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THE ASYMPTOTIC BEHAVIOR OF A CLASS 
OF NONLINEAR DELAY DIFFERENCE EQUATIONS 
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(Communicated by Michael Handel) 

ABSTRACT. The asymptotic behavior of difference equations of type 
m 

Xn =: Xn_1 [1+ 9 ( Efi (Xn-i ) )]v P > ? 

i=l 

is studied, where g and each fi are continuous real functions with g decreas- 
ing and fi increasing. Results include sufficient conditions for permanence, 
oscillations and global attractivity. 

1. INTRODUCTION 

In this paper we study the asymptotic behavior of nonlinear delay difference 
equations of type 

m 

(1) ~Xn xn- 1[I + 9(Z fi(xn-i))], p C (0, oc),r n= 1, 2,3, .... 
i=1 

where it is assumed that the initial values are non-negative and the following hy- 
potheses hold: 

(H1) g: R - (-1, oo) is continuous and decreasing with g(0) = 0; 
(H2) For i 1,... , m, the functions fi : [0, oo) -* R are continuous and 

non-decreasing with the sum f = im l fi increasing. 
Equation (1) originated as an economic model. In [2], economists W. Baumol and 

E. Wolff presented a model for analyzing the productivity growth of the research 
and development (R&D) sector of the economy. In [5], this model was extended to 
include possible time delays in the integration of R&D output by the heterogeneous 
client industry. Conditions implying permanence and bounded oscillations were 
presented in [5] for this version of the Baumol-Wolff model. 

The results that we obtain here extend those in [5] in a number of ways; for in- 
stance, in addition to the introduction of p in (1), we no longer require continuous 
differentiability of g and the fi. Our results include, in particular, the characteriza- 
tion of behavior near the origin as well as conditions implying permanence, global 
attractivity and other types of asymptotic behavior. As might be expected, the 
three cases 0 < p < 1, p = 1 and p > 1 give rise to substantially different dynamical 
behaviors with the case p = 1 overlapping the other two. 
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We shall be interested only in the non-negative solutions of (1) and assume that 
hypotheses (HI) and (H2) hold throughout this paper. Background concepts and 
related developments may be found in the standard literature (e.g., [1], [3], [4]). 

2. THE CASE p < 1 

Lemma 1. Equation (1) has a unique positive fixed point if either of the following 
hold: 

(i) p < 1; 
(ii) p = 1 and f(x) 0 for some x- > 0. 

Proof. First suppose that p < 1. Then the positive fixed points of (1) are solutions 
of 

(2) ul-P 1 + g(f (u)). 

The function o(u) = u-P -[1 + g(f(u))] is continuous and increasing on [0, oo) 
and o(0) =-1 - g(f(0)) < 0. Furthermore, o(u) > ul-P - g(f(0)) so that 
y'(u) > 0 for all sufficiently large values of u. Hence, (2) has a unique positive 
solution. 

If (ii) holds, then the number x- f-(0) is clearly a solution of the equation 
1 1 + g(f(u)), and thus a positive fixed point of (1). This x is unique because 
the function 1 + g(f (u)) is decreasing. F 

Lemma 2. Suppose that either condition in Lemma 1 holds. For each n > 1, if 
xn-i > x (respectively, xn-i < x) for i = 1, ... , m, then xn < Xn-1 (respectively, 
Xn >_ xn1). The same assertions hold with all inequalities strict. 

Proof. If, for some ni, xni > X for i = 1, ... , m, then 

XnXn n 1l+gfx)) = xP_1x X n--) x <_ xnl 

The proof is done in the same way when inequalities are reversed or strict. F 

Definition 1. Equation (1) is permanent if there are positive real numbers ae, ,B 
such that for every choice xo, x1, ... , x_-+ of positive initial values, there is an 
integer no = no(xoIx -... ,x m+i) > 1 such that xn E [a,4] for all n > no. 

Theorem 1. If either condition in Lemma 1 holds, then equation (1) is permanent. 

Proof. We consider only the case p < 1; for a proof of the other case, see [5]. For 
every n > 1 note that 

m 

Xn <Xn- 1 [1 + g(E fj (O) ) 
j=1 

m 

(Xpn-2 [1 + 9(Z fi ())])P [1 + g(f (O))] 
j=1 

< xn- 2 [1 + g(f (0))]. 

Continuing this pattern, by induction we obtain 

(3) xn < xO [1 + g(f(0))] +P+ +P' - xpn [1 + g(0))](,_Pn)/(1P) 
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for all n > 1. If xo > 0, then the limit of the right-hand side of (3) is 

lim xn [1 + g(f(0))](1Pn)/(1 P) - [1 + g(f(0))]1(j_P) 

regardless of the actual value of xo. Define 

3 = [1 + g(f (0))]'/('-P) 
and note that if {xn4 is any solution of (1) that is generated by positive initial 
values, then there is a positive integer no such that xn c (0, 3 + 1) for all n > no. 
Furthermore, since 

13 > [1 + g(f (X))]1/(1-P) = [x--P]l/(l-P) - x 

defining y = [1 + g(f(/3 + 1))]/C( + 1)'-P, we see that 

< +g(f( ))- 
-1-p xl 

Now, for all n > no + m, 

(4) x _ 1 + g(E'1 fi(xn-i)) 1 + g(f(13 + 1)) X 4 n = Xn X -Pn-1 - (13 + 1)-P n -Yn-1- 

Now consider two possible cases: (I) there is a positive integer k > no + m such 
that xk > x, or (II) xn < x for all n. 

In Case (I), inequality (4) implies that 

Xk+1 > -YXk > '7X. 

It follows inductively that Xk+m > -Y'x. If n > k+m and xn i < X for i = 1,... ,m, 
then, by Lemma 2, xn > xn 1. Hence, xn > -ym'x for all n > k+m and permanence 
is established. 

In Case (II), again by Lemma 2, {xn } is an increasing sequence that must there- 
fore converge to x; thus for all sufficiently large n, it must be true that xn E [m'XI, 13] 
and permanence follows. F 

Definition 2. A solution {xn4 of (1) oscillates persistently if {xn4 is bounded and 
has two or more limit points. 

The following corollary extends an analogous result in [5]. 

Corollary 1. Assume that the functions g, fi are continuously differentiable and 
that either one of the conditions in Lemma 1 holds. If the fixed point x is a re- 
peller (i.e., all roots of the characteristic equation of (1) at x have modulus greater 
than 1), then every non-trivial, positive solution of (1) oscillates persistently in the 
interval of Theorem 1. 

Proof. Given the similarity of the problem to that in [5], we need only show here 
that, when p < 1, no positive solution of (1) can be constantly equal to x after a 
finite number of steps. To this end, assume on the contrary that there is a positive 
integer k such that x - = for all n > k. Then, in particular, 

X Xk+m-1 = XP[l + g(f(x) -fm(z) + fm(Xk-1))] 

which, since x satisfies (2), implies that 

()) = g(f(x) - fm(@) + fm(xk-1))- 

The function g being monotonic, we must have fm(xi) fm(Xk-1). Also, since x is 
a repeller, it is the case that f.(x) > 0, so therefore, x Xk1. Applying the same 
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argument inductively, it follows that x, = x for all n < k as well, so that {xn4 had 
to be the trivial solution x. The rest of the proof proceeds in the same manner as 
that in [5]. 0 

Theorem 2. Assume that either one of the conditions in Lemma 1 hold. The 
fixed point x > 0 of (1) is a global attractor of all positive solutions if for p < 1 the 
equation 

(5) [I + g(f(x [1 + g(f(x))]( pM) p-= 

and for p = 1 the equation 

(6) x[1 + g(f(x[1 + g(f(x))]m))]m= x 

has a unique solution in [0, x], namely, x in each case. 

Proof. If {xn is any positive solution of (1), we show that limn1, xn x. There 
are three possible cases: 

Case I. There is a positive integer N such that xn >_ x for all n > N; i.e., {xn} 
is eventually greater than or equal to x. Then by Lemma 2, xn <K xn- for all 
n > N + m, i.e., {xn4 is eventually non-increasing. Thus, x being the unique fixed 
point, it follows that limn+o xn = x. 

Case II. {xn4 is eventually less than or equal to x. In this case, again Lemma 
2 implies that {xn4 is eventually non-decreasing and so we must once again have 
1-m~ x _ 

- llMn--+o Xn =X- 

Case III. {xn} oscillates about x. Define 

(7) A = liminfxn, AL = limsupxn 
n-+oo n--0oo 

By Theorem 1, 

0 < A < < 00. 

We now show that A =x = IL under the hypotheses of this theorem. By (7), for 
each E > 0 there is a positive integer N, such that 

(8) A-E <_xn < ,?+? 

for all n > N,. Let 

{Xk+1, Xk+2, ... , Xk+r} and {Xk+r+1, Xk+r+2,... Xk+r+s} 

represent, respectively, a negative and a positive semicycle of {xn4, where k > 
N,+m. If 

Xk+ii m ni{Xk+j} 
l<j?<r 

with 1 < il < r the least integer with this property, then, by Lemma 2, il < m. 
Similarly, if 

Xk+r+i2 = maX {Xk+r+j} 

with 1 < i2< s the least integer with this property, then Lemma 2 implies i2 < m. 
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Now, assume that p < 1 and note that, using (8), we have 
m 

Xk+il = X+i- [1 + 9 (1 fj (Xk+il-j))] 
j=1 

m 

k+il-2[1 + 9(E fj (Xk+il-1-j))])p[I + 9(f (t + ?))] 
j=1 

> x k+il_2[1 + g(pf(IL + ?))]?+P. 

Continuing in this fashion and noting that xk > x, we obtain after i1 steps 

(9) Xk+il ? x [1 + g(f (,L + 

Since i1 < m, it follows that 1 > p > pil > pm and thus 

I -pil - pm 

(10) 
< < 

- -1 

Re-writing the right-hand side of (9) as 

[ + g(f(I? g) ('-pil)/(l-P) [1 +g(f(jL + )) ('-P 

L z1- I + 9(f (X)) 

and noting that the ratio in the brackets on the right is less than 1, (9) and (10) 
yield 

Fl+ g(f(IL + 0 ('-P"'WlP 
Xk?il ? [ 1 g(f -)) =P 

[1 + g(f(IL + ?))](lPm)/(lP) 

A similar calculation shows that 

Xk+r+i2 < xPm [I + g(f(A - (1-Pm)/(l-P) 

So, upon letting E decrease to zero, we obtain 

Xk+il > XPm [1 + g(f( GLM('- /1p 

and 

Xk+p+i2 < xP [I + g(f(A))](l Pm)/(1-P) 

for every sufficiently large k. Since the semicycles were chosen arbitrarily, we con- 
clude that 

(11) A > xPm[I + g(f(t))](lPm)/(lP) and ,i < xPm [1 + g(f (A))](lPm)/(lP). 

Next, define 

h(x) = SPm [I + g(f (X))] (1-Pm)/(1-P) X xE [o)0v), 

and note that h(x) = x. Given that A < x, if equality holds, then by (11) ,u < x 
and the proof is complete. So suppose that A < x. Due to the decreasing nature of 
h, we find that 

(12) h2(A) = h(h(A)) < h(pi) < A. 

On the other hand, h2(x) - x, and by (5), this is the only solution of the equation 
h2(x) = x in [0, x] . Since 

h2 (0) = -Pm ? g(f(xpm[1 +g(f(0))]1 pm)/(l-P)))](l-PM)/(1-P) > o, 



1780 HASSAN SEDAGHAT AND WENDI WANG 

we conclude that h2(x) > x for all x < x. In particular, h2(A) > A, which con- 
tradicts (12) and completes the proof for the case p < 1. The proof for p 1 is 
analogous if we notice that pm = l and (1 -pm))/(1-p) = l+p+- .+pm-i m. g 

Corollary 2 below gives a more intuitive interpretation of the conditions in The- 
orem 2; it says that when the functions fi, g have sufficiently small slopes, then x 
is globally asymptotically stable. We first state a lemma on local stability which is 
proved similarly to an analogous result in [5]. 

Lemma 3. Assume that the functions g, fi are continuously differentiable. Under 
the conditions of Lemma 1, the fixed point x is locally asymptotically stable if 

(13) cf'Q(x) < 1-p + 2 min{p, cfi'(x) } where c = xP '(f(x)) . 

In the next corollary, (1 _ pk)/(l - p) = k when p = 1. 

Corollary 2. Assume that the functions 9, fi are continuously differentiable. Un- 
der the conditions of Lemma 1, x is a stable global attractor of positive solutions if 
the following conditions are satisfied: 

(i) For each x E [0, M], where M = [1 +g(f(0))](1pn)/(1p), 

(14) |g (f(x))f'(x) (1 - P)1 + g(f(O))] 
M(1 PM) 

(ii) cf'(xi) < 1 -p + 2cfi(x), where c is defined in (13). 

Proof. Define 

a (1- p)[ + g(f())] <su<p lg'(f(x))|f'(x) 
so that a < 1 by (14) and the compactness of [0, M]. Let h be the function defined 
in the proof of Theorem 2. Then 

I h'(x) I < l P xpm [g + 9(f (O(P g'(f (x)) lf'(x) < a 

for all x c [0, M]. Hence, 

lh(x) -x-1 = lh(x) -h(x-)l < aelx -x-1 

for all x c [0, M]. From this, it follows that if x* c [0, x] and h2(x*) = x*, then 

Ix* -x = lh(h(x*))-X1 < a2x*-X 

which is possible only when x* = x. Hence, Theorem 2 implies that x is globally 
attracting. It remains to show stability. Using the fact that 

K A () (PPm)/(1-P) - A (P_Pm)/(1-P) 
PM 

=- X v_py 
x 

+g9(f (x))J 

the inequality in (i) for x = yields 

(15) x 1(f(X))1f'(X) < (lpm) [ I + g(f(0)) < 

Now, (15) and (ii) imply (13); hence we have local stability. g 
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Remark 1. In particular, Condition (i) in Corollary 2 holds if each of the derivatives 
g, f ' is uniformly small in magnitude, i.e., if there are constants B, Ai, i = 1,... , 
such that Ig'(x) < B for all x c R, Ifi'(x)I < Ai for all x E [0, M], and 

B A (1 -p)1?+g(f(0))] 

It should be kept in mind, though, that M depends on x. 

3. THE CASE p > 1 

Through linearization, it is easy to see that the origin is locally asymptotically 
stable if either p > 1 or p = 1 and f(0) > 0. The next result provides more 
information without assuming differentiability. 

Theorem 3. (a) If p > 1, then the origin is asymptotically stable and attracts every 
trajectory of (1) with initial values in the interval [0, 13) where 13 is the quantity 
defined in the proof of Theorem 1, namely, 

13 = [1 + g(f(O))-l/(P-l). 

(b) If p = 1 and f(0) > 0, then every positive solution of (1) monotonically 
decreases to zero. 

Proof. (a) Note that 
m 

Xn = XPln- 1[1 + g(E fi (xn-i))] 

<=l1 

< n- I[1 + g(f (0))] 

? (x2j1 + g(f(0))])D[1 + g(f(0))] 

= Xn-2[1 + g(f(0))]1+p 

This pattern continues; by induction 

Xn < X0 [I + 9(f (0))](P 1/p1 (x0) 

Therefore, if the inital values (in particular, xo) are in [0,13), then the solution 
they generate must converge to zero. Stability is an immediate consequence of the 
monotonically decreasing nature of the sequence { (xo /3)Pn }. 

(b) If p =1 and f(0) > 0, then for all u > 0 we have f(u) > 0 and hence 
1 + g(f(u)) < 1. Thus, if {xn} is a positive solution of (1), then 

m 

Xn =Xn- [1 + 9(Z fi (xn-i))] < Xn-I 
i=1 

for every n > 1. Thus {xn} is monotonically decreasing and must, therefore, 
converge to the (unique) fixed point zero. F 

The next theorem may be compared with Theorems 1-3. 

Theorem 4. Let S be the set of all positive fixed points of (1) and let 0 be the 
function 

OM(U) up-P,1 + g(f (u))], u > 0. 
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(a) If p > 1 and S is non-empty, then x = inf S > 0 is an unstable fixed point; 
in fact, in every neighborhood of x there are initial values generating solutions that 
converge monotonically to zero. 

(b) If p > 1, and if S is non-empty and bounded with 0(u) > 1 for all u > sup S, 
then x = sup S is an unstable fixed point of (1) and in every neighborhood of x 
there are initial values generating unbounded, monotonically increasing solutions. 

(c) If p = 1 and f (u) < 0 for all u > 0, then every positive solution of (1) is 
unbounded and monotonically increasing. 

Proof. (a) Since S is the set of all solutions of 0(u) = 1 and 0 is continuous with 
q(0) = 0, it follows that x = inf S is indeed a positive fixed point of (1). Now let 
xO c (0, x) and X1_m, ... , x1 > xo. Then 

m 

XI = xo[1 + g(E fi(xi-i))] < xo[1 + g(f(xo))] = XO0(XO) < XO. 
i=1 

Therefore, x1 < xo < x and X2_m,... ,x1,ixO > x1. It follows by induction 
that the sequence {xn} is monotonically decreasing in the interval (0, x) so that it 
must converge to 0. Since xim, ... , x1, xo may be chosen arbitrarily close to x, 

this also proves that x is unstable. 
(b) Choose xo > x and xi-m.. ., x1 < xo and notice that 

m 

X1 = Xo [1 +g(E fi(xi-i))] > xo [1 + g(f (xo))] Xoq(Xo) > Xo 
i=1 

so that x1 > xO > X2-m,... ,x1, x. By induction, {xn must be monotonically 
increasing with xn > supS for all n > 1. Therefore, {xn4 is unbounded. Since 
x1im,... ,x1, xo may be chosen arbitrarily close to x, this also proves that x is 
unstable. 

(c) If f (u) < 0 for all u > 0, then 

((u) 1+ g(f (u)) > 1 

for all u > O. Therefore, there are no positive fixed points and xn > xn-1 for all 
n > 1 if xo > 0. It follows that every positive solution must be monotonically 
increasing and, hence, unbounded. D 

The following result summarizes the stability characteristics of the origin as 
determined by the values of p. 

Corollary 3. If p > 1 or if p = 1 and f (0) > 0, then the origin is asymptotically 
stable. If p < 1 or if p = 1 and f (0) < 0, then the origin is unstable. 
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