
Last name

First name

LARSON—MATH 401—CLASSROOM WORKSHEET 30
Ideals & Ring Homomorphisms.

A ring R is a set with 2 closed binary relations satisfying certain properties. The
operations are usually written “+” and “·”, as a ring is a generalization of the integers
(Z,+, ·):

1. (R,+) is an abelian group: so there is an additive identity 0, and additive inverses.

2. (R, ·) is associative.

3. Distributive properties: for every a, b, c ∈ R (a+ b) · c = a · c+ b · c,
and a · (b+ c) = a · b+ a · c.

An ideal of a ring R is a subset I that is closed with respect to addition and, for every
x ∈ I and r ∈ R, both rx, xr ∈ I (closed with respect to left and right multiplication by
elements of R).

Let (R1,+1, ·1) and (R2,+2, ·2) be rings. A (ring) homomorphism from R1 to R2 is
a function which preserves the ring operations. Formally, this means there is a function
φ : R1 → R2 such that:

For any r, r′ ∈ R1 φ(r +1 r
′) = φ(r) +2 φ(r′), and

For any r, r′ ∈ R1 φ(r ·1 r′) = φ(r) ·2 φ(r′).

An ideal I of a ring R is proper if it does not equal R.

An ideal I is maximal if the only ideal it is a subset of with more elements is R.
We showed, for example, that 5Z is a maximal ideal of Z: that is, if J is an ideal and
5Z ⊆ J ⊆ Z then eith 5Z = J or J = Z.

Given a ring R and an ideal I we already proved that (R/I,+) is an abelian group. By
defining an appropriate multiplication:

(r + I) · (r′ + I) = (rr′ + I),

we can show that (R/I,+, ·) is a ring, the factor ring (or quotient ring).

Maximal Ideals—Fields Theorem If R is a commutative ring with identity then, I
is a maximal ideal if and only if R/I is a field.

1st Isomorphism Theorem (for Rings). If R and S are rings, and φ : R→ S is a ring
homomorphism, then R/ kerφ ∼= φ(R). (If φ is onto—so φ(R) = S—then R/ kerφ ∼= S).



Let see what these theorems say for the ideal 5Z in the ring Z.

1. We showed that 5Z is a maximal in the ring Z. What does the Maximal Ideals—Fields
Theorem say in this case?

Now lets see what the 1st Isomorphism Theorem for Rings says for the function
φ : Z→ Z5, where φ(k) = [k].

2. Show that φ is a ring homomorphism.

3. Find kerφ.

4. Find Z/ kerφ.

5. Find φ(Z).

6. What does the 1st Isomorphism Theorem for Rings say?


