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Introduction

List colorings of graphs were introduced independently by V.G. Vizing [13] and P. Erdős,
A.L. Rubin, and H. Taylor [3]. For a graph G = (V, E) and each vertex u ∈ V (G),
let L(u) denote a list of colors available for u. We call L = {L(u)|u ∈ V (G)} a list
assignment of G, and we call L a k-list assignment if |L(u)| ≥ k for each u ∈ V (G).
An L-coloring of G is a coloring in which each vertex receives a color from its own list
such that adjacent vertices get different colors. A graph G is called k-choosable if G
is L-colorable for every k-list assignment L. The chromatic number χ(G) of G is the
smallest integer k such that G is k-colorable, and the choice number Ch(G) of a graph
G is the smallest integer k such that G is k-choosable.
It is easy to see that every graph G satisfies Ch(G) ≥ χ(G). However, the equality
does not necessarily hold. In fact, Erdős et al. [3] showed that there are bipartite graphs
with choice numbers that are arbitrarily large. If a graph G satisfies Ch(G) = χ(G),
then G is called chromatic-choosable. Much of the work on choice number has studied
graph classes in which every graph is chromatic-choosable. The most famous conjecture
in this area is the List Coloring Conjecture (see [6]), which states that every line
graph is chromatic-choosable. Galvin [4] proved the special case that every line graph
of a bipartite graph is chromatic-choosable (for more information about chromaticchoosability, we refer the reader to a survey by Woodall [14]). In this paper, we focus
our attention on Ohba’s conjecture:
Conjecture 1.1 (Ohba [9]). If |V (G)| ≤ 2χ(G) + 1, then Ch(G) = χ(G).
Because every k-chromatic graph is a subgraph of a complete k-partite graph,
Ohba’s conjecture is true if and only if it is true for every complete multipartite graph.
Thus, we can restate Ohba’s conjecture in the following way.
Conjecture 1.2. If G is a complete k-partite graph with |V (G)| = 2k + 1, then
Ch(G) = χ(G) = k.
As a result of the formulation in Conjecture 1.2, all of the work done on proving
Ohba’s conjecture has focused on proving it for specific classes of complete multipartite
graphs. We use the notation Kr∗s to denote a complete s-partite graph in which each
part has r vertices. Analagously, we the notation Kr∗s,t∗u to denote a complete (s + u)partite graph, in which s parts have r vertices and u parts have t vertices. Here we list
the complete multipartite graphs for which the choice number is known.
Theorem 1.3 ([3]). Ch(K2∗k ) = k.
Theorem 1.4 ([7]). Ch(K3∗k ) = ⌈ 4k−1
3 ⌉.
⌉.
Theorem 1.5 ([10]). Ch(K3∗r,1∗t ) = max(r + t, ⌈ 4r+2t−1
3
Theorem 1.6 ([5]). If k ≥ 3, then Ch(K3∗2,2∗(k−2) ) = k.
(
k,
if k is odd
Theorem 1.7 ([2]). Ch(K4,2∗(k−1) ) =
k + 1, if k + 1 is even.
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Theorem 1.8 ([2]). If m ≤ 2s + 1, then Ch(Km,2∗(k−s−1),1∗s ) = k.
Theorem 1.9 ([11],[12]). Ch(Ks+2,3,2∗(k−s−2),1∗s ) = k for s ∈ {2, 3, 4}.
To obtain partial results for Ohba’s conjecture from Theorems 1.3 through 1.9, we
consider subgraphs of the graphs studied in the seven theorems above that are k-partite
and have 2k+1 vertices. In particular, we conclude that the choice number is k for every
multipartite graph of the following form: K3∗2,2∗(k−3),1 , K4,2∗(k−2),1 , Ks+3,2∗(k−s−1),1∗s
(for all s), and Ks+2,3,2∗(k−s−2),1∗s (for s ≤ 4). For K4,2∗(k−2),1 , if k is odd, then the
result follows directly from Theorem 1.7. If k is even, then we first color the vertex v
in the unique part of size 1. Since the remaining graph G − v is (k − 1)-choosable by
Theorem 1.7, we see that G is k-choosable.
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Preliminaries

In this section we introduce three tools that significantly reduce the number of cases
we must consider in each of our proofs.
For a graph G = (V, E) and a subset X ⊆ V , let G[X] denote the subgraph of G
induced by X. For a list assignment L of G, let L|X denote L restricted to X, and
let L(X) denote the union ∪u∈X L(u). If A is a set of colors, let L\A denote the list
assignment obtained from L by deleting the colors in A from each L(u) with u ∈ V (G).
When A consists of a single color a, we write L − a instead of L\{a}.
We say that a graph G satisfies Hall’s condition for a list assignment L if |L(X)| ≥
|X| for every subset X ⊆ V (G). A result of Hall implies the following theorem (this is
commonly called Hall’s Theorem):
Theorem 2.1 (Hall). If G satisfies Hall’s condition, then there exists an L-coloring
of G in which each vertex receives a distinct color.
Kierstead [7] used Theorem 2.1 to prove the following lemma. This result will be
of great use to us.
Lemma 2.2 ([7]). Let L be a list assignment for a graph G = (V, E) and let X ⊆ V (G)
be a maximal non-empty subset such that |L(X)| < |X|. If G[X] is L|X -colorable, then
graph G is L-colorable.
Proof. Let X be a maximal subset of V such that either X = ∅ or |L(X)| < |X|. Let
C = L(X). By the maximality of X, every subset Y ⊂ V \X satisifes |L(Y )\C| ≥ |Y |.
Let L′ (v) = L(v)\C for every v ∈ V \X. Note that G\V satisfies Hall’s condition
for L′ . Hence G\V is L′ -colorable. By hypothesis, X is L|X -colorable. Since none of
the colors used on X are used on V \X, we can combine the two colorings to give an
L-coloring of G.
Kierstead used Lemma 2.2 to prove the following lemma.
Lemma 2.3 ([7]). A graph G = (V, E) is k-choosable if G is L-colorable for every
k-list assignment L such that |L(V )| < |V |.
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We would like to apply Lemma 2.3 in the middle of constructing a coloring. However, at that point the number of colors available at one vertex may be different from
the number of colors available at another vertex. Thus we will prove a more general
version of Kierstead’s second lemma, which will apply even when different vertices may
have lists of different sizes. We need the following definition. Let L be a list assignment. We say G is L-size-choosable if G is L1 -colorable for every list assignment L1
such that |L1 (v)| = |L(v)| for each v ∈ V (G). This is a generalization of k-choosability,
since distinct vertices may have lists of different sizes.
Now we can state Lemma 2.4, which is a generalization of Lemma 2.3 to the case
where distinct vertices may have lists of different sizes. Our proof of Lemma 2.4 is
essentially the same as Kierstead’s proof of Lemma 2.3.
Lemma 2.4. Let L be a list assignment such that |L(v)| < |V | for each v ∈ V . A
graph G = (V, E) is L-size-choosable if G is L1 -colorable for every list assignment L1
such that |L1 (V )| < |V | and |L1 (v)| = |L(v)| for each v ∈ V .
Proof. Fix a list assignment L. Suppose G is L1 -colorable for every list assignment L1
such that |L1 (V )| < |V | and |L1 (v)| = |L(v)| for each v ∈ V .
We show that the hypothesis of Lemma 2.2 holds for G and L1 . Consider any
non-empty subset X ⊆ V such that |L1 (X)| < |X|. Let A = L1 (X). Choose u ∈ V \X
such that |L1 (u)| ≥ |L1 (w)| for all w ∈ V \X. We define a list assignment L2 . We
consider two cases depending on whether or not |L1 (u)| ≤ |A|.
If |L1 (u)| ≤ |A|, then we define L2 as follows. If v ∈ X, then L2 (v) = L(v). If
v∈
/ X, then L2 (v) is a subset of A of size |L1 (v)|.
If |L1 (u)| > |A|, then we define L2 as follows. Let B be a subset of |L1 (u)\A| of
size |L1 (u)| − |A|. If v ∈ X, then L2 (v) = L(v). If v ∈
/ X, then L2 (v) is a subset of
A ∪ B of size |L1 (v)|.
In the first case, |L2 (V )| = |L(X)| < |X| ≤ |V |. In the second case, |L2 (V )| =
|A ∪ B| = |L2 (u)| < |V |. By hypothesis, G is L2 -colorable. Since L2 |X = L1 |X , we see
that G[X] is (L1 |X )-colorable. So by Lemma 2.3, G is L1 -colorable.
In the process of constructing a coloring, we will repeatedly choose a color to use on
2 or 3 vertices, then delete that color from the lists of colors available at each uncolored
vertex. We must then show that we can color the remaining uncolored vertices from
their lists. Each time we choose a color to use on one or more vertices, Lemma 2.4
enables us to assume that the total number of colors available on the uncolored vertices
is smaller than the number of uncolored vertices. We use this technique frequently in
the proofs in Sections 3 and 4.

3

Ohba’s conjecture is true for K4,3∗2,2∗(k−6),1∗3

We are now ready to prove our first main theorem. In Sections 3 and 4, we will often
conclude a case in the analysis by saying that we can finish by coloring greedily. By this
we mean that we can color the uncolored vertices greedily in order of nondecreasing
list size. Frequently we will use phrases like “there exists some vertex in X, say x1 ,
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such that color c1 ∈ L(x1 )”; by this we mean that without loss of generality we may
assume that the desired vertex is x1 .
Theorem 3.1. If G = K4,3∗2,2∗(k−6),1∗3 , then Ch(G) = k.
Proof. Let G = K4,3∗2,2∗(k−6),1∗3 . We label the parts of sizes 4, 3, and 1 as follows:
X = {x1 , x2 , x3 , x4 }, Y = {y1 , y2 , y3 }, Z = {z1 , z2 , z3 }, W1 = {w1 }, W2 = {w2 }, and
W3 = {w3 } (we do not label the parts of size 2 since they will be less important in the
argument).
We begin by handling the case when all the vertices in a part of size 3 or 4 have
a common color. Clearly, we should use this common color on all the vertices in the
part. Intuitively, this case should be easier than the general case. In fact, the analysis
is straightforward. However, for brevity, we observe that the remaining uncolored
vertices will form a subgraph of K4,3,2∗(k−5),1∗2 and recall that Shen et al. [11] proved
that Ch(K4,3,2∗(k−5),1∗2 ) = k − 1. So for the rest of this proof, we assume that no color
appears on all the vertices in a part of size 3 or 4.
Similarly, if the 2 vertices in a part of size 2 have a common color, we will use the
common color on both of them. To formalize this, we induct on the number of parts
of size 2 in which the vertices have a common color. The induction step is easy. We
use the common color on each vertex in the part (of size 2), remove that color from
the lists of all other vertices, then recurse on the graph with both vertices of that part
deleted. Hence, for our base case, we assume that no color appears on both vertices in
a part of size 2.
We first consider the case when no color appears on more than 2 vertices in X
(later, we will consider the case when a color appears on 3 vertices in X and show that
that case reduces to the present case).
By Lemma 2.4, we can assume that some color, say c1 , appears on two vertices
in Y , say y1 and y2 . Use c1 on y1 and y2 . Let L(v) denote the list of available
colors at each vertex v after we have used color c1 on y1 and y2 . Now let U be a
maximal subset of uncolored vertices U ⊂ V (G) such that |L(U )| < |U |. Note that
|L(x1 )| + |L(x2 )| + |L(x3 )| + |L(x4 )| ≥ 4k − 2. Since no color appears on three vertices
of X, we have |L(x1 ) ∪ L(x2 ) ∪ L(x3 ) ∪ L(x4 )| ≥ (4k − 2)/2 = 2k − 1 ≥ |U |. Hence, U
contains at most 3 vertices from X; call these x1 , x2 , and x3 . Since each pair of vertices
in the same part of size 2 have disjoint lists, each part of size 2 contains at most 1
vertex of U . Since each vertex in a part of size 2 has at least k − 1 colors available,
we can greedily color the vertices of U in parts of size 2. Since there are only k − 6
parts of size 2, each vertex loses at most k − 6 colors. So we have reduced our problem
to coloring the vertices of U in parts of sizes 1, 3, and 4. Let L′ (v) denote the list of
available colors at each uncolored vertex v ∈ U after we have colored all the vertices
of U in parts of size 2. We have the following inequalities: |L′ (w1 )| ≥ 5, |L′ (w2 )| ≥ 5,
|L′ (w3 )| ≥ 5 and |L′ (y3 )| ≥ 6. Wlog, we also have the inequalities: |L′ (x1 )| ≥ 6,
|L′ (x2 )| ≥ 5, |L′ (x3 )| ≥ 5, |L′ (z1 )| ≥ 6, |L′ (z2 )| ≥ 5, and |L′ (z3 )| ≥ 5. We assume that
each inequality holds with equality. Let U ′ denote this set of 10 vertices. The set U
may not contain all of U ′ , but if we can color the graph G[U ′ ], that will imply that G
is L-colorable.
At this point, we observe that the case when 3 vertices of X have a common color
reduces to the present case. In that case we use the common color on the three vertices
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on which it appears. By the same analysis as above, we again reduce the problem to
coloring the vertices of U that are in parts of sizes 1, 3, and 4. In that case U contains
at most 3 vertices of Y and at most 1 vertex of X. By relabeling the vertices of Y as
x1 , x2 , and x3 and relabeling vertex x1 as y1 , we reach the present situation. Each of
the inequalities given above still holds.
Let A = L′ (y3 ) ∪ L′ (w1 ) ∪ L′ (w2 ) ∪ L′ (w3 ). We consider two cases: |A| ≥ 7 and
|A| = 6.
Case 1: |A| ≥ 7.
Since |U ′ | = 10, by Lemma 2.4, we may assume that |L′ (U ′ )| ≤ 9. Since |L′ (x1 )| +
|L′ (x2 )| + |L′ (x3 )| ≥ 16, at least 16 − 9 = 7 colors each appear on two vertices in X
(since no color appears on all three vertices of X). So we can choose some color c2
that appears on two vertices in X, say x1 and x2 , such that c2 ∈
/ L′ (z1 ). Use color c2
′′
′
on vertices x1 and x2 . Let L (v) = L (v) − c2 for each uncolored vertex v ∈ U ′ . Since
|L′′ (z2 )| + |L′′ (z3 )| ≥ 8, by Lemma 2.4 we may assume that vertices z2 and z3 must
have a common color, call it c3 . Use color c3 on vertices z2 and z3 . Let L′′′ (v) denote
the lists of remaining colors for each vertex v ∈ U ′ \{z2 , z3 }. We have the following
inequalities: |L′′′ (x3 )| ≥ 4, |L′′′ (y3 )| ≥ 4, |L′′′ (z1 )| ≥ 6, |L′′′ (w1 )| ≥ 3, |L′′′ (w2 )| ≥ 3,
|L′′′ (w3 )| ≥ 3, and |L′′ (y3 ) ∪ L′′ (w1 ) ∪ L′′ (w2 ) ∪ L′′ (w3 )| ≥ 5. It is easy to verify that
Hall’s condition holds. Hence, G is L-colorable.
Case 2: |A| = 6.
Since |U ′ | = 10, by Lemma 2.4, we may assume that |L′ (U ′ )| ≤ 9. Since |L′ (x1 )| +
|L′ (x2 )| + |L′ (x3 )| ≥ 16, at least 16 − 9 = 7 colors appear on two vertices in X. So we
can choose some color c2 that appears on two vertices in X, say x1 and x2 , such that
c2 ∈
/ A. Use c2 on vertices x1 and x2 . Let U ′′ = U ′ \{x1 , x2 } and L′′ (v) = L′ (v) − c2 for
each vertex v ∈ U ′′ . By Lemma 2.4, we may assume that |L′′ (U ′′ )| < |U ′′ | = 8. Since
|L′′ (z1 )| + |L′′ (z2 )| + |L′′ (z3 )| ≥ 14, we see that 14 − 7 = 7 colors must each appear on
two vertices in Z. So we can choose some color c3 that appears on two vertices in Z,
say z1 and z2 , such that c3 ∈
/ A. Use color c3 on vertices z1 and z2 .
Let L′′′ (v) denote the lists of remaining colors for each uncolored vertex v. We have
the inequalities: |L′′′ (x3 )| ≥ 4, |L′′′ (y3 )| ≥ 6, |L′′′ (z3 )| ≥ 4, |L′′′ (w1 )| ≥ 5, |L′′′ (w2 )| ≥ 5,
and |L′′′ (w3 )| ≥ 5. We can finish by coloring greedily. Hence, G is L-colorable.
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Ohba’s conjecture is true for K3∗3,2∗(k−5),1∗2

We will now prove our second main theorem. The proof is similar to the proof of
Theorem 3.1; however, the one fewer part of size 1 requires a more complex argument.
Theorem 4.1. If G = K3∗3,2∗(k−5),1∗2 , then Ch(G) = k.
Proof. It is easy to handle the case when all the vertices in a part of size 2 or size 3
have a common color. We will use that common color on all the vertices in that part.
To formalize this, we use induction on the number of parts of size 2 or 3 in which all
the vertices have a common color.
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The induction step is easy. Let S be a part (of size 2 or 3) in which the vertices
have a common color. We use the common color on each vertex in S, remove that
color from the lists of all other vertices, then recurse on G − S. If S has size 2, then
we recurse on a graph with one fewer part of size 2. If S has size 3, then we recurse on
a proper subgraph of the graph we consider when S has size 2 (so the claim follows).
Hence, for our base case, we assume that no color appears in the lists of all the vertices
in a part of size 2 or 3.
We label the parts of sizes 3 and 1 as follows: X = {x1 , x2 , x3 }, Y = {y1 , y2 , y3 },
Z = {z1 , z2 , z3 }, W1 = {w1 }, and W2 = {w2 } (we do not label the parts of size 2
because they will be less important in the argument). We would like to find 2 vertices
in X, say x1 and x2 , with a common color, say c1 , and 2 vertices in Y , say y1 and y2 ,
with a common color, say c2 6= c1 , such that there exists a vertex in Z, call it z1 , such
that {c1 , c2 } ∩ L(z1 ) = ∅. It will also be fine if part Z is interchanged with part X or
part Y in these conditions. We now show that we can do this.
Claim 4.2. We can find 2 vertices in X, say x1 and x2 , with a common color, say c1 ,
and 2 vertices in Y , say y1 and y2 , with a common color, say c2 6= c1 , such that there
exists a vertex in Z, call it z1 , such that {c1 , c2 } ∩ L(z1 ) = ∅. It will also be fine if part
Z is interchanged with part X or part Y in these conditions.
Proof of claim 4.2. By Lemma 2.4, we can assume that |L(V )| < |V | = 2k + 1. Note
that |L(x1 )| + |L(x2 )| + |L(x3 )| = 3k. Since |L(x1 ) ∪ L(x2 ) ∪ L(x3 )| ≤ |L(V )| ≤ 2k,
there are at least k colors that each show up on at least 2 vertices in X; the same is
true for parts Y and Z. Recall that k ≥ 5. Note that if at least 4 colors each appear
on 2 vertices in X and also each appear on 2 vertices in Y , then the claim holds for
the following reason. Each of these 4 colors does not appear on at least 1 vertex of
Z. Since there are 3 vertices in Z, 2 of these 4 colors (call them c1 and c2 ) “miss”
the same vertex in Z. So we can use color c1 on 2 vertices of X and use color c2 on 2
vertices of Y . Hence, we may assume that some color that appears on 2 vertices of X
must appear on either 0 or 1 vertices of Y ; we consider these two cases separately.
Suppose that color c1 appears on 2 vertices in X, but that color c1 does not appear
on any vertex in Y . Now we can use color c1 on 2 vertices of X, and use any choice of
c2 6= c1 on 2 vertices in Z. Hence, we can choose colors c1 and c2 as desired.
Instead suppose that color c1 appears on 2 vertices of X, but in Y color c1 only
appears on one vertex, say y1 . Recall that at least k colors appear on 2 vertices in Z.
Consider the at least k − 1 ≥ 4 colors other than c1 that appear on 2 vertices in Z.
If one of these colors does not appear at y2 or y3 , then the claim holds. So we may
assume that at least 4 of the colors that each appear on two vertices in Z also appear
on both y2 and y3 . Again, the claim holds, as in the first paragraph of the proof.
Use color c1 on vertices x1 and x2 . Let G′ = G\{x1 , x2 } and L′ = L\c1 . Let U be
a maximal nonempty subset U ⊆ V (G′ ) such that |L(U )| < |U |. By Lemma 2.1, G′ is
L′ -colorable if G′ [U ] is L′ |U -colorable. Thus, the remainder of our argument will show
that G′ [U ] is L′ |U -colorable. Note that each part of size 2 has at most one vertex in U
(otherwise, |L(U )| ≥ 2k − 1 ≥ |U |, since the lists of any two vertices in the same part
of size 2 must be disjoint). Since each vertex in a part of size 2 has at least k − 1 colors
available, we can greedily color all the vertices of U in parts of size 2 without using
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color c2 . (Note that the size of the list for each vertex decreases by at most k − 5 since
there are only k − 5 parts of size 2.) So now we only need to color the vertices of U in
parts of sizes 3 and 1. In fact, we will color all the uncolored vertices (not just those
in U ) in parts of sizes 3 and 1. Let U ′ denote the set of uncolored vertices in parts
of sizes 3 and 1. Let L′′ (v) denote the lists of colors available at each vertex v ∈ U ′
after we have colored all the vertices of U in parts of size 2. We have the following
inequalities: |L′′ (x3 )| ≥ 5, |L′′ (w1 )| ≥ 4, |L′′ (w2 )| ≥ 4, Without loss of generality, we
have the additional inequalitites: |L′′ (y1 )| ≥ 5, |L′′ (y2 )| ≥ 4, |L′′ (y3 )| ≥ 4, |L′′ (z1 )| ≥ 5,
|L′′ (z2 )| ≥ 4, |L′′ (z3 )| ≥ 4. We assume that each of the inequalities holds with equality.
Let A = L′′ (x3 ) ∪ L′′ (w1 ) ∪ L′′ (w2 ). We consider two cases: |A| ≥ 6 and |A| = 5.
Case 1: |A| ≥ 6.
Use color c2 on vertices y1 and y2 . Note that |L′′ (z1 )| ≥ 5 (recall that c1 ∈
/ L(z1 )) and
that vertex z1 is only adjacent to 4 uncolored vertices in G[U ′ ]. Hence, any coloring of
the other 6 uncolored vertices in U ′ can be extended to z1 . So let U ′′ = U ′ \{y1 , y2 , z1 }.
Now we need to show that G[U ′′ ] is L′′ |U ′′ -colorable. By Lemma 2.4, we may assume
that |L′′ (U ′′ )| < |U ′′ | = 6. Since |L′′ (z2 ) − c2 | + |L′′ (z3 ) − c2 | ≥ 6, there exists a
color c3 ∈ L′′ (z2 ) ∩ L′′ (z3 ); use c3 on vertices z2 and z3 . Let U ′′′ = U ′′ \{z2 , z3 }
and L′′′ (v) = L′′ (v) − {c3 } for every vertex v ∈ U ′′′ . Now we have |L′′′ (w1 )| ≥ 2,
|L′′′ (w2 )| ≥ 2, |L′′′ (y3 )| ≥ 3, |L′′′ (x3 )| ≥ 3, and |L′′′ (x3 ) ∪ L′′′ (w1 ) ∪ L′′′ (w2 )| ≥ 4. It
is straightforward to verify that the four remaining uncolored vertices satisfy Hall’s
condition. As a result, G[U ′′′ ] is L′′′ |U ′′′ -colorable. Thus, G is L-colorable.
Case 2: |A| = 5.
We would like to find two vertices both in Y (or both in Z), call them y1 and y2 , such
that there exists a color c3 ∈ (L′′ (y1 )∩L′′ (y2 ))\A. (In Claim 4.2 we previously specified
two vertices to be y1 and y2 ; now we relabel vertices if necessary.) We consider two
subcases, depending on whether or not we can find such vertices.
Subcase 2.1: There exists c3 ∈ (L′′ (y1 ) ∩ L′′ (y2 ))\A.
Use c3 on vertices y1 and y2 . Let U ′ = U \{y1 , y2 }. and Let L′′′ (v) = L′′ (v) − c3 for
all v ∈ U ′ . Note that |L′′′ (z1 )| + |L′′′ (z2 )| + |L′′′ (z3 )| ≥ 11. Since |A| = 5 and no color
in A appears on all three vertices of Z, some vertex in Z has a color available that
is not in A. Wlog, say this is color c4 on vertex z1 ; use color c4 on z1 . There are 6
remaining uncolored vertices. By Lemma 2.4, we can assume that the union of the lists
for these 6 remaining vertices has size at most 5. Since |L′′′ (z2 )| + |L′′′ (z3 )| ≥ 6, there
exists c5 ∈ L(z2 ) ∩ L(z3 ). After using c5 on vertices z2 and z3 , we can color the four
remaining uncolored vertices greedily. Thus, G is L-colorable.
Subcase 2.2: (L′′ (yi ) ∩ L′′ (yj )) − A = ∅ for all i 6= j ∈ {1, 2, 3}.
By symmetry, we can also assume (L′′ (zi ) ∩ L′′ (zj )) − A = ∅ for all i 6= j ∈ {1, 2, 3}.
Since |L′′ (y1 )| + |L′′ (y2 )| + |L′′ (y3 )| ≥ 13 > 2|A| = 10, there exists some vertex of Y ,
say y1 , with c4 ∈ L(y1 ) − A. Use color c4 on y1 and let U ′′ = U ′ − y1 . (Note that
color c4 is available on at most one vertex in Z.) By Lemma 2.4, we may assume
that |L′′ (U ′′ ) − c4 | < |U ′′ | = 8. Since |L′′ (y2 )| + |L′′ (y3 )| ≥ 8, there exists a color
c5 ∈ L′′ (y2 ) ∩ L′′ (y3 ). Use color c5 on y2 and y3 .
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Some vertex in Z, say z1 , has at least 4 available colors. Note that z1 is only adjacent
to 3 uncolored vertices in U ′′ . Hence, any coloring of the other 6 uncolored vertices in
U ′′ can be extended to z1 . Let U ′′′ = U ′′ \{y1 , y2 , y3 , z1 } and let L′′′ (v) = L′′ (v)\{c4 , c5 }
for each vertex v ∈ U ′′′ . By Lemma 2.4, we may assume that |L′′′ (U ′′′ )| < |U ′′′ | = 5.
Since |L′′′ (z2 )| + |L′′′ (z3 )| ≥ 5, vertices z2 and z3 have a common color, call it c6 .
Use color c6 on z2 and z3 , then color the remaining vertices greedily. Thus, G is
L-colorable.

5

Discussion

We believe that our methods can be extended to prove Ohba’s conjecture for more
multipartite graphs with three parts each of size at least 3. In particular, we suspect
that our methods will be suitable to prove Ohba’s conjecture for K4∗2,3,2∗(k−7),1∗4 and
K4∗3,2∗(k−8),1∗5 . Further, we believe that our methods will be sufficient to prove Ohba’s
conjecture for K3∗4,2∗(k−7),1∗3 .

6
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