 5 ng if |a| > 3, while
n(a) =0 if o] = 3.
(4) Let v(a) = p=avs if || > 3, while y(a) =1 if |a] = 3.

Let (ef),, denote the biorthogonal functionals to the unit vector basis of ¢og. Given 7 € T,
set

* ’}/(Oé)’)/a *
I = Z pa
aEmax 7 m(a)

where max 7 is the set of terminal nodes of 7 and I, = {p,} for & € max 7.

Let NV = {a% : T € '} and define X to be completion of cypy under the norm ||z| =
sup{|z*(z)| : 2* € N'}.

Note that for each 7 € T there is a unique norming functional zi € N' C {x* : ||z*|| < 1}
thus set w(z%) = w(7) and supp (%) = supp (7). We will often refer to the range of
x* € N, r(x*), which is the smallest interval containing supp (z*). If z* € N and [ is
an interval of integers, define the restriction of z* on I, z*|;, by 2*|;(e;) = a*(e;) if i € I
and x*|;(e;) = 0if ¢ € I. It is then obvious that if 7 € I" and [ is an interval of integers
then z%|; = a%,. For j € Nand Ty, ,7, € I' we say that (27,)j; is Sn,;,,-dependent
(or it admits an Sy, ,,-dependent extension) if (7;)j_; is S,,,,,-dependent (or admits an
Sny;a-dependent extension). Also, we say that a collection (z;)i; C coo is S admissible if
(supp x;)i—, is Sj-admissible.

The maximality of I implies the following:

Remark 2.6. (1) e € N for alln € N.
(2) For eachT €T and o € T the tree T, = {f\a : € T,a X[} isinT.
(3) For every x* € N with w(z*) = my; for a some j € N we can write

1
r = — YeZy
mgj 7

or Vo = Ya where «ag s the initial node of the corresponding tree, 3y € D,
7 YoV Be g 0
¢ are rationals and in coy with 2 <1 and 3 € N where (suppz}), is
VBe 2 178 L V4
Sny,-admissible.
4) For every x* € N with w(x*) = may;y1 for some 7 € N we can write
Y 7+ J

t

1 *
T = E Yo,
maj+1 —

for i = Yayys, Where o is the initial node of the corresponding tree, B3¢ € Dy, and
(7v8,)¢ are positive non-increasing rational scalars in cog with ), 'ygé < 1. Furthermore
there exists k € NU{0},L €e N andy; < --- <yj., <--- <yi,, where (y;)e is Sy

2541
dependent and Y ,;|i1,00) = x; for all i <t.
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3. PRELIMINARY ESTIMATES

In this section we make some estimates similar to those in [12] that will be important
in the proof that X is H.I. First we show that X is asymptotic ¢5. Obviously (e,), is a
bimonotone unit vector basis for X since the linear span of (e,), is dense in X and for finite
intervals I, J of integers with I C J and scalars (ay,), we have || Y° _; aneq|| < || >0, o/ anenl]
(this follows from the fact that I' is closed under restrictions to intervals).

We now introduce a short remark.

Remark 3.1. Let i € N and x € Span(e,),. Let (x3); € N be Sy, -admissible if i is even
and admit S, -dependent extension if i is odd, and (7y;) € cop be positive and non-increasing

if i is odd. Define J = {j : rv(x}) Nr(x) # 0} then

1 *
S )
J

Proof. Indeed there exists arbitrarily small (n;);,n > 0 such that,

1

< (T ko)t

jeJ

1
(Z |va2) +7€Qand v; +n; € Q.

meJ

For j € Jlet B; = (v + 1)/ (X ey [7m[?)? + 1) € Q such that >, ﬁf)% < 1. Ifiis odd
then we have that (3;); are non-increasing and positive (since (7;); are) and (z});cs has a
dependent extension (since J is an interval). Thus 1/m; )", ; 3525 € N, hence

(g g

jeJ JjeJ

< ((2 wf +n) ]

Since n > 0 is arbitrary, the result follows. O

=S ee)

The next proposition shows that the norm of X satisfies an upper /y-estimate for blocks.

Proposition 3.2. If (z;)!, is a normalized block basis of X then for any sequence of scalars
(a;); the following holds:

iail’z‘ < \/g(i |ai|2> 5.
=1 =1

Proof. For the purposes of this proposition define I';, = {7 € ' : o(7) < 3n} and N,, =
{2% : T € T',}. For x € ¢qo define ||z||,, = sup{z*(z) : z* € N, }. Notice that the norm || - ||
of X satisfies lim,, . ||z||, = ||z||. We will use induction on n to verify that || - ||, satisfies
the statement of the proposition.

Forn =1, N, = {ve:, : vy € Q,|y| <1, m € N}, and so the claim is trivial.

For the inductive step, let 2* = 1/my, >, vz} € Ny (where (25); C N, is Sy, admissible
and > [y;* < 1) and let
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Q(1) = {1 <i<m: there is exactly one j such that r(z}) Nr(x;) # 0},
and Q(2) ={1,...,m} \ Q(1). Now apply the functional z* to Y ", a;z; to obtain:

(3)

1 & 1
‘m—k;w%(;am)‘ﬁm—kgjmm >

i€Q(1)
r(@)Nr(w:) 20

V3 *
5 S (D SR TD R SR pRETe
J i€Q(1) i€Q(2) J
r(z})Nr(z;)#0

+—‘Z% x; a;x;

1€Q(2)

IN

by applying the induction hypothesis for Z{ieQ(l):T(ﬂ_)mr(z_) 20} Gii- The above estimate
J k2

continues as follows,

[SIES

<> |Vj|( > ) > |az ( > \%‘!2)
J i€Q(1) i€Q(2 {gr(@})nr () #0}
r(@})Nr(zi)#0

(4)

1 1 m 1
g(2m|2>2(z > a3)2+ 3 m( ZW) < 3(Z|ai|2)2,
TN e, |
] 1

where for the first inequality of (4) we used that v/3 < m; and Remark 3.1 and for the
second inequality of (4) we used the Cauchy-Schwartz inequality and the fact that for each j
there are at most two values of 7 € Q(2) such that r(z}) Nr(x;) # 0. For the third inequality
of (4) we used Y, |7,|* < 1. Combine (3) and (4) to finish the inductive step.

U

Corollary 3.3. Let (x;)!; be a block basis of X with n < xy. Then for any sequence of
scalars (a;); the following holds:

1 [ >
() <
M2 \'io

Proof. Let (z;)?_, be a normalized block sequence of (e,) such that n < 27 and scalars
(a;)"_,. The upper inequality follows from Proposition 3.2. Note that, (x;)" ; is S; admissible
hence S, admissible. Find norm one functionals (z})?;, € N such that r(x}) C r(x;) and
xf(z;) = 1 for all i« < n. To establish the lower inequality apply the functional

(by approximation by rationals the norm of the above is at most one) to Y | a;x;.

E ;T

i=1

< \/_(Z |az|2)
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The next lemma is a variation of the decomposition lemma found in [12] and will be used
in the proof of Lemma 3.12 and Proposition 4.1

Lemma 3.4. (Decomposition Lemma) Let x* € N. Let j € N be such that w(z*) < m;.
Then there exists an Sy, -admissible collection (x},)acr and a sequence of scalars (A )acr such
that L =U3_|L; and:

(1) 2" =3 e Aay-

31 3 1
2 ( w) s—,( w) <1
2 e\ )

)
(3) w(z}) > m; for a € L.
(4) For o € Lg there exists |7o| <1 and po, € N such that x}, = v,€;_.

Proof. Since x* € N there exists 7 € T such that z* = x%. Define three pairwise disjoint
sets Ly, Lo, L3 of nodes of 7 such that for every branch B of 7 (i.e. a maximal subset of 7
which is totally ordered with respect to <) there is a unique o € B with a € U}_,L;. For
every branch B of 7 choose a node a € B which is maximal with respect to < such that
m(a) < m7 and all M-entries of a~ are less than mj;. If a is non-terminal and m, < m;
then ot € L;, where a™ is the unique <-immediate successor of v in B. Thus for at € L;
we have m; < m(a*) < m?. If a is non-terminal and m, > m; then o € Ly. If o is terminal
then o € L3. Let L =U2_L;. For a € L let

T, =xp = m(a):c*ﬂfa and A\, = (@) .

(@) m(a)

Since m7 < m(a) for o € Ly we have

(S = (S () < AT ner) <

where the last inequality follows from Deﬁnition 2.2 (4) and Definition 2.4 (3). If a € Ly
then w(7,) > m;. If a € Lz then 27 = q,¢;, . Finally, since m(a) > w(z*) for all a € L we

have,
: @)Y - P
WP = na < 2) < -
() = (EGa) ) = me (S rer) < o
aclL acl a€cL
By applying the following Remark 3.5 (which also appears in [12]) to the set {I, : « € L}

we conclude that (27)acr is Sp-admissible where p = max{n(a) : « € L} < f; by (1). Thus
(2})acr is Sy, admissible.

[l

Remark 3.5. Let T € I'. Let F be a subset of T consisting of pairwise incomparable nodes.
Then {1, : o € F} is S,-admissible, where p = max{n(a): a € F'}.

Proof. Proceed by induction on o(7). For o(7) = 3 the assertion is trivial. Assume the
claim for all 7 € I' such that o(7) < 3n. Let 7 such that o(7) = 3n and w(7) = m,;. If
|F'| =1 the assertion is trivial, thus assume |F'| > 1. Let ag be the root of 7. Thus for all
B € D,, the claim holds for 75. For each 5 € D, define, Fy = {a\ay:a € F,3 < a} C 7.
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We know that for every 3 € D,, we have that {I, : a € I} is S, admissible where
pp = max{ng(a) : a € Fz} and for every o € 73,

Z Ny = Z Ne — n; = nla) —n;.

v€T3 YT y<a
y=<a\ao

Thus {I, : « € Fp} is Sp(a)—n, admissible for all 3 € D,,. Also {Ig : f € Dy} is Sy,
admissible so we use the convolution property of Schreier families to conclude that {1, : o €
F} is S, admissible.

O

Lemma 3.6. Let (u,) be a normalized block basis of (e,). Let j € 2N and let y be an
(e, f; + 1) squared average of (un) with ¢ < 1/m;. Let (z}); € N be Se-admissible, & < f;
and (Y¢)e in coo. Then,

1

2
szxy)] < 5( 3 W) |
14 {lr( )#0}

xp)Nr(y

Proof. Let p, = minsuppu,, R € [(p,)] and y = >, (fj + 1)%(pn)u,. Define

Q(1) = {n: there is exactly one ¢ such that r(x}) N r(u,) # 0} and

Q(2) = {n : there are at least two {’s such that r(z}) Nr(u,) # 0}.

N

—~
(@)

~—
IA

> wvi( X nfe.)?)

{lr(z7)0r (y) #0} neQ(1)

r(:v;f)ﬂr(un);é@
1
< Jﬁ( 3
{Z:r(x;f)ﬁr(y)

9 2
|7€| ) )
#0}

where for the second inequality we used Proposition 3.2 and for the third inequality we used
the Cauchy-Schwartz inequality. For n’s in Q(2),
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(Z fg+1)R(pn)un)‘§ S G0l Y )|m,
€Q(2) neQ(2) J {lr(z})Nr(un)#0}
1
2
(6) <y (fj+1)f‘(pn)( 3 w) -
neQ(2) {Z'T(GUZ)W(“n)#@}
1
2
< (X W vtonr) (2 = )
neQ(2) neQ(2) {Lr(xp)Nr(un)#0}
1
2
<22 X W)
{lr(zy)Nr(y)£0}

where for the second inequality we used Remark 3.1 and that j is even. For the third
inequality we used the fact that (p,)nege) € 2S¢ (i.e. the union of two sets each which
belongs to Se), € < fj, € < 1/m; and the fact that for every ¢ there are at most two values
of n € Q(2) such that r(z}) Nr(u,) # 0. Combining (5) and (6) we obtain the desired result

since 2v/2 + /3 < 5.
O

Lemma 3.7. Let (u,) be a normalized block basis of (e,). Let ¢ > 0 and j be an even
integer. Then there a exists smoothly normalized (e, f; + 1) squared average of (uy,).

Proof. Let P = (p,) such that p, = minsuppu, for all n € N. By (1) assume without loss
of generality that for all R € [P], sup{D_,c»((f; + DE(k)2)2: F e Sy} < e. Suppose that
the claim is false. For 1 < r < [; construct normalized block bases (u]); of (u,) as follows:

Set

= ST D
It must be the case that ||u}|| < 1/2 for all i € N. Now for each 1 < r < ¢;, if (u! '), has
been defined let p, " = minsuppu} ', P,_; = (p;~') and

ur—l

af =y (S0 e

[

n

For all r and 4, ||ul|| < 1/2. Write u = Y ner Onln for some ﬁnite set ' C Nand a, >0
with (un)ner being Sy, 41y, -admissible and (3, pa a2)z > 2471 Forn € F let uf € X*,
|lur|| = w!(u,) =1 and supp u) C r(u,). Set

/(5 )

Since (f; +1)¢; < n; and j is even, we have by rational approximation that ||z*|| < 1. Thus
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1 0 . b 1 a .
5 > 'l z 2™ (wy’) = EZ - Un (Z anun) > —
contradicting that m; < 2%,

Lemma 3.8. Let (u,), be a normalized block basis of (e,)n and jo € N. Suppose that (yx )k
is a block basis of (uy)n so that yy is a smoothly normalized (e, faj, + 1) squared average of
(Un)n with e < 1/maj, and jo < 2j1 < 2j2 < ---. Let (z})m C N be S¢ admissible, § < nj,
and (Ym)m, (Bk)k € coo- Then

E(%:&w) <22(Z|7m\2) (ZW}JQ)

Proof. Define the following two sets,

Q(1) = {k : there is exactly one m such that r(z,) N r(yx) # 0},
Q(2) = {k : there are at least two m’s such that r(x},) Nr(yx) # 0}.

:n< Z ﬁkyk) ‘ +
Or(yk) 70}

{keQ(V):r(z3,)

g;mm( > w)i > 1B

{keQ():r ()N (yrk) #0} keQ(2)

_2(;%2)%(2 ) mr?)%mZm( ) wm?)é

m {keQ(1):r(xy,)Nr(yr) A0} keQ(2) {mer(@35,)0r (v ) #0}

sz(;w)é(;w) +20(Zlvm\2> (Zw) <22(§|ﬁk12)%(;m|2)5.

For the first inequality we used Proposition 3.2. For the second inequality we applied the
Cauchy-Schwartz inequality in the first term of the sum and in the second term of the sum
we used the fact that £ < nj, < fy;, for all k to apply Lemma 3.6. The “10” in the second
part of the second inequality comes from the fact that ¥, is smoothly normalized. For the
third inequality we used the Cauchy-Schwartz inequality. The “20” after the third inequality
comes from the fact that for every m there are at most two values of k € ((2) such that

(@) () 0. .

Lemma 3.9. Let (u,), be a normalized block basis of (en)n. Suppose that (y;); is a block
basis of (un)n so that y; is a smoothly normalized (g, fo; + 1) squared average of (uy,), with
gj < 1/my;. Then there exists a subsequence (y;)jer of (y;); such that for every jo € N,
JisJoy .. € T with jo < 251 < 22 < ..., x* € N with w(z*) > mj, and scalars (5;); € coo we
have that:

(2 )

k€Q(2)

> T ()

{mar (@) (ye) #0}




An asymptotic {2 Hereditarily Indecomposable Banach space 13

(1) If w(z*) < my, then

1
* 5 :
T (Z ﬁkyjk>‘ < E( > |5k|2> )
k ¢ Mher(a)nr(y;,, ) £0}
where me = my, if w(z*) = mj, and me =m3, if w(z*) > my,.

(2) If mg;, < w(x*) < mayj,,, for somes>1 then

' (15, )#0}

k#s JO MEsir(x*)Nr

Proof. Lemma 3.7 assures the existence the block sequence (y;); such that each y; is a

smoothly normalized (g;, fo; + 1) squared average of (u,),. Let T' = (¢,), where ¢, =

min supp u,. Choose I = (j;)x € [N] such that, j; is an arbitrary integer, >, €5 < 5?2 and

1
2 m2j/
) (} llyy ) <
i<k 1 mzji/vfl

Let jo € N, j1,j2,... € I with jo < 2j; < 2jo < ..., (Bk) € coo and z* € N such that
mj, < w(z*) = m; < myj,. By definition y;, = v, /||v;. ], where v;, = 32 (faj, + D1 (tn)un
and Ry € [(t,)] is chosen as in Definition 2.1. Let z* = 1/m; Y, v, for some ¢ where
oo lvel® <1, (), is S, admissible and ¢ < 2j;. Define the following two sets.

Q(1) = {n: there is exactly one ¢ such that r(z}) Nr(u,) # 0},

Q(2) = {n : there are at least two ¢’s such that r(z}) Nr(u,) # 0}.
We proceed with the case n € Q(1).

(8)
'w(lx*) %: Ve (; o > (faj, + 1) (tn)un) ‘

||Ujk|| {neQ1):r(z;)Nr(un)#0}

< o 2l xz({m( S 4 X (M)

zp)0r(y;,, ) A0 {n€Q(1):r(zy)nr(un)#0}

SIS S AR D))

{kr (@) (yj,, ) #0} {n€Q(V):r (x7)Nr (un ) #0}

4 2 2 4 >
s () (2w es( X )
¢ {kir( 40} ke 120}

@) (v, z*)Nr (),

[NIE

IN

where for the first and second inequalities we used Proposition 3.2 and the fact that ||v;, || <
1/2. For the third inequality we used that 21/3 < 4 and the Cauchy-Schwartz inequality.
Notice if w(z*) > mj, by the choice of M we have 4/w(z*) < 4/m3 . For n € Q(2) we have,
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) (Faje + 1™ (ta)un

‘_ZWZ@“ BT
<2 Y B Y (fa H D

1 *
) e E Yoy (Un)
{ker (2 (5, )70} neQ(2) L

TS |ﬁk|2<f2jk+1>?k<tn>( 3 w)z
)#£0}

{kr(z*)Nr(y;,, )70} neQ(2) {£: r(zp)Nr(un

1

2 3 (3 G i )(Z > )

{kr(z*)0r (y;,, neQ(2) neQ(2) {£: r(zy)Nr(un

where for the first inequality we used that [|v;, || > 1/2, for the second inequality we used
Remark 3.1 and for the third inequality we used the Cauchy-Schwartz inequality. Note that
(tn)neq2) is 25y, admissible (i.e. it can be written as a union of two sets each of which is
Sy, admissible) and n; < fy;,. Also note that for every ¢ there are at most two values of
n € Q(2) such that r(x}) Nr(u,) # 0, to continue (9) as follows:

Ty |ﬁk|ajk(z|7g\2)2g4( 3 |ﬁk|2>2<26§k)2
¢ A0}

{k:r(x*)Nr(y;, )#0} {k:r(z*)Nr(y; k>1
(10) Vi . Yik ,
2 ? 4 2 2
gsajl( 3 w) _m,( 3 wk\) .
{ker (@) (y;, ) #0} TNk (@) O (5, )£0}

Obviously (8),(9) and (10) finish the proof of part (1). Assume for s > 1, my;, < w(z*) <
maj,,,. Bstimate x*(3°, ., Bry;.) as in (8),(9) and (10) to obtain the same estimate with
maj, replaced by ma; ... Estimate z* (>, _, Bry;,) as follows:

Z Vew; Y By, = > @cﬁ Z ey (Y )

k<s {k<sr(z*)Nr(y;,, )70}
< Bkl ——= 14, ||, (since || %fCeHoo <1
(fC )
{k<sr(@*)Nr(y;, )70}
1
5 1 2
(X w0 k)
{k<s:r(z*)ﬁr(y]~k)7é®} {k<s:r(z*)ﬂr(yjk);ﬁ@}
1
2 1 m; 1
< 2 Js <
B ( Z 54 ) w(z*)my,_, ~ mjs_1< Z
{k<sir(z*)Nr(y;, )#0} ’ {k<sir(@*)Nr(y;, )#0}

where the third inequality comes from equation (7). This finishes the proof of part (2).
]

Remark 3.10. Lemma 3.9 will be used several times as follows: Given a normalized block
sequence (u,) of (e,), Lemma 8.7 will guarantee the existence of a block sequence (y;) of

W) |
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(en) such that each y; is a smoothly normalized (¢j, fo; + 1) squared average of (u,) and
gj < 1/my; for all j € N. Choose a subsequence (y;)jer of (y;); to satisfy the conclusion of
Lemma 3.9. Let jo € N and j1,ja, ... € 1 with jo < 251 < 2js < .... Let p;, = minsupp (y;,)
for all k € N, R € [(pr)],

Y

Z njo ) (pr)y;, and g =
- Iyl

be a normalized (1/m§0,nj0) squared average of (y;)jer- Then the conclusion of Lemma 3.9
will be valid for “By"= (n;,)(px) and for all x* € N with w(z*) > my,.

Lemma 3.11. Let (y;);er, j € 2N and a normalized (1/m]0,nj0) squared average g of (y;)jer
be chosen as in Remark 3.10. Then for any S¢ admissible family (x})e C N, € < nj, where
w(x}) > myj, for all € and (ve)e € coo, we have

(11)

1 1

47 2

< > ) 4o S )
Jo {£: w(=xy) {t: w

7)>mjq, r(zy)nr(u)#0} (z7)=mjq, r(zp)Nr(u)7#0}

Proof. Let g = y/||y|| and note that since jo is even, |y|| > 1/m;, where y = >, (n;o )5 (pr)y;,
for p;, = minsuppy;, for all k € N and R € [(px)]. Thus

g)\ < my 3 Pl (v)
l

Let B = {{: w(z};) > m;,} and E = {{ : w(x}) = m,, }. Define,

(12)

Q(1) = {k : there is exactly one ¢ such that r(z;) Nr(y;,) # 0},

Q(2) = {k : there are at least two ¢’s such that r(z}) Nr(y;,) # 0}.
For k’s in Q(2) we have,

xZ‘( > (njo)?(pk‘)yjk)‘

M, Z |’7€|
¢ keQ(2)

<mjy Y ()i (o) > RAIEATIN]

(13) keQ®) (o), )20}
1
2
<myy 3 <nj0>ff<pk>1o( 3 w) |
keQ(2) {@:T(zz)ﬂr(yjk)iw}

where for the second inequality we used that y;,’s are smoothly normalized, and applied
Lemma 3.6 since (x}), are S¢ admissible with £ < n;, < fy;, for all k. By applying the
Cauchy-Schwartz inequality the estimate (13) continues as follows:
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1 1
2 2
< 10mjo( > <<njo>?<pk>>2) ( >, > W)
keQ(2) keQ(2) {tr(zy)nr(y;, ) #0}

1

2 2
(14) < 10mjom_22( > |W|2)
0 Mer(

j () (w)£0)

1 1
40 2 2
, ( T w) +( T w) |
mJO ;ﬁ@}

{LeB:r(xy)Nr(u)#0} {teE:suppr(z;)nr(u)

IN

For the second inequality we used the fact that (p)reo(2) is 2S¢ admissible, § < nj,, and
that for every ¢ there are at most two values of k € Q(2) such that r(z}) Nr(y;, ) # 0.

For each ¢ let s, be the integer s such that mo;, < w(z}) < myy,,, and r(z}) Nr(y;,) # 0
if such s exists (obviously, no such s exists if £ € E i.e. it is defined for certain values of
¢ € B). For k’s in Q(1),

3 bl ( 3 <njo>f<pk>yjk)\
¢ keQ(1)

a5 <my (Z el

For the first term of the sum,

Ty ( Mo )1 (Ps,g)yjse) D :

(njo pk y]k) ‘ Z |7€

{keQ(1):k#se}

mj, Z ’7@‘
L

. (MZ (1o )

(1):k£se}

smjo(Zrm xz( S () y)) S il w( <njo>f<pk>yjk)\)
leB {k€eQ(1):k#se} lek {k€eQ(1):k#s¢}
(16)
%
<mm(2|w|—( S () ) ) + 3l ( 3 <<njo>f<pk>>2>>
(eB M, keQ(1) ks, (eE Mo keQ(1) ks,
r(zp)Nr(y;z, )70 (@) (yg,, )70
1
2
< 2 (k) es(She)
leB leFE

For the second inequality of (16) we applied Lemma 3.9. Notice the s,’s where picked to
coincide with part (2) of Lemma 3.9. The final inequality of (16) followed from the Cauchy-
Schwartz inequality.

For the second part of the right hand side of (15) notice that the only ¢’s that appear are
the ones for which s, is defined. Also recall that if s, is defined then w(x}) > m;, hence
¢ € B. Thus the second part of the right hand side of (15) can be estimated as follows:
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M, Z Vel

{¢: sy is defined}

T ((njo)f(p&z)yjsl) ‘ <mj, Y. ulng)f(ps)
{¢: sy is defined}
1

(17 <o X wl) (X i)

{¢: s¢ is defined} {¢: sy is defined}

1
2 2

< 2
= ( E |’Ye!) )

J0 {¢: sy is defined}

1
2

where for the second inequality we applied the Cauchy-Schwartz inequality and for the third
inequality we used that (z}), is Se admissible for £ < nj, hence {(ps,) : s/ is defined} € 25.
The result follows by combining the estimates (12), (13),(14),(15),(16), and (17). O
Lemma 3.12. Let (y;)jer, jo € 2N and a normalized (1/m?0,nj0) squared average g of
(yj)jer chosen as in Remark 3.10. Then for any S,, admissible family (z})e C N, i < jo
and ()¢ € coo, we have

(18)

Z Ve (9)
¢

1 1

123 2 2
S (D DR IR (D DI 0
{l:w( {l:w

c ap)FEmg r(zf)Nr(g)#0} (x)=mjq r(z;)Nr(g)#0}

where m, = miny{w(x}), m;, }.
Proof. Let g = y/||y|| and since jo is even note that ||y|| > 1/m;, where y = >", (n,)¥(pk)v;,

for p, = minsuppy,, for all k € N and R € [(py)]. Let S = {0 : w(z}) < m;}, E = {{:
w(xy) =mj,} and B = {{: w(z)) > m;,}. Using Lemma 3.4 for { € S we write

* *
Ty = E Af,mxe,ma

meLy

where L, = U?:1L€,z‘ and the following are satisfied:

(19) (2 W); <o (X w,m\?f <

meLy ¢

w(x},,) = my, for m € Lo, @7, = Yeme,,  form € Lyg, |vem| <1 and pyn € N. Now we
have
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%: 7@$Z(9)' <

(20) <

Z e Z )‘é,mxz,m(g)‘ +

{£eS:r(xy)Nr(g)#0y  meLy

Z Ve Z >\£,m$2m(g)'+

{LeSur(z;)Nr(g)£0}  mELe2

47 2
=S O SRR TG DT B
Jo {¢cE:r #0}

{teB:r(z})Nr(g)#0} wr(zg)Nr(g)

> i)
¢S
S D) Mmia(9)

{LeSur(zy)Nr(g)#A0}  mELg2

Nl=

For the second inequality we applied Lemma 3.11. Now since (27, )m is S f;, admissible and
(x3)¢ is Sp, admissible we can use the convolution property of Schreier families to conclude
that (xém)fESTrLELg is Sy, +n; and hence Spp, - admissible. Thus for “¢7 = 2f;, < nj, apply
Lemma 3.11 to the second term of the sum to obtain,

> Ve Y Aem®im(9) '

{LeSr(zy)Nr(g)#0}  mELyy2

1
S D SR S IR (D DR T DR
Jo {£eS:r(

{teS:r(xy)nr(g)#0} meLgo r(xy)Nr(g)#0} meLygo
w(xz,'m)>mjo w(:vzm):mjo

(S ) L )

{teSir(x3)Nr(g)#0} @)
(21)

1
a7 ( )\ ? 6 )
. )+ e ( o
mp ming{w(z7)} {ees:r(%r:wr(g)#@} ming{ew(z;)} {ees:r<*z (9)70)

xp)Nr(g

1
2

IN

1

53 2
—( 3 w) .
Me

{€eS:r(z})Nr(g)#£0}

xp)Nr

IN

Now separate the first term of (20) into two terms. Recall ¢ = y/|ly|l, |lyl]] > 1/m;,,
(T} n)tesmerL, 18 Saf;, admissible, and apply Lemma 3.8 for “¢”=2f;, < nj,,

* *
1 E ,ymxm” — E r-)/z E )\£7m$57m
m

{teSr(z})Nr(g)#A0}  meELea

and “Y", Bryr” =y to conclude that,

D=
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D Ae,mxz,m<g>\

{€eS:r(z;)Nr(g)#0} mgLg 2

Y )
{£eS:r(zy)nr(g)#0}  meLga
(22) +mj0 Z Ve Z )\Em’y@me (£,m) Z n]o pk Yii,
{teS:r(zy)Nr(g)#0}  mELes k

1
2

< 22mj0( Z el Z |)\€,m|2)

{teS:r(zy)Nr(g)#0} meLg
+mj, Z Ve Z )‘é,m’}/@,m(njo){%(pk(fvm)) J

{£esS:r(x;)Nr(g)#0y  mELys
where for every ¢ € S and m € Ly, k(¢,m) is the unique integer k (if any) such that
e;(é m)(yjk) # 0. If no such k exists then the corresponding term is absent from the second

part of the sum. Now (22) continues by applying (19), the Cauchy-Schwartz inequality and
the facts |vem| < 1 and (k(€,m))eesmer, s € Snity,, €S2y, Where 2f;, < njq:

1
. 2
<2y )
Jo {£eS:r(zy)nr(g)#0}
1 1
2 2
b bl E enl) ()
{LesS:r(zy)nr(g)#0} meELyp 3 meLy g
1
22 2
2% e
10 NeeSir(zy)nr(g)#0}
(23)
1 1
m; 2
b (% ) () o)’
ming{w(zy)} L 5
{LeS:r(xy)Nr(g)#0} {LeS:r(xy)Nr(g)#0} mELy 3
1 1
22 2 1 2
= m. ( Z ’7€|2> +m- mine{w(x*)}< Z |%’2)
10 NeeS:r(zy)nr(g)#0} Jo £ {LeS:r(z3)Nr(g)£0}
1
23 2
By )
J0 {€eS:r(x;)nr(g)#0}

The result follows by combining (20),(21),(22) and (23).
U

Corollary 3.13. Let (y;)jer, jo € 2N and a normalized (1/mj0,nj0) squared average g of
(yj)jer chosen as in Remark 3.10. Then for any x* € N such that |z*(g)| > 1/2 we have
that w(z*) = my,.
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Proof. Let z* € N. Assume w(z*) # m;,. Apply Lemma 3.12 for i = 0, for (recall that
no = 0) the S,,, admissible family (z}), being the singleton {z*} and +; = 1, to obtain that

123 123 1
24 “(g)] < <—<
(21) < < B
(where m, = min(m;,, w(z*))), since m; > 246. O

4. X 1S A HEREDITARILY INDECOMPOSABLE BANACH SPACE

We now show that X is HI. We proceed by fixing j € N and by defining vectors (g;)%_;
and (z;)7_;, functionals (z7)_, € N, positive integers (j;)?_; and R = (¢;) € N which
will be fixed throughout the section and shall be referred to in the results of the section.
By using standard arguments we can assume that any two subspaces, in our case with
trivial intersection, are spanned by normalized block bases of (e,). Let (u,) and (v,) be
two such normalized block bases of (e,) and fix j € N. Set P = (p,) and Q = (¢n)
where p, = minsuppu, and ¢, = minsuppuv, for all n € N. By passing to subsequences
of (p,) and (g,) and relabeling, assume by (1) that if R € [P U Q] then for £ < ngji1,
sup{ (X (o)) f(k))?)2 « F € S} < 1/m3;,,. By Lemma 3.7 let (y;)icon—1 (tesp.
(yi)ie2n) be a block sequence of (uy,), (resp. (v,),) such that y; is a smoothly normalized
(1/ma;, fai + 1) squared average of (uy), (resp. (v,)n). Apply Lemma 3.9 to (y;)icon_1 and
(y:)icon to obtain I; € [2N — 1] and I, € [2N] such that (v;)icr, and (y;)ier, satisfy the
statement of Lemma 3.9. For j; € N, 2j; > 2j + 1 let g; be a normalized (1/m3; ,n;,)
squared average of (y;)jer,. Let 27 € N with z7(¢g1) > 1/2 and r(23) C r(¢g1). By Corollary
3.13 we have that w(z}) = ma;,. Let my;, = o(x}). Let g be a normalized (1/m3;,,n;,)
squared average of (y;)jer, with g1 < go. Let x5 € N with 23(g2) > 1/2 and r(z3) C r(g2).
By Corollary 3.13 we have that w(x}) = maj,. Let myj, = o(z7, x3). Let g3 be a normalized
(1/m3;,, naj,) squared average of (y;)jer, With g1 < go < gs. Let x5 € N with z3(gs) > 1/2
and r(z%) C r(gs). By Corollary 3.13 we have that w(z}) = maj,,. Continue similarly to
obtain (¢;)?_; and (z})!_; C N such that:

(a) g; is a normalized (1/m3; ,ny;,) squared average of (y;)jer, for i odd (resp. (y;)jer
for i even).
(b) w(z?) = Mgy, 7(z3) € r(g) and 3(g:) > 1/2.
(c) oz}, - ,xf ) = w(xf) for all 2 < i < p.
(d) {gi : © < p} is maximally S, - admissible.
Let z; = ¢;/(z}(g;)). Let ¢; = minsupp z; and R = (¢;);. The fact that X is HI will follow
from the next proposition.

Proposition 4.1. For all z* € N there exist intervals J; < --- < J, C {1,--- ,p} such that,

(1) {#Zming,, : m < s} € So+3Sy,,,, (i.e. it can be written as a union of four sets: one
is a singleton and three which belong to Sy,,. ).
(2) There exists (by)5,_y C RT such that

2 (> (=) (ngjen) (k) 2
( )

1€Jm

3
< (n2j41)1 (benin gy, )b and (Z bi) <6.
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(X 0| < -

m .
i€ {100, \UZ,_y I 211

Before presenting the proof of Proposition 4.1 we show that it implies that X is HI. First
we find a lower estimate for || Y7 (ng;1)%(t:) 2.

I3 002l 2 o S g e (Zm%)ff(ti)zi)

maj+1 z
1 1
oy 2 (a0 =

Now we find an upper estimate for || Y7 (—1)"(ng;+1)f(t;)z|. Let z* € N and find J; <
Jo < --- < Jg to satisfy Proposition 4.1.

x*(;<—1>i<n2j+1>f<ti>z¢)\
( S e )+

€U 1 JIm

o (S 0 et | +

m=1 1€Jm

<

505
<Y (n2j51) 1 (tmin g )om + —5—
— Maj1

((n2j41)1 (bmin 1) ) (252);+ 5205

Mo

A

s

IN
N

m=1

V)
(@)
o
ot

1 \%\? 517
Myjt+1 Moi+1 Myjn

where the numbers “4” and “6” after the last inequality are justified by parts (1) and (2) of
Proposition 4.1 respectively. Combining the two estimates we have that,

p

> (nai) (1)

=1

p

D (1) (o) fi(t) 2

=1

517

majt1

017

Mojt+1

>

>

Y

for any j and thus X is HI.
The remainder of the paper will be devoted to proving Proposition 4.1. The following
three lemmas will be needed in the proof.

Lemma 4.2. Let z* € N with w(z*) > maji1. Let V C {1,...,p} such that w(z*) & {may, :
i € V}. Then for any scalars (o;)iey we have,
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1
496 >
<2 (Y )
25+1 {ieVr( )70}

x*)Nr(z;

“(35)

Proof. Let x* = ﬁ S oo veys where >, |v/* < 1 and (yj), is appropriately admissible.
Define,

Q(1) = {i € V : there is exactly one ¢ such that r(y;) Nr(z) # 0},
Q(2) = {i € V : there is at least two ’s such that r(y;) Nr(z;) # 0}.
For 4’s in Q(1),

AZ o)l Tl T )

i€Q(1) {1€Q(1):r(yy)Nr(z:)#0}

1 2
(25) o) zz: |W|2\/§< > » || )

{i€Q(1):r(yy)Nr (2
1 1
23 2 4 2
2T @) en > b))
(ZE*) . maiv1 \,.
{ar(z*)nw(2:)#0} J {a:r(xz*)Nir(2;) A0}

where for the first inequality we used Proposition 3.2 and the fact that z}(g;) > 1/2, for the
second inequality we applied the Cauchy-Schwartz inequality and for the last inequality we
used the fact that m3;,; < w(z*). For the Q(2) case, w(x*) # my;, for all i € V notice that

=

2

IN

g

(26)
)
{1€Q(2):r(x*)Nr(2;) A0}
1
2 1
< Y (X m) ey X e
{1€Q2):r(z*)Nr(2:)#0} {€r(yp)nr(z:)#0} {lr(yy)nr(z:)#0}

where 30 = Y/ (O ety (20 20y \”VmP)% + ;) where 7; is arbitrarily small and such that

1
2
( > |7m|2> +n;, € Q.
{mar (v )0r (20) #0}
Now apply Lemma 3.12 for “9”"= g;, “jo”"= 2j;, “4"=10, “y,"=1 and

ok

zy = ﬁ (et )nn(z 20y Pieyy € N to continue (26) as follows:

1

2 2(123)
< ¥ w(( 3 w) +m> :
, w(x*)
{1€Q(2):r(yy)Nr(z:)#0} {:r(z*)Nr(z;)#0}
1

s2<246>( 3 |ai|2)2,

2
m2j+1 {ieVir(z*)Nr(z;)£0}

A

(27)
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where the constants n; were forgotten in the last inequality since they were arbitrarily small
and the constant “123” that appears in the statement of Lemma 3.12 is multiplied by 2 since
zi = gi/xi(gi), xi(g;) > 1/2 and by another factor 2 since for each ¢ there are at most two
values of i € (2) such that r(y;) Nr(z) # 0. The result follows by combining (25), (26)
and (27). O

Lemma 4.3. Let * € N with w(x*) = mgj1. Thus z* = ﬁ > veyr where Y-, |ve* <

1, y; € N, and (y;)¢ has Sy, -dependent extension. Let V. C {1 < i < p @ my; #
w(yy) for all €} and («;); € coo. Then

1
2
2
E ;2 E Q; .
(ev )’ m2g+1(4 ol , | ’>
i {ieVir(z )#0}

)N (z;

Proof. For i € I define Q(1) and @(2) as in Lemma 4.2. For i € (1), use Lemma 4.2 for
“o*” = y; for each ¢ to obtain,

ZZ: Veyy ( Z aizi) ‘

i€Q(1)

1 1

2 496 1 2

(28) < Zm( 3 |a2-|2) %6 _ ( 3 raﬁ),
{ieVr( )#0}

m ms . ms .
2j+1 r(yy)Nr(z:)#0} 2j+1 2+l {ieVir(z*)Nr(z;

(g

majt1

where for the last inequality we used the Cauchy Schwartz inequality and the fact that
maj+1 > ms =~ > ml Z 496. For 1 € Q( )

(2 o) = o, zwz( > o) <

maojt1

Z |az ZWZU@ zz

majy1

€Q(2) ¢ i€Q(2) i€Q(2
1
2 2(123)
2
) Sl X ) e
M2+ 00 (e (yp)nr(2:) 20} ming{w(y;), ma;,) }
L 1
4(123)( 2)2 1 ( 9 2
mngrl Z mng Z

{ar(x*)Nr(z;)#0} {ior (@) (2:) #0}

Recall that (y7)¢ is Sh,,;,, admissible and 2j 4+ 1 < 2j; for all . Thus the second inequality
follows from applying Lemma 3.12 for “z;”"= y;, “"= 2j + 1, “jo"= 2j;, “g"= ¢; and
observing that z; = ¢;/x(¢g:;), **(g;) > 1/2 and {w(y;) : £} N {mgﬁ :1 €V} =0. The
third inequality follows from applying the Cauchy-Schwartz inequality and observing that
for every ¢ there are at most two values of i € Q(2) such that r(y;) N r(z) # 0 and
min; o{w(y;), ma;,} > m3;,,. The fourth inequality follows since myj41 > mg > mj > 492.
The result follows by combining (28) and (29).

O

Lemma 4.4. For x* € N, w(x*) = myj41 there exist Jy < Jo < J3 subsets of {1,...,p}
(some of which are possibly empty) such that:
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(1) For m € {1,2,3},

o (X 1 )05 ) | < 20y ),

1€Jm

(2) x* = ﬁ Sy veyr with 35, [vel> <1, y; € N, (y))e has a S,,,,,-dependent exten-
sion and {w(y}) : 1 <€ <n}N{mg;, i €{l,...,p}\ U3 _Jn} = 0.
(3) Also,

2
<

D S R

i€{1,0 p\U3. _y Im 2j+1
Moreover, for any interval Q@ C {1,...,p} there exist J, < Jy < J3 subsets of Q (some of
which are possibly empty) such that conditions (1), (2) and (3) are satisfied with the exception
that in conditions (2) and (3) the set {1,...,p} \ U3, _,Jm is replaced by Q \ U3 _, Jpn.

Proof. Suppose z* € N with w(z*) = majy1. Then z* = 1/maj1 >y Yeyr with >, |7]* <
1, y; € N and (y;)j_, has a Sy, ,-dependent extension. Thus there exists d, L € N and an
Sna;i,-dependent family (77)¢17~" such that o(g;,...,7;) = w(f;,) for 1 <l <d+n-—1
and ;| (z,00) = yz‘_(d_l) ford{=d,...,d+n—1.

Recall the definition of (z}) from the beginning of this section. By injectivity of o, the set
{ke{l,....p} s w(x}) € {w(y}) : d <i < d+n—1}} is an interval of integers (possibly
empty). Let ko be the largest integer k such that w(zy) € {w(g):d <i<d+n—1} and
ko = 0 if no such k exists.

If ko =0 (i.e. w(a}) #w(y;) foralll <¢<n,1<k<p)thenlet J; =Jy=J3 =0 and
conditions (1) and (2) are trivial. To verify condition (3) apply Lemma 4.3 for “V"= {k :
1 <k <p}and “a;"= (=1)'(ng;41){ (t:)-

If ko =1 (ie. w(a]) = w(y;,) for some ig € {1,...,n} and w(xy) & {w(y;) : 1 <L < n}
for 1 < k < p) then set J; = {1}, Jo» = J3 = 0 and since ||z1|| = ||g1/xi(g1)]] < 2 it is
easy to check that conditions (1) and (2) hold. To check condition (3) apply Lemma 4.3 for
“V'={2,3,...,p} and “a;”= (=1)"(ngj1){(t:)-

If ko > 1 and w(z},) = w(y;) then by the injectivity of o, w(ry) & {w(y;) : 1 <L < n}
for k € {1,...,p} \ {ko}. Thus set J; = {ko}, Jo = J3 = 0 and easily verify conditions (1)
and (2) as above. To check condition (3) apply Lemma 4.3 for “V7"={1,...,p} \ {ko}.

Finally, if ko > 1 and w(zy,) = w(y;,) for some £y > 1 by the injectivity of o it must
be the case that ¢y = ko, w(y]) = w(x}) for all i < kg and g7 = 2} for all i < ko. Let
J1={d}, Jo = (d, ko) "N if d < kg (else Jo = J3 = 0), J3 = {ko} if d < ko. By the choice
of Ji, Jo, J3 we have that w(x}) € {w(y;) : 1 < € <n}for ke {1,...,p}\ U3 _,J, and if
Jy # 0 then o} = g = y; 4, for i € Jo. Apply Lemma 4.3 for “V7={1,...,p} \ U3 _ ],
and “a;”= (—1)"(ngj41)%(¢;) to satisfy conditions (2) and (3).

To verify condition (1) for J; and J; (if they are non-empty), since they are singletons,
simply observe that |2*(z;)| < ||zi]] = |lg:/x;(g:)]] < 2. To verify conditions (1) for Jy (if it
is non-empty),
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z (Z<—1> <n2j+1>§<ti>zi)\ = D iy (ZH) <n2a~+1>?<ti>zz~)
i€Ja 21+ e gy i€Ja
1 * )
e Z’Yi*(dfl)xz‘ (Z(—l) (n2j+1){%(ti)zi>‘
(30) 25+1 i€Ja i€ Ja
1
= i—(d— —1 i T9; R tz
oy 2 i (1 )

|’7minJ27(d71)| (

IA

n2j+1)f(tmin 5) < (n2j+1>{%(tmin J)s
mMaoj+1

where the first two equalities follow from the fact that x} = y;‘_( 1) for ¢ € Jy; the third
equality follows from the fact that z}(z;) = x}(g:;/2;(¢g;)) = 1; the first inequality follows
from the fact that ((ng;41)(¢;)); is non-increasing and non-negative, v; = v7¥; where |y| < 1
and (%;); are non-increasing non-negative (see Remark 4(4)) and J; is an interval.

The proof of the moreover part is identical to the above with the only exception that the
sets Jp, Jo, J3 chosen above are replaced by Q@ N Ji,Q N Jo, @ N J3. Notice it was important
in the proof of (30) that J, was an interval. This remains true if J; is replaced by J, N @
since () was assumed to be an interval.

O

Proof of Proposition 4.1. Suppose w(z*) > maj;1, apply Lemma 4.2 for “o;” = (—1)%(ng;11) ¥ (t:).
The conclusion of Propostion 4.1 is satisfied with s = 1 and J; = {q} if w(z*) = my,, or
If w(z*) = mgji1 the proposition follows directly from Lemma 4.4 with by = by = by = 2.
Assume w(x*) < moji1. Write a* = >, vey; where (y7)e, (M) and L = Ly U Ly U L
satisfy the conclusions of Lemma 3.4 for “j”= 25 4+ 1. Let Ly = L, U L] where L), = {{ €
Ly :w(y;) = mojy1} and LY = {l € Ly : w(y;) > maj41}. Define,

Q(1) = {1 <i < p: there is exactly one ¢ € L with r(y;) Nr(z) # 0},

Q(2) = {1 < i < p: there are at least two ¢’s in L with r(y;) Nr(z;) # 0}.

For i’s in Q(2),
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Z Afyé Zz

(Towr)( 2 <—1>i<n2j+1>f<ti>zi)] < 3 oo

LeL 1€Q(2) 1€Q(2 LeL
(31) <2 ) (ng) ()| i (90)
1€Q(2) el
1
3
<o) 3 <n2j+1>f<ti>( > )
i€Q(2) {feL'T(yZ)mT(Zi)fw}
1
3
< 14< Z ((ngjs1)F > < Z Z |)\el2)
1€Q(2) 1€Q(2) {LeLr(y;)Nr(z:)#0}
<2 o1

N m%j—f—l w(x*) — m%j-{-l
where for the second inequality we used the definition of z;. For the third inequality we

applied Lemma 3.12 for “jo”= 2j; and “g”= g; for each 7 using the fact that (y;), is Sp,,,,
admissible, fa;11 < ngjy1 and 2j + 1 < 2j; and noticing that the right hand side of (18) is at

most equal to 7(> () (9)20) I7¢[2)2 since 103/m, < 1. For the fourth inequality we used

the Cauchy-Schwartz inequality. For the fifth inequality we used that (Z;)icq) is 25y,,,, i
admissible, condition (2) of Lemma 3.4, and the fact that for every ¢ € L there are at most
two values of i € QQ(2) such that r(y;) Nr(z;) # 0. Now for £’s in L; and i’s in Q(1),

(Soar)( X 0t

teLy i€Q(1)
r(yp)Nr(z:)#0
<2 (Z /\eyZ) ( Z (—1)i(n2j+1)f(ti)gi)‘
(32> el 1€Q(1)
r(yp)Nr(z;)#0
1
2 4
VY X (mef0)?) <
el ) Mo
1 1€Q(1)
r(yp)Nr(z;)#0

where Proposition 3.2 was used in the second inequality and for the last inequality we used
the Cauchy-Schwartz inequality and condition (2) of Lemma 3.4. For ¢ € L3 there is at most
one value of ¢ (call it ¢(¢)) such that r(y;) Nr(z;) # 0. Thus

()T i) <5 ot

{ieQU):r(yp)nr(2:) A0} tels
2

9

N mgj+1
where for the first inequality we used that |y;(z;)| < ||z < 2 and for the second inequality
we applied the Cauchy-Schwartz inequality and used that (t))ecz is Sy,;,, admissible and
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fajo1 < mgjy1. For 07 € LY, set Jp = 0 if w(y;,) & {mo;, : 1 < i < p} and Jpw = {q} if
w(y;,) = mgj, for some ¢ € {1,...,p} and r(y;,) N7r(z,) # 0. Notice that for ¢” € Ly if
Jor = {q} # 0 then we have,

< (1)1 (tg) |77 (2)|

o (3 0 e
(34) 1€y .
= (nay) Rt e ()

< (n21)1 (tg) | Aer[2 - (since 12| < 2).

For ¢’ € L} apply the moreover part of Lemma 4.4 for “a*”= y;, and “Q"= Q¢ = {i € Q(1) :
r(z;) Nr(yy) # 0} to obtain intervals Jy1 < Jyo < Jp3 C Qp (possibly empty) such that

3 (X 0 )05 | < 20 s, ) me (1,29
iEJy’m
and
1 : 2 * * .
y;/ = ’)/5/7ky2/7k with 7@’,k’ S 1, yﬁ’,k € N, (y£17k)k admits a
a0 T o 2 2
Sny,., dependent extension and {w(yy ) : k} N {mg;, 11 € Qv \ Ul Jom} = 0.

Thus for ¢ € Ly and m € {1, 2,3} apply the fact Jp,,, C Qp :={i € Q(1) : r(z:)Nr(y;) # 0}
and (35) to obtain

o (3 0l < vl

iG‘]l’,m

i (3 (1m0

ieJl,m

(37)
< (n2j+1>{%(tminh/,m)|)\Z’|2-

Thus for ¢ € L if Jp # 0, set bpr = 2|A\pv| and for ¢/ € Ly and m € {1,2,3} if Jp,, # 0 set
by m = 2|A\w|. Hence,

> b+ > Vo < D>, A+ > 4| A2

{ereLy: T, #0} {eLy,me{1,2,3}: 0y, #0} {erery:J,u#0} {¢eLy,me{1,2,3}: 0y, #0}
16

38 <16 o <1,

(38) < ; el” < o S

where the third inequality was obtained from condition (2) of Lemma 3.4. Index the by (for
0" € LY with Jp # 0) and by, (for ¢ € Ly and m € {1,2,3} with Jp ,, # 0) as (b,,)5,_; the
non-empty Jpo (¢ € Ly) and Jp,,, (¢ € Ly, m € {1,2,3}) as (J,,)5,—; and we can see that
(34), (37) and (38) imply that condition (2) of Proposition 4.1 is satisfied. Condition (1) of
Proposition 4.1 follows from the facts that (y; ) is Sy,,;,, admissible, for every ¢ € Ly for
which Jp» = {q} # 0 we have r(z,) N7r(y;) # 0 and for every ¢’ € L}, and m € {1,2,3} such
that Jp,, # 0 we have Jy,, C {i € Q(1) : r(z;) Nr(y;) # 0} (for m = 1,2,3). The next
Lemma 4.5 implies that
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4 4

(59) (Zoui)( 5 Cotmate)e)] <

¢eLs igUS _ Jm 27+1
Indeed apply Lemma 4.5 for “E”= L}, B = L4, “V"= Q(1)\U:,_1 Jm, “a;”= (=1) (ngj41)5(t:).
Note that condition (1) of Lemma 4.5 is satisfied by (36). Condition (2) of Lemma 4.5 is
satisfied by the definitions of L and Jy» for ¢” € L7. Condition (3) of Lemma 4.5 is satisfied
since V' C Q(1). Thus equations (31), (32),(33) and (39) imply condition (3) and finish the
proof of Proposition 4.1.

Q.E.D.

Lemma 4.5. Let E and B be two finite index sets, V. C {1,...,p}, (y})eceus C N,
(Ae)eceup be scalars with Y, pop e < 1 and (ou)iev be scalars with 3., o < 1 such
that,

(1) For every { € E, y; can be written as

Te

1
* *
Yo = § ’Wﬁyé,s
mMaoj+1 —1

with y; , € N, (y;,) L, admitting a Sy, ,-dependent extension and {w(y;,) : 1 < s <
re} N{mg;, i € V}=0.

(2) For every { € B, w(y;) > majt1 and w(y;) & {mqj, 11 € V}.

(3) For every k € V' there is a unique { € E'U B such that r(y;) Nr(z;) # 0.

Then,
(£ (S

2
ma.
(cEUB % 2j+1

Proof. Let E, B, (M)icrun, (Y;)ierup and V be given as in the hypothesis. Using the
triangle inequality we separate into the cases ¢ € B and ¢ € E. For {’s in B,

‘(Z Aw?) ( > OéiZz) <) N 4296 ( > 0%2)2
leB {ieVir( )#0} m

yy)nr(z; LteB 25+1 {ieVur(y;)nr(z)#0}
496
=~ m%j+17
where for the first inequality we used Lemma 4.2 for “z*” = y;, noting that its hypothesis is

satisfied by our assumption (2) and for the second inequality we used the Cauchy-Schwartz
inequality. For ¢’s in F|

(), 2.
LeE {ieVr( )#0}

Yy )N (z;

S DI
{ieV:r(

teE Zj+1 yp)Nr(z:)#0}

2
<

-
Ma;11
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ok

where the first inequality follows by applying Lemma 4.3 for each ¢ with “x*"= v, noting
that its hypothesis is satisfied by our assumption (1), and for the second inequality we used
the Cauchy-Schwartz inequality.

1]
2]

O
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