
LARSON—MATH 353–CLASSROOM WORKSHEET 15
Analyzing Recursion—Perfect Numbers.

1. Log in to CoCalc.

(a) Start the Chrome browser.

(b) Go to https://cocalc.com

(c) Login (your VCU email address is probably your username).

(d) You should see an existing Project for our class. Click on that.

(e) Click “New”, then “Worksheets”, then call it c15.

Primes & Gauss

We wrote a function density of primes(n) that returns the number of primes in
the integers up to n, divided by n. What we see is that the density appears to go down
as n increases. Gauss conjectured that f(n) = 1

log(n)
“approximates” the density of

primes. Let π(n) be the number of primes up to n. Then the density of the primes

up to n is π(n)
n

.

The Prime Number Theorem says that π(n)
n

∼ 1
log(n)

, that is,

limn→∞
(π(n)

n
)

( 1
log(n)

)
= 1

2. Use scatter plot to visualize the limit expression as values of n get larger and larger.

Analysing Recursion

A problem to investigate: Complexity Analysis We saw that this recursive
Fibonacci function will recompute sub-case like fibonacci(0) repeatedly. It was
conjectured that this might be exponential. Let’s count, graph, conjecture, and
modify!

3. Let’s add a global counter to keep track of how many times gets computed for an
input n.

def fib_count(n):

global count

count = 0

def fibonacci(x):

global count

if n==0:

count = count + 1

return 0

if n==1:

return 1

else:

return fibonacci(x-1)+fibonacci(x-2)

fibonacci(n)

return count



4. Now use scatter plot to visualize fib count(n) for n in say [1..30].

5. Use a double scatter plot to compare this to 2c∗n on this interval, for various values
of c (with 0 < c < 1).

Perfect Numbers

A number (integer) n is perfect if the sum of its proper divisors (the divisors less than
n) equals n (or equivalently that the sum of all divisors equals 2n). 6 is the smallest
perfect number.

6. Finding Examples. Sage will produce the divisors of a number. Run: 6.divisors().

Here is code to test if an integer n is perfect:

def is_perfect(n):

if sum(n.divisors())==2*n:

return True

else:

return False

Use this to find as many perfect numbers as you can.

7. For each perfect number n factor it (using factor(n)) and see if you can conjecture
anything about these examples. Is there a pattern?

8. If you have a conjecture, can you think of any reasons why it might be true?

9. What can we say about the existence of odd perfect numbers?

10. Getting your classwork recorded

When you are done, before you leave class...

(a) Click the “Make pdf” (Adobe symbol) icon and make a pdf of this worksheet.
(If Cocalc hangs, click the printer icon, then “Open”, then print or make a pdf
using your browser).

(b) Send me an email with an informative header like “Math 353—c15 worksheet
attached” (so that it will be properly recorded).

(c) Remember to attach today’s classroom worksheet!


