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LARSON—MATH 305—HOMEWORK WORKSHEET 4
Test 1 Review

Definitions. State a clear complete definition and then give an example.

1. prime number.

2. a|b (“a divides b”), where a and b are integers.

3. gcd (a, b).

4. ring.

5. field.

6. a ≡ b (mod n), for a, b ∈ Z, n ∈ N.

7. nZ.

8. Z/nZ.

9. unit in Z/nZ.

10. Euler’s φ(n) function.

11. complete set of residues (mod n).

12. order of an unit a in Z/nZ.

Theorems. State carefully and precisely.

13. Division Algorithm.

14. Fundamental Theorem of Arithmetic.

15. Euclid’s Lemma.

16. Euler’s Theorem.

17. Fermat’s Theorem.

18. Wilson’s Theorem.



Proofs. Write a careful proof.

19. There are infinitely many prime numbers.

20. Every natural number n > 1 is a product of primes.

21. a+ nZ is a unit in Z/nZ if and only if gcd(a, n) = 1.

Problems. The answer is not enough. Explain. (Half of mathematics is explaining!)

22. Find 10 consecutive composite numbers.

23. Explain why gcd is always non-negative.

24. Show that gcd(a, b) = gcd(a, b− a).

25. Define a “+” and “∗” to make Z/nZ into a ring (by definition its a set—the “+” and
“∗” gives the set structure).

26. Show that the ring Z[
√
−5] = a+ b

√
−5 : a, b ∈ Z (with the addition and multiplica-

tion of complex numbers) does not have unique factorization.

27. Show that a+ nZ = {b : a ≡ b (mod n)} (for a, b ∈ Z, n ∈ N).

28. Find the units in Z/10Z.

29. What are the units in Z/pZ, where p is a prime?

30. Shaw that if p is prime then Z/pZ is a field.

31. Find φ(10).

32. Find the order of each unit in Z/10Z.

33. How do we know that the order of a unit a in Z/nZ is well-defined (always exists)?

34. Show that if d|a, d|b and d|n, and a ≡ b (mod n) then a
d
≡ b

d
(mod n

d
).

35. Show that if a1, a2, . . . , an is a complete set of residues (mod n) and a is a unit then
aa1, aa2, . . . , aan is a complete set of residues (mod n).


