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Abstract Many features of the sequence of action potentials produced by repeated
stimulation of a patch of cardiac muscle can be modeled by a 1D mapping, but not
the full behavior included in the restitution portrait. Specifically, recent experi-
ments have found that (i) the dynamic and S1–S2 restitution curves are different
(rate dependence) and (ii) the approach to steady state, which requires many ac-
tion potentials (accommodation), occurs along a curve distinct from either restitu-
tion curve. Neither behavior can be produced by a 1D mapping. To address these
shortcomings, ad hoc 2D mappings, where the second variable is a “memory” vari-
able, have been proposed; these models exhibit qualitative features of the relevant
behavior, but a quantitative fit is not possible. In this paper we introduce a new
2D mapping and determine a set of parameters for it that gives a quantitatively ac-
curate description of the full restitution portrait measured from a bullfrog ventricle.
The mapping can be derived as an asymptotic limit of an idealized ionic model
in which a generalized concentration acts as a memory variable. This ionic basis
clarifies how the present model differs from previous models. The ionic basis also
provides the foundation for more extensive cardiac modeling: e.g., constructing a
PDE model that may be used to study the effect of memory on propagation. The
fitting procedure for the mapping is straightforward and can easily be applied to
obtain a mathematical model for data from other experiments, including experi-
ments on different species.
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1. Introduction

1.1. Preliminary concepts

Sudden cardiac death kills half of all people who die of heart disease, the Num-
ber One cause of death in the United States. (http://www.hrspatients.org/patients/
heart disorders/cardiac arrest/default.asp.) As part of a larger effort to understand
and prevent fatal arrhythmias, much work has been devoted to studying the resti-
tution properties of cardiac tissue under repeated stimulation, especially rapid
stimulation (Hall et al., 1999; Banville and Gray, 2002; Fox et al., 2002b; Cherry
and Fenton, 2004). In this paper, we attempt to reproduce in-vitro experiments
that are conducted with small pieces of paced tissue, where the pacing rate is
changed and the resulting responses measured.

When a small piece of cardiac muscle is subjected to a sequence of brief elec-
trical stimuli whose strength exceeds a critical threshold, the myocytes respond by
producing action potentials. Figure 1 shows a sketch of the transmembrane volt-
age measured from a single myocyte. Following a stimulus, the voltage first rises
rapidly (indicating cell depolarization), then it has a plateau region during which
the cell cannot be reactivated (the refractory period), and finally the voltage re-
turns to its resting value (the cell repolarizes). This time course is known as an
action potential. The interval between the time when the cell repolarizes follow-
ing an action potential and the time when it depolarizes again (due to the next
stimulus) is known as the diastolic interval. In this paper, the following acronyms1

are sometimes used to refer to these concepts: APD, action potential duration; DI,
diastolic interval; and BCL, basic cycle length or interval between stimuli.

For a periodic train of stimuli delivered at a slow rate, the myocytes display
a phase-locked 1:1 response, where each stimulus produces an identical action
potential. At faster pacing rates, the 1:1 response pattern is sometimes replaced
by a 2:2 phase-locked period-2 response pattern, known as alternans. At even
faster pacing rates, either the 1:1 or 2:2 response becomes unstable and is re-
placed by a 2:1 response pattern, where only every other stimulus elicits an action
potential.

A fundamental characteristic of cardiac cells is the shortening of APD’s as the
pacing rate increases, known as electrical restitution. To model this behavior, No-
lasco and Dahlen (1968) proposed the approximation2

An+1 = G(Dn) (1)

where An denotes the duration of the nth action potential, Dn denotes the duration
of the nth diastolic interval, and G(D) is a monotone-increasing function of the
diastolic interval. If B denotes the BCL with which the stimuli are applied, then
Dn = B − An. Substituting into (1), we see that in this model the sequence An is
determined recursively by iteration of a 1D map.

1When mathematical notation is intended, the notation is shortened to A, D, or B, respectively.
2Strictly speaking, Eq. (1) holds only if the DI exceeds a certain threshold. See the Appendix for
a discussion of how the imposition of such a threshold leads to 2:1 and higher-order responses.
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Fig. 1 Schematic action potentials, showing action potential duration (An), diastolic interval
(Dn), and basic cycle length (B).

According to (1), under any pacing protocol, pairs of points (Dn, An+1) would
lie on a single curve, the graph of the function G(D) in the D, A-plane, what cardi-
ologists would call the restitution curve. However, as pointed out by Elharrar and
Surawicz (1983), restitution behavior depends on the protocol used in its measure-
ment, often referred to as rate-dependence or memory. In this paper we focus on
the following protocols, as described in detail in Kalb et al. (2004) and briefly here:

(i) In the dynamic protocol, the tissue is paced periodically with period B until
the tissue reaches steady state, and the steady-state action potential duration
Ass and diastolic interval Dss are measured. The pacing period B is changed
and the procedure is repeated, many times. The pairs of points (Dss, Ass) form
the dynamic restitution curve.

(ii) In the S1–S2 protocol, the tissue is also paced periodically with period B (the
“S1” stimuli in “S1–S2”) until the tissue reaches steady state. Then, say at
n = N + 1, a sudden change is made in the pacing period (the “S2” stimulus).
The diastolic interval DN preceding the S2 stimulus and the resulting action
potential duration AN+1 are recorded. The procedure is repeated for various
S2 intervals, and the pairs of points (DN, AN+1) form one of the S1–S2 restitu-
tion curves. There is a different S1–S2 restitution curve for each value of S1,
a characteristic of rate-dependent restitution.

(iii) The perturbed-downsweep protocol (Kalb et al., 2004) combines data about
both dynamic and S1–S2 restitution, as well as information about the tran-
sients in the approach to steady state. This information is conveniently sum-
marized in the restitution portrait, which we describe in Section 1.2 below.

Many other protocols have been used: see for example3 (Gilmour et al., 1997;
Koller et al., 1998; Kobayashi et al., 1992; Fenton et al., 2002; Fox et al., 2002d).

1.2. The restitution portrait

Figure 2a shows the restitution portrait obtained from a small piece of paced bull-
frog mycardium, in an experiment where only 1:1 responses were observed. The

3This list includes protocols in which APD is measured during fibrillation, which can occur only in
spatially extended tissue. By contrast, the present paper is concerned with experiments on a piece
of myocardium that is deliberately made small in order to eliminate spatial effects.
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dynamic restitution curve forms the “backbone” of the figure. This curve connects
all the data points collected in the dynamic protocol, each a steady response of
the tissue at a different value of B. For each data point on the dynamic restitu-
tion curve, the restitution portrait also shows (i) a segment of the S1–S2 restitution
curve in a neighborhood of the corresponding steady state (Dss, Ass) (these are the
“ribs” in the figure) and (ii) pairs (Dn, An+1) in the transient leading to the steady
state (these appear as sequences of dots). In this paper, we fit the data shown in
Fig. 2a with a quantitative model.

The restitution portrait shown in Fig. 2a, like others in Kalb et al. (2004), exhibits
rate-dependent behavior; specifically:

1. Under rapid pacing but still exhibiting a 1:1 response, the dynamic restitution
curve is quite steep, having slope up to 3 or more, while the S1–S2 restitution
curves are rather shallow, having slopes on the order of 0.5 or less.

2. The approach to steady state (sometimes called accommodation) is very slow,
with a time constant4 on the order of 20–30 s. Neglecting the first few action po-
tentials, the approach is monotonic and occurs along a straight line with a slope
of −45◦. This behavior is observed over the entire range of pacing intervals.
(See Fig. 3 below for an illustration of this behavior in the mapping model.)

1.3. Mapping models

Although the introduction of 1D mapping models by Nolasco and Dahlen (1968)
was a decisive advance in our understanding of restitution, a model of the form
(1) cannot exhibit Behaviors 1 or 2. Indeed, for a mapping of this form, dynamic
restitution, S1–S2 restitution, and the approach to steady state all fall on the same
curve, the graph of the function G.

In an effort to model rate dependence, various authors (Chialvo et al., 1990;
Otani et al., 1997; Fox et al., 2002a) have introduced ad hoc 2D mapping models,
one variable being An and the other a “memory” variable. It was shown in Kalb
et al. (2004) that, although these models exhibit the right qualitative behavior, no
single set of parameter values can match all the data in the restitution portrait, such
as in Fig. 2a. (See Section 3.2 for a summary of the argument.)

In this paper, we introduce a new 2D map that

� admits a choice of parameters that fits all the dynamic restitution data, all the S1–
S2 restitution data, and most of the transient data from the restitution portrait
in Fig. 2a. (Fig. 2b shows the restitution portrait generated by this map.)

Moreover, as discussed in the Appendix,

� the map can be derived with asymptotic analysis from an idealized ionic model
in which memory is associated with the accumulation over time of ions in the
cell.

4If An tends to A∞ as n → ∞, the time constant is defined as

B lim
n→∞

An+1 − A∞
An − A∞

.
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Fig. 2 (a) The restitution portrait from one of the experiments in Kalb et al. (2004). Remark:
Data from late in the transients is not recorded and hence is not shown. (b) The restitution portrait
obtained from simulation using the mapping (2, 3) with the parameters in Table 1.

Like the models described in Chialvo et al. (1990), Otani et al. (1997), and
Fox et al. (2002a), our mapping contains two variables—one is An as above; the
other, which will be denoted by Cn, specifies an ion concentration in the cell in the
underlying ionic model at the start of the nth action potential (see the Appendix).
Under periodic stimulation (say with period B), these two variables evolve
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according to the iteration5

An+1 = G(Dn) + �(Cn+1) (2)

Cn+1 = (Cn + ε)e−B/τpump , (3)

where

G(D) = Amax + τfclose ln
{
1 − αe−D/τopen

}
(4)

and

�(C) = τsclose ln
{

βe−C + 1
β + 1

}
. (5)

In (2)–(5), Amax, τfclose, τsclose, τopen, and τpump are parameters with the dimen-
sions of time, while ε, α, and β are dimensionless. Note that Amax is the longest
possible APD since in (4) and (5), the terms

τfclose ln
{
1 − αe−D/τopen

}
, τsclose ln

{
β e−C + 1

β + 1

}

are nonpositive and tend to zero under repeated slow pacing.
As we discuss in the Appendix, this mapping was derived as an asymptotic limit

of an idealized ionic model, which is a system of ordinary differential equations
for three variables: the voltage, an inactivation gate for an inward current, and a
generalized concentration. The parameters in (4,5) refer to constants in the ionic
model. In particular, τfclose, τsclose define fast and slow time-scales in the closing of
the gate; τopen, the time-scale in the opening of the gate; and τpump, the time-scale
in pumping ions out of the cell.

Below it will be assumed that

τfclose, τsclose, τopen � τpump. (6)

Physiologically, τfclose, τsclose, τopen are all on the order of, or shorter than, a typical
action potential. Thus, according to (6), only a small fraction of the ions in the cell
are pumped out over the course of one action potential.

In the map (2, 3), the effect of the concentration variable is illustrated in Fig. 3a
and c, which graph An and Cn as functions of the beat number n. The first fifty beats
show the steady values for these variables following many stimuli at BCL = 750 ms
(assuming parameters as given in Table 1). At n = 51, the BCL is abruptly de-
creased to 650 ms. This results in an immediate decrease in An, followed by a slow
evolution over 250 beats during which Cn increases and An decreases. Figure 3b
and d show blow-ups of the evolution during the first few beats after the change in
BCL; note that Cn changes only slightly over this short time.

5Like (1), the iteration must be modified at extremely short DI’s. See Section A.4 of the Appendix
for discussion of this issue.
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Fig. 3 (a, c) An and Cn vs. beat number n, according to the model (2,3) following an abrupt
decrease in BCL from 750 to 650 ms at n = 51. (Parameter values as in Table 1.) (b, d) The first
few beats following the decrease in BCL.

2. Fitting the mapping to experimental data

In this section, we choose parameter values in the mapping model (2–5) to best
fit the restitution portrait shown in Fig. 2a. Note that the mapping contains eight
parameters. One might attempt to determine all these parameters simultaneously
with a massive least-squares fit to the entire restitution portrait. However, such
a massive fit would not yield any insight about the significance of the individual
parameters. Rather, we determine parameters sequentially, in small groups, from
four different types of data in the restitution portrait, as follows:

(1) Slope of the S1–S2 restitution curves at S1 = S2, where these curves cross the
dynamic restitution curve (this slope is denoted S12): τopen, τfclose, α

(2) Slope of the dynamic restitution curve (denoted Sdyn): τsclose, ετpump, β

(3) Overall height of the dynamic restitution curve: Amax.
(4) Time constant of the approach to steady state: τpump

Table 1 lists parameter values6 obtained in this way from the data of Fig. 2a.

6Of course different parameter values would result from fitting another data set. Incidentally,
our model, either the mapping (2, 3) or the underlying ionic model described in the Appendix, is
robust—even rather large changes in the parameters do not generally lead to pathological behav-
ior.
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2.1. S1–S2 restitution data

To determine the slope S12 experimentally, many stimuli (say N) are applied with
a fixed basic cycle length (say B) until the system achieves a steady state, after
which the (N + 1)st stimulus is applied, following a perturbed cycle length B + �:
then S12 is defined by

S12 = AN+1 − AN

DN − DN−1
. (7)

Note that

An = Ass for n large and n ≤ N,

Dn = Dss for n large and n < N,

where Ass and Dss denote the steady-state values, while

DN = Dss + �, so that DN − DN−1 = �.

If, under the above protocol, a sequence of action potentials is determined by
the mapping (2, 3), then the associated concentrations also satisfy

Cn = Css for n large and n ≤ N;

moreover, since by (6), τpump is so large,

CN+1 ≈ CN.

Thus, the model (2, 3) predicts that

S12 ≈ G′(Dss). (8)

Differentiating (4), we see that the RHS of (8) is given by

G′(Dss) = τfclose

τopen

α

eDss/τopen − α
. (9)

The squares in Fig. 4a show S12 from the data of Fig. 2a (Kalb et al., 2004). It is
natural to try to choose the three parameters in (9), τfclose, τopen, and α, by finding
the best fit to these data. However, the quality of the fit is not at all sensitive to
τopen, provided this parameter is sufficiently large. This is illustrated in Fig. 4b,
which shows the residual as a function of τopen when the corresponding optimal
values of τfclose and α are chosen. In the remainder of the fitting process we have
chosen

τopen = 500 ms. (10)
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Fig. 4 (a) A fit of (9) to S12, the slope of S1–S2 restitution curves. Experimental data is shown
by the squares; and the graph of (9) with parameters as in Table 1, by the solid curve. (b) The
residual in fitting (9) to S12, as a function of τopen.

(See the discussion in Section A.5(b) of the Appendix concerning the apparent
arbitrariness of this choice.) The corresponding optimal values for τfclose and α,
rounded to two significant figures, are given in Table 1. For these values, it is seen
in Fig. 4a that the fit of the S12 data from the experiment is very good.

2.2. Slope of the dynamic restitution curve

According to (2), the steady-state action potential duration is given by

Ass = G(Dss) + �(Css). (11)

In the physiological range, B is on the order of a typical action potential dura-
tion. The order of magnitude of the action potential duration in the model is
determined by the gate time constants τfclose, τsclose. But by (6), the gate time con-
stants are much smaller than τpump. Thus, we conclude that, in the physiological
range,

B � τpump. (12)

Table 1 Parameter values used in the model (2–5) to reproduce the experimental
data of Fig. 2(a).

Parameter Value

τopen (ms) 500
τfclose (ms) 22
α 1.1

τsclose (ms) 320
ετpump (ms) 980
β 7.3

τpump (ms) 30,000
Amax (ms) 840
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Given (12), it follows from expanding the exponential in (3) that

Css ≈ �(ετpump/B). (13)

Combining (11, 13), we find that

Ass ≈ G(Dss) + �(ετpump/B). (14)

Since B = Ass + Dss, (14) defines Ass implicitly as a function of Dss, and (14) may
be differentiated to yield the slope of the dynamic restitution curve

Sdyn = dAss

dDss
≈ G′(Dss) − d�

dC
ετpump

B2
(Sdyn + 1), (15)

where we have used the fact that dB/dDss = Sdyn + 1. Recalling (8), computing
d�/dC from (5), and rearranging, we obtain

Sdyn − S12

Sdyn + 1
≈ τscloseετpump

B2

β

β + eετpump/B . (16)

Note that by forming the combination of slopes on the LHS of (16), we have elim-
inated the parameters τopen, τfclose, and α from the RHS of (16). Thus, the fitting of
(16) is not affected by the nonuniqueness of τopen at the previous stage.

The squares in Fig. 5a show the combination of the slopes Sdyn and S12 on the
LHS of (16) computed from the data7 of Fig. 2a (Kalb et al., 2004). The curve in
the figure8 shows the fit to these data with τsclose chosen to be 320 ms and the best
corresponding values for ετpump, β, which are given in Table 1. As shown in Fig. 5b,
the quality of the fit9 is not very sensitive to τsclose.

2.3. The two remaining parameters

The parameter Amax sets the overall height of the dynamic restitution curve. The
fit of the model (2, 3) with Amax = 840 ms to the dynamic restitution curve from
Kalb et al. (2004) is shown in Fig. 6.

Steady-state data determine the product ετpump but neither factor individually;
for the individual factors, we turn to the transient data. In the perturbed down-
sweep protocol (Kalb et al., 2004), each time the basic cycle length is decreased, a

7More accurately, data for Sdyn were taken from the experiment, but values for S12 from our fit of
(9) were used.
8Of the various parameter fits in the paper, Fig. 5a is perhaps the least satisfactory. Note that this
weakness is far less clear in the fit of Fig. 6, an integrated version of (16). This difference illustrates
the point that data from the restitution portrait provide a demanding test of any mathematical
model.
9In fact, as may be seen from the figure, the residual is not minimized by the value for τsclose that
we have chosen. The value τsclose = 320 ms is a compromise: we accept a residual that is 15%
larger than the minimum in order to reduce the error in the leading-order asymptotics used in
deriving the mapping from the idealized ionic model. (See Schaeffer et al. (2006).)
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time constant is extracted from the transient to the next steady state. These time
constants are typically on the order of 20–30 s, decreasing somewhat as B is de-
creases (see Fig. 4 of Elharrar and Surawicz (1983) or Kalb et al. (2004)). In the
mapping model (2, 3), the time constant of such transients is very nearly equal to
τpump, for all B. As indicated in Table 1, we assume a constant10 τpump = 30,000 ms,
which yields ε = 0.033.

3. Discussion of the mapping, including its limitations

3.1. Comparison with previous mathematical models

It is instructive to compare our model to the ad hoc models of Chialvo et al. (1990)
and Fox et al. (2002a), in which the action potential duration An and the memory
variable Mn evolve according to

An+1 = (1 − αMn+1)G(Dn) (17a)

Mn+1 = {
1 − (1 − Mn)e−An/τ

}
e−Dn/τ . (17b)

Even though Eq. (17b) differs only subtly from (3), no single set of parameters in
a model of the form (17) fits all the data in Fig. 2a. The complete discussion of this
point in Kalb et al. (2004) is too long to reproduce here, but the following is the
crux of the argument:

We claim that (17), combined with parts of the data of Fig. 2a, leads to the pre-
diction that, for small DI, one has Sdyn < S12. This condition was never observed
in the experiments of Kalb et al. (2004). To see why (17) makes this prediction
contrary to experiment, observe that, in order to have long transients following
a decrease in the BCL, the parameter τ in (17b) must be large. Now let Ass, Dss,

10Equation (3) derives from the ionic model in the Appendix: specifically, (A.13) describes a linear
pump that pumps at a very slow, constant rate. The ionic model could easily be modified to follow
the experiments more closely.
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and Mss be the steady-state values of these variables under iteration of (17), as a
function of the basic cycle length B. Since τ is large, we may argue as in (8, 15) that

S12 ≈ (1 − αMss)G′(Dss)

and

Sdyn ≈ S12 − αG(Dss)
dMss

dDss
. (18)

Expanding the exponentials in (17b), we obtain

Mss ≈ Ass

Ass + Dss
.

Note that Mss is a monotone increasing function of the ratio Ass/Dss. It may be
seen from the lines of constant Ass/Dss in Fig. 6 that, for small DI, the ratio Ass/Dss

decreases if the DI decreases. Therefore, dMss/dDss > 0. On substitution into (18),
we obtain, for small DI, the prediction that Sdyn < S12, as claimed.

In contrast to (17), for the mapping (2–5), the steady-state value of C is given by
(13), so the derivative dCss/dDss is negative for all values of the DI. Thus, S12 < Sdyn

Regarding the origin of this difference between mappings, (13) derives from (3),
which may be traced to an assumption in the idealized ionic model discussed in the
Appendix: i.e., as stated in (A.13, A.14),

a fixed charge ε enters the cell during the upstroke of each action potential
and charge is pumped out at a constant rate throughout BCL.
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As shown in Otani et al. (1997), evolution similar to (17b) could also be obtained
from an ionic model: specifically, a model in which

charge accumulates in the cell during the action potential and is pumped
out during the diastolic interval.

Thus, having an ionic basis for the mapping, even an unrealistically simple one,
clarifies how the present model differs from previous models.

Another difference between models is that the memory effect in (2) is additive,
while it is multiplicative in (17). This difference may be traced to the logarithmic
dependence in the restitution function (A.6) derived from the ionic model.

3.2. Comparison with the experiments of Elharrar and Surawicz

Elharrar and Surawicz (1983) parametrize the dependence of the steady-state ac-
tion potential Ass on the period B with a function that has the asymptotic form as
B → ∞

Ass ∼ Amax − Const/B. (19)

This algebraic decay matches the experimental observation (Elharrar and
Surawicz, 1983) that Ass continues to increase significantly as B is raised beyond
physiological values. Let us show that the present model (2, 3) exhibits such alge-
braic decay for large B. By (4), the function G(D) will contribute a constant term
to (19) but no term at the level O(1/B). Recalling that (12) holds in the physiolog-
ical range and referring to (4, 5), we obtain (19) on substitution into (11), where
the coefficient of 1/B equals

β

β + 1
τscloseετpump.

In a different direction, the experiments of Elharrar and Surawicz measured
what might be called global S1–S2 restitution curves: i.e., the graph of action po-
tential duration as a function of S2, when S2 varies over its entire range (with S1
fixed). By contrast, the restitution portrait from Kalb et al. (2004) shows only local
S1–S2 restitution: i.e., only perturbed intervals S2 nearly equal to S1 are explored.
Of course global restitution provides more data to test a model, and experiments
are planned to test the predictions of the model (2, 3) in this regard.

One successful qualitative prediction of the present model (2, 3) regarding
global S1–S2 restitution may already be reported. Elharrar and Surawicz (1983)
found that each S1–S2 curve crosses the dynamic restitution curve twice, first for
S2 = S1 and then again for small DI. Observe that G(D) given by (4) tends to
negative infinity11 as D tends to Dsing = τopen ln α > 0 from above. Thus, the S1–
S2 and dynamic restitution curves produced by using this formula for all DI’s also
intersect twice in this way.

11Even though, as discussed in the Appendix, the formula (4) is modified at small DI’s before the
singularity at Dsing is reached, the conclusion about two intersections remains valid.
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3.3. Another form for memory

In Kalb (2004) or Tolkacheva et al. (2004), memory is introduced into restitution
by a mapping of the form

An+1 = �(An, Dn, Dn−1). (20)

Let us show that (2–5) can be recast in this form. Note that the function �(C) in
(5) is monotonic in C, so that it has an inverse function. From (2) at the previous
iterate we deduce that

Cn = �−1(An − G(Dn−1) ).

Substituting into (2, 3) we obtain (20), where

�(An, Dn, Dn−1) = G(Dn) + �
(

[�−1(An − G(Dn−1) ) + ε] e−(An+Dn)/τpump

)
.

Although this alternative form is available, we believe that (2–5) offers greater
clarity, in part because processes at different time scales are separated by appear-
ing in different equations.

3.4. Limitations and future work

The present model fits the experiments of Kalb et al. (2004) remarkably well, espe-
cially considering the simplicity of the model. However, at very rapid pacing some
differences between the model and experiment become apparent. For example, in
Fig. 2 consider the transient following the jump to the shortest BCL. In the ex-
periment, after one very short DI, there is almost no oscillation in the remainder
of the transient. By contrast, in the mapping, oscillations die out only after ap-
proximately a dozen stimuli. Moreover, in the figure the transient shown for the
mapping is shorter than for the experiment because of another difference between
experiment and model. In the experiment, BCL was decremented in steps of ap-
proximately 100 ms. In computations with the mapping, at the two shortest BCL’s,
steps this large led to initial diastolic intervals so short that the approximations be-
hind the derivation of the mapping fail (see Section A.4 of the Appendix). When
this difficulty arose, the decrease in BCL was performed in two smaller steps, and
Fig. 2b shows only the transient from the last decrease of BCL.

The present model is based on experiments with exclusively a 1:1 response.
At least in its present form, it is unable to predict the onset of alternans. Math-
ematically, alternans begins when an eigenvalue of the differential of the map-
ping passes through −1. For the present mapping, one of its two eigenvalues is
close to +1 (on the order of e−B/τpump ), and the other is approximately −S12. In
the experiments of Kalb et al. (2004), if alternans were observed, then typically
S12 was about 1/2. Thus, the condition λ = −1 cannot be satisfied by either eigen-
value of the mapping. In mammals, the cycling of Ca between the sarcoplasmic
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reticulum and the cytosol might be the extra ingredient needed to model alter-
nans successfully. In frogs, however, the exchange of Ca between the sarcoplasmic
reticulum and the cytosol is muted or absent, and the situation is far less clear
(Morad and Cleemann, 1987).

Although we have modeled memory through a generalized ionic concentration
C, we cannot associate a specific ion (or combination of ions) with this variable. It
could, for example, represent either sodium or calcium, both of which are known
to build up slowly in the cardiac cell during rapid pacing (see Section A.5 in the
Appendix), similar to the behavior of C in our model, as illustrated in Fig. 3. More-
over, even if C is associated with calcium, our model does not attempt to describe
the rapid exchange of calcium between the sarcoplasmic reticulum and the cytosol,
such as occurs at least in mammialian hearts (Bassani et al., 1995). On the contrary,
the concentration C would correspond to the total concentration of calcium in the
cell, which evolves on a much slower time scale than the concentration in either
the sarcoplasmic reticulum or the cytosol individually (cf. Shiferaw et al., 2003).

It may seem like a limitation of the model that, as a mapping, it can characterize
the dynamics of APD’s only at one site. However, this limitation is only apparent.
Because the mapping is derived as an asymptotic limit of an ionic model (see the
Appendix), given parameter values for the mapping, we can substitute these into
(A.7, A.11, A.13) and obtain a system of ODE’s with equivalent behavior. This
system of ODE’s can readily be extended to obtain a PDE model, which can then
be used to study electrotonic effects and propagation.

In the longer term, we seek to automate the calculations of Section 2 in which
the parameters of the mapping are fit to experimental data. Our goal is to be able
to obtain a mathematical model of a given animal’s response while the tissue is still
alive. This will allow us to test the predictive, as well as the descriptive, capacity
of the mapping. Such a rapid fitting to experiment is more feasible with a mapping
model than with an ionic model. Moreover, since the present mapping is derived
as an asymptotic limit of an idealized ionic model, we may use this ionic basis to
overcome some of the limitations of mapping models.

4. Conclusions

In this paper, we have made the following points. The Appendix elaborates on the
third and fourth items.

� Complex, rate dependent restitution, including memory, can be modeled re-
markably well by the simple 2D mapping (2, 3). (See Figs. 2, 4a, and 5a.)

� Because of the simplicity of the fitting procedure, one may choose parameters in
(2, 3) to fit restitution portraits from other experiments or from physiologically
detailed ionic models. In particular, in Kalb et al. (2004) the mapping was fitted
to the ionic model of Fox et al. (2002c).

� The mapping is derived from an idealized ionic model, in which memory occurs
through the accumulation of charge in the cell. The assumptions needed to fit
the model to data (e.g., (A.14) provide partial information about which currents
in realistic models may contribute to rate dependence.
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� Matching restitution data is insufficient validation of an ionic model: even in the
present, greatly simplified model, very different choices of some of the parame-
ters can fit the data equally well.
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Appendix A: Ionic basis of the mapping

A.1 A two-current idealized ionic model

The present work builds on the two-current ionic model of Karma (1993) and of
Mitchell and Schaeffer (2003), which we now summarize. The two-current model
contains two functions of time, the transmembrane potential v(t) and a gating vari-
able h(t), both of which are dimensionless and scaled to lie in the interval (0, 1).
They satisfy the following ordinary differential equations:

dv

dt
= −Jin(v, h) − Jout(v), (A.1)

and

dh
dt

=
{

(1 − h)/τopen if v ≤ vcrit,

−h/τclose if v > vcrit.
(A.2)

The outward current in (A.1) is linear in v,

Jout(v) = v

τout
, (A.3)

and the inward current is given by

Jin(v, h) = − h
τin

φ(v), (A.4)

where the voltage dependence is cubic: φ(v) = v2(1 − v). The constants τin, τout,
τopen and τclose set the time scales for the four phases of an action potential; specifi-
cally, the duration of the upstroke, plateau, repolarization, and rest phases are set
by τin, τclose, τout and τopen, respectively. In Mitchell and Schaeffer (2003), based on
the assumption that

τin � τout � τopen, τclose,
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an explicit leading-order asymptotic approximation12 for the restitution curve is
derived from the two-current model: specifically

An+1 ≈ F(Dn), (A.5)

where

F(D) = τclose ln
{

1 − (1 − hmin)e−D/τopen

hmin

}
(A.6)

and hmin = 4τin/τout. Note that this model does not exhibit any rate dependence.

A.2 The ionic model including concentration

We augment the two-current model (A.1, A.2) by adding a third variable, a gener-
alized concentration c, and modifying the equations as follows:

(i) The new equation for the transmembrane potential reads

dv

dt
= −Jin(v, h, c) − Jout(v), (A.7)

where the outward current is still given by (A.3), but the inward current is
now the sum of concentration-independent (φci) and concentration-dependent
(φcd) parts

Jin(v, h, c) = −hv

τin

{
φci(v) + βe−cφcd(v)

}
, (A.8)

with β a constant. It may be seen from (A.8) that the build-up of charge in the
cell weakens the inward current, thereby shortening action potentials. The
behavior of the model is not very sensitive to the exact form of the functions
φci(v) and φcd(v). To simplify the derivation via asymptotics of the 2D map-
ping model from the ionic model (see Schaeffer et al. (2006)), we set these
functions equal to piecewise linear functions of v, as follows:

φci(v) =

⎧
⎪⎨

⎪⎩

v
vcrit

if v ≤ vcrit,

1 if vcrit < v ≤ 1 − vcrit,

1−v
vcrit

if 1 − vcrit < v.

(A.9)

and

12The first correction to (A.6) is derived in Cain and Schaeffer (2006). This correction significantly
improves the accuracy of the approximation.
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φcd(v) =

⎧
⎪⎨

⎪⎩

0 if v ≤ vcrit,

1 − |1−2v|
1−2vcrit

if vcrit < v ≤ 1 − vcrit,

0 if 1 − vcrit < v.

(A.10)

(ii) The Eq. (A.2) for the gating variable h is modified by assuming that the gate
closes at a voltage-dependent rate,

dh
dt

=
{

(1 − h)/τopen if v ≤ vcrit,

−h/Tclose(v) if v > vcrit.
(A.11)

Specifically, the closing rate is taken as piecewise linear in v,

1
Tclose(v)

=
⎧
⎨

⎩

1
τfclose

− ( 1
τfclose

− 1
τsclose

) 1−v
1−vsldn

if v > vsldn,

1
τsclose

if v ≤ vsldn.

(A.12)

Note that two different time-scale parameters, τfclose and τsclose, derive from
the closing of the gate. (Remark: The subscript sldn is mnemonic for “slow
down.”)

(iii) The concentration is determined by a balance between I(t), the current which
leads to the build-up of charge in the cell, and constant linear pumping, which
removes charge from the cell13:

dc
dt

= −I(t) − c
τpump

. (A.13)

The current I(t) should satisfy two key properties:

� I(t) is nonzero only during the upstroke of an action potential, and
� A fixed charge ε enters the cell during the upstroke of each action potential: in

symbols,

∫ tstim+B

tstim

I(t)dt ≈ −ε. (A.14)

The precise form of I(t) is not important; to achieve the properties above we
choose

I(t) =
{

ε
1−vcrit

(Jin + Jout) if v > vcrit and dv
dt > 0,

0 otherwise.
(A.15)

13Although Eq. (A.13) appears to be nonautonomous, the expression (A.15) may be seen to yield
an autonomous equation. However, since I(t) is a function of dv/dt as well as v itself, we prefer
the notation in (A.13).
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Fig. 7 Voltage and concentration vs. time in the ionic model (A.7), (A.11) and (A.13) with the
parameter values in Table A.1. Solid line: steady state response at B = 650 ms. Dashed line: First
response at B = 650 ms, following steady state at B = 750 ms.

The Eqs. (A.7), (A.11) and (A.13) define the three-variable idealized ionic
model. Figure 7 shows two time traces of the voltage and concentration at a ba-
sic cycle length B = 650 ms. (Model parameters are chosen as in Table A.1. The
gate variable h is not plotted since it is less interesting.) The solid curve represents
the steady-state response following many stimuli at this basic cycle length, while
the dashed curve represents the response to the first stimulus with B = 650 ms,
following many stimuli at B = 750 ms. Note that at steady state, the concentration
has built up to larger values, resulting in shorter action potentials. On the order
of 200 beats are required for the concentration to build up to its steady state. Fig-
ure 3c shows this gradual build up of concentration for the mapping model (2, 3)
that approximately describes the behavior of the ionic model,14 as we now discuss.

A.3 Approximation of the ionic model by a mapping

Under the assumption that

τin � τout � τopen, τfclose, τsclose � τpump, (A.16)

a 2D mapping can be extracted15 as an asymptotic limit of (A.7), (A.11) and
(A.13). Specifically, let An be the duration of the nth action potential and Cn the
ionic concentration at the start of the nth action potential. It is shown in Schaef-
fer et al. (2006) that, under periodic stimulation at all but the highest pacing rates,
the two variables An and Cn evolve approximately according to the iteration (2,
3). These formulas represent the leading order in an asymptotic expansion in the
parameter τout/τsclose.

14Incidentally, the APD’s in Fig. 7 are on the order of 5% longer than the values graphed in Fig. 3.
This discrepancy provides an estimate for the degree of accuracy of the aymptotic approximation.
As in Cain and Schaeffer (2006), inclusion of the first correction to the leading order significantly
improves the approximation.
15For the derivation of (2–5), it is also assumed that vcrit ≥ 1 − vsldn. The case where this inequality
is reversed may be analyzed similarly.
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Table A.1 Parameter values for the ionic model (A.7), (A.11), (A.13).

Parameter Value

τin (ms) 0.28
τout (ms) 3.2
β 7.3
vcrit 0.13

vsldn 0.89
τopen (ms) 500
τfclose (ms) 22
τsclose (ms) 320

τpump (ms) 30,000
ε 0.033

Note that the restitution function in (4) contains two parameters, α and Amax,
that do not appear in the ionic model (A.7), (A.11), (A.13); these are given by

α =
{

1 − τin

τout

(
1 − τfclose

τsclose

)
vcrit

1 − vsldn

}−1

(A.17)

and

Amax = τfclose ln
{

τsclose

τfclose

τout

τin

1
α

(1 − vsldn)
vcrit

}
+ τsclose ln

{
(β + 1)

vcrit

1 − vsldn

}
. (A.18)

The parameter values in Table A.1, with substitution into (A.17) and (A.18), yield
the parameters for the mapping that are given in Table 1, to within round-off er-
rors.

A.4 Modifications at extremely rapid pacing

In all mapping models for cardiac restitution, special considerations must be in-
voked at extremely rapid pacing. For example, with the Nolasco–Dahlen (1968)
model

An+1 = G(Dn), (A.19)

usually one posits a minimum diastolic interval, say Dthr, such that (A.19) holds
only if Dn > Dthr. For the map (A.6), which is derived from the ODE’s (A.1) and
(A.2), it is shown in Mitchell and Schaeffer (2003) that this threshold behavior fol-
lows from asymptotic analysis of the underlying ionic model. Specifically, suppose
the stimulus current raises the voltage by an amount vstim in a time that is short
compared to τin; then the threshold DI for (A.6) is given by

Dthr = τopen ln
(

1 − hmin

1 − hstim

)
where hstim = τin/τout

vstim(1 − vstim)
.
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Fig. 8 The restitution curve from the mapping showing 2:1 steady-state behavior (dashed curve)
as well as 1:1 behavior (solid curve). Parameters as in Table 1, with Dthr = 80 ms.

If Dn < Dthr , the heart is assumed to ignore the stimulus and wait for a later stimu-
lus. (For the mapping (A.6), this behavior is derived from asymptotics in Mitchell
and Schaeffer (2003).) Thus, if the heart is paced at a constant, very short, basic
cycle length B, the effective diastolic interval is kB − An, where

k is the smallest integer such that kB − An > Dthr. (A.20)

For mathematical completeness, the iteration (A.19) should therefore be written

An+1 = G(kB − An) (A.21)

with k given by (A.20). Using this formula one can obtain, at sufficiently short
BCL, 2:1, 3:1, etc. responses from a simple one-dimensional mapping. In the ex-
periment summarized in Fig. 2a, when BCL became too small the sample jumped
to a 2:1 rhythm, and such higher-order rhythms were not investigated.

Similarly, the present 2D mapping needs to be modified at extremely rapid pac-
ing. These modifications may be derived from the underlying ionic model. The full
analysis, which is presented in Schaeffer et al. (2006), is somewhat technical; here
we record only the following points.

� Strictly speaking, the threshold diastolic interval depends on the concentration
Cn (as well as on vstim); however, to leading order in the asymptotics Dthr is in-
dependent of the concentration, and we make this approximation. If Dn < Dthr,
then the formula for An+1 must be modified analogously to (A.21), which gives
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rise to 2:1 and higher-order rhythms. Figure 8 shows steady-state 2:1 responses16

of the mapping with parameter values as in Table A.1, along with the steady-
state 1:1 responses already studied, where we have assumed Dthr = 80 ms. (Note
that the shortest steady-state DI in Fig. 2a is 95 ms.)

� For very small DI, but still greater than Dthr, the assumptions in the derivation
of (2, 3, 4, 5) may break down. Let

hsldn = τin

τout

vcrit

1 − vsldn
, and Dsldn = τopen ln

(
1

1 − hsldn

)
.

If Dn > Dsldn, then An+1 is still given by (2, 4, 5), but if Dthr(Cn) < Dn < Dsldn

then the formula for An+1 must be changed. (For the parameter values in
Table A.1, Dsldn = 51 ms.) This change is not relevant for the parameter fit in
Section 2 because all steady-state DI’s in Fig. 2 lie above the range where the
change is needed.

A.5 Comments on the model

A.5.1. Concentration as a memory variable
The use of concentration as a memory variable was motivated by numerical simu-
lations of the restitution portrait using the Luo-Rudy-dynamic (LRd) model (Luo
and Rudy, 1994). It is known that a step decrease in the basic cycle length BCL
causes a slow and monotone decrease in action potential duration, an increase in
concentration of intracellular sodium ([Na+]i ), and a decrease in concentration of
potassium ([K+]i ); these transients have been seen both in the LRd model (Hund
et al., 2001) and in experiments (Cohen et al., 1982). Our simulations of the LRd
model show that the decrease of APD is most sensitive to [Na+]i : specifically, hold-
ing [Na+]i constant greatly shortens the APD transient and eliminates most of the
memory features from the restitution portrait (Oliver et al., 2004). Thus, originally
we regarded the concentration variable c(t) as modeling [Na+]i , and assumption
(A.14) on I(t) was motivated by the behavior of the fast sodium current.

However, other interpretations of c(t) are possible. For example, in the Fox–
McHarg–Gilmour model (Fox et al., 2002c), we have found that memory can be
largely eliminated by holding constant the concentration of calcium in the sar-
coplasmic reticulum (Kalb et al., 2004). Thus, c(t) might also be associated with
a calcium concentration. In this connection, it is noteworthy that both the L-type
calcium current and the release of calcium from the sarcoplasmic reticulum have
spikes near the beginning of an action potential (Greenstein and Winslow, 2003;
Shiferaw et al., 2003), suggestive of the assumptions on I(t). In any case, one
should probably be wary of too literal an interpretation of c(t).

16In the computations of this figure, we assumed that an unsuccessful stimulus had no effect on the
concentration variable. In seeking to match experiments including 2:1 behavior, one might want
to alter this assumption.
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A.5.2. Consequences of requiring an ionic basis for the mapping

In the nonlinear least-squares fitting of the mapping to data, the quality of the
fit was rather insensitive to τopen and τsclose. As this fact suggests, the data in the
restitution portrait could be fit by a mapping with fewer parameters. For example,
the RHS of (9) contains three parameters. If τopen → ∞ and at the same time α →
1 so that the product (α − 1)τopen → Dsing, the RHS of (9) reduces to

τfclose

Dss − Dsing
. (A.22)

This two-parameter form is sufficient to fit the S12-data of Fig. 4a; indeed, since the
residual in Fig. 4b gets smaller as τopen → ∞, formula (A.22) fits the data slightly
better than (9) with the parameter values of Table 1. However, in the ionic model,
letting τopen → ∞ makes no sense, so we have not attempted to eliminate param-
eters in this way.17

Three specific ways in which the ionic basis influenced the form of our mapping
are as follows:

� We assumed that the evolution of the gate variable in the ionic model depended
only on voltage, not on concentration.

� We allowed distinct values for parameters in the ionic model that were asso-
ciated with different functions. For example, in fitting the Sdyn-data in Fig. 5a,
one could take τsclose = ετpump without affecting the fit adversely. Although this
would eliminate a parameter from the mapping, it seems unnatural to build such
an assumption into the ionic model.

� We limited parameters to physiologically reasonable values. For this reason we
assumed in (10) that τopen = 500 ms, even though larger values led to a slightly
smaller residual.
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