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LARSON—MATH 756—HOMEWORK WORKSHEET 09

Suppose G is a graph with vertices V = V (G), and {xi} is an optimal FILP so-
lution with αf (G) =

∑
xi. Let O = {vi : xi = 1}, and v ∈ O. We found that

αf (G) = αf (G− v −N(v)) + 1.

Then we described an algorithm to find a maximum critical independent set (MCIS):

Algorithm 1 Maximum Critical Independent Set

procedure MCIS(G) . Input graph G
V = Vertices(G)
I = [] . Initialize I to be empty list
if V == ∅ then return I

for v in V do
if αf (G) = αf (G− v −N(v)) + 1 then

I = I ∪ {v}
G = G-v-N(v)
I = I ∪ MCIS(G)
break

return I

In short, the MCIS algorithm here tests if there is a vertex v in graph G which can be
given the value 1 in an optimal feasible solution {xi}. If so it includes that in set I, deletes
it and its neighbors and then tries to add to that set by finding another such vertex in
G− v −N(v). If not, it returns the current (possibly empty) set I.

1. Prove that this algorithm yields an MCIS.

2. The heuristic Maxine (described in the Griggs-Kleitman paper) finds a vertex of
maximum degree, deletes it and its incident edges, and repeats this on the remaining
subgraph, continuing until no edges remain. So you end up with an independent set.

(a) Apply this algorithm to the Petersen graph.

(b) There may be more than one vertex of maximum degree in a graph. Find an
example of a graph where Maxine can give different results depending on which
vertex of largest degree is chosen.

(c) The complete graphs kn are a class of graphs where Maxine always returns an
independent set with the same cardinality. Find another class of graphs where
this is true.

(d) Is this vertex set (produced by Maxine for this class of graphs) necessarily a
maximum independent set?

(e) Can you find a formula for the residue for your class of graphs?

(f) Argue that the residue always equals the cardinality of the independent set
produced by Maxine—or find an example where they differ.


