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We introduce a novel clustering algorithm named GAKREM (Genetic Algorithm K-means
Logarithmic Regression Expectation Maximization) that combines the best characteristics
of the K-means and EM algorithms but avoids their weaknesses such as the need to specify
a priori the number of clusters, termination in local optima, and lengthy computations. To
achieve these goals, genetic algorithms for estimating parameters and initializing starting
points for the EM are used first. Second, the log-likelihood of each configuration of param-
eters and the number of clusters resulting from the EM is used as the fitness value for each
chromosome in the population. The novelty of GAKREM is that in each evolving generation
it efficiently approximates the log-likelihood for each chromosome using logarithmic
regression instead of running the conventional EM algorithm until its convergence.
Another novelty is the use of K-means to initially assign data points to clusters. The algo-
rithm is evaluated by comparing its performance with the conventional EM algorithm, the
K-means algorithm, and the likelihood cross-validation technique on several datasets.

Published by Elsevier Inc.
1. Introduction

Clustering means identifying groups of objects that are similar to each other (based on some similarity measure) but dis-
similar to objects belonging to other groups. Clustering is the most important and, at the same time, the most challenging of
any data mining methods. The reasons are that most of huge amounts of data being collected in any given domain are unla-
belled/unsupervised, meaning that there are no known inputs corresponding to the known outputs. In such situations, the
only approach is to use either clustering or association rule algorithms. If the result of clustering is successful, namely, an
algorithm is able to reliably find true natural groupings in the data then the problem of analyzing such data becomes much
easier because domain experts could possibly label the found clusters. Then a host of supervised learning algorithms can be
used to further analyze the data. Unfortunately, assessing reliability/correctness of clustering is an open research question.
First, the user, for majority of clustering algorithms, must guess the number of clusters to be generated as an input param-
eter. If no sufficient knowledge about the domain/data exist making such guess is difficult. To address this problem, several
measures for evaluating the correctness of the found clustering structure have been developed. They are called cluster valid-
ity measures and are used as follows: generate several clusters in the data and then calculate cluster validity measure and
assume that its optimum value indicates the (possibly) correct grouping. However, majority of cluster validity measures suf-
fer from the monotonicity property, namely, the more clusters are generated the better the performance index becomes. Sec-
ond, clustering algorithms, such as K-means or EM, perform a local search where the solution obtained at the next iteration is
in the vicinity of the current solution. In other words, they are very sensitive to initialization parameters and may suffer from
over-fitting (too many clusters generated) while not reflecting the true underlying structure [9,16,17,22].
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There are several well-known algorithms such as statistical clustering [9,33,34], hierarchical clustering [10,16,31], part-
itional clustering [22,35], nearest neighbor clustering [19], fuzzy C-means clustering [3,26], and neural network clustering
[18]. Among them, the K-means is the most popular because of its simplicity and computational efficiency although it is very
sensitive to the initial choice of medoids [17,22]. The much more complex EM algorithm is a statistical technique for finding
maximum likelihood estimate of the parameters of an underlying distribution from an incomplete data [9,33,34]. EM has
been used for parameter finding of normal mixture models [21] because of a number of its attractive properties. Namely,
it monotonically converges without the need to specify a learning rate, automatically satisfies probabilistic constraints
[34], has low cost per iteration [24], and is easy to implement [4]. Unfortunately, these advantages are mitigated by two seri-
ous problems: (a) it is an iterative algorithm that starts from a guessed set of parameters that govern the underlying distri-
bution and is thus very sensitive to initialization (in other words it may converge to a local maxima of the log-likelihood
function), and (b) it cannot determine the number of clusters because of overfitting.

To overcome the above described drawbacks we introduce here a novel algorithm which combines K-means and the EM
algorithms with genetic algorithms (GAs) and logarithmic regression, into a powerful hybrid method called GAKREM (genet-
ic algorithm K-means logarithmic regression expectation maximization). In particular, we use GAs and K-means to estimate
the initial guess of parameters for the conventional EM. First, each chromosome in a population of GAs encodes a number of
randomly set number of clusters and their medoids. Second, given each chromosome as input, the K-means algorithm com-
putes the first guess of parameters for the EM algorithm. Third, the log-likelihood functions are calculated in few steps of the
EM algorithm and are used to predict the expected log-likelihood value using logarithmic regression. Fourth, fitness values of
the chromosomes are evaluated by a combination of the expected log-likelihood function and the number of clusters en-
coded in the chromosomes. We use GAs to thoroughly explore the entire search space so that GAKREM might find global
optimum.

Several GA representations have been explored for clustering. For example, CLUSTERING [30] makes use of the nearest
neighbor clustering method to group those data that are close to one another in the first stage, and the GA to group small
clusters into larger clusters in its second stage. To operate, however, CLUSTERING needs the weight w, a trade-off parameter
of inter-distance between clusters and intra-distance within a cluster, which is not easy to decide. COWCLUS algorithm [7]
uses GA to maximize a variance-ratio based fitness criterion defined in terms of external cluster isolation and internal cluster
homogeneity. The limitation of COWCLUS is that it requires setting the k parameter a priori. Tan and Taniar [29] proposed an
adaptive maximum-entropy estimated distribution, the MEED clustering, to reduce the constraint dimension in model learn-
ing. The probability function provides mapping between the attributes of k medoids and the fitness classes. However, the
MEED also suffers from the same drawback as COWCLUS because it requires the number of clusters to be specified as its
input. Other GA-based clustering approaches [2,13,15] use the same scenarios: the length of each chromosome is equal to
the number of data points and the fitness functions are specified as objective functions (e.g., Davies–Bouldin index [2], Sil-
houette index [15], and nearest neighbor [13]). Despite the fact that these approaches do not require the number of clusters
specified as input, their disadvantages are very high computational cost and that the results depend heavily on initial
population.

The remainder of the article is organized as follows. In Section 2, we briefly review the EM and K-means theory in normal
mixtures and introduce our approach. The next section provides results and comparison of performance between GAKREM
and the K-means, EM, and the likelihood cross-validation technique on several datasets.
2. Methods

2.1. Definitions

The following notation is used in the paper.

– X = {x1,x2, . . . ,xN} is an observed (or incomplete) data consisting of N data points. Each data point xi is a d-dimensional vec-
tor. Assume that X is independently and identically distributed with an underlying distribution p governed by a parameter
H(t).

– Y = {y1,y2, . . . ,yN} is an unobserved (or missing) dataset. Each unobserved data point yi (i = 1, . . . ,N) is associated with an
observed data point xi to indicate which cluster generated the data point xi. In a finite mixture model, technically,
yi ¼ fy1

i ; . . . ; yk
i g is a k-dimensional binary vector corresponding k clusters, i.e. if cluster h (h = 1, . . . ,k) produced the data

point xi then yh
i ¼ 1 and yj

i ¼ 0 with j 6¼ h.
– H denotes parameters of the density to be estimated. In normal mixtures, H contains two parts: H � {a,h}, where a

denotes the mixing prior probability of unobserved data Y and h is the set of parameters {l,R} defining the Gaussian dis-
tribution p. More specifically, if normal mixtures have k clusters then a = {a1, . . . ,ak} is a k-dimensional vector, where ah is
a priori probability of cluster h and l = {l1, . . . ,lk}, R = {R1, . . . ,Rk} are the mean and covariance vectors of Gaussian dis-
tribution p, respectively.

– H(t) � {a(t),h(t)} are parameters of the density at time t.
– Z = {X,Y} is a complete dataset with X is observed (or incomplete) and Y is unobserved (or missing) data, respectively.
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2.2. GAKREM algorithm

To better understand the GAKREM algorithm we start with brief explanation of the EM and K-means. In Section 2.2.2, the
three-phase GAKREM algorithm is described in detail. There, we first describe encoding of chromosomes in a population, use
of K-means to compute initial values of the parameters for the EM (phase I); second, we introduce a new technique to effi-
ciently evaluate fitness values of the chromosomes by using logarithmic regression (phase II); and third, we outline the main
body of GAKREM (phase III).

2.2.1. EM and K-means overview
Suppose that data points in the incomplete dataset X are independently and identically distributed with an underlying

distribution p, the probability density function of X can be expressed as
pðXjHÞ ¼
YN
i¼1

pðxijHÞ: ð1Þ
From Eq. (1) the following incomplete data log-likelihood of the parameter H(t) given dataset X can be obtained:
lðHjXÞ ¼ log pðXjHÞ ¼ log
YN
i¼1

pðxijHÞ ¼
XN

i¼1

log pðxijHÞ: ð2Þ
In the maximum likelihood (ML) problem, we are interested in finding H that maximizes the incomplete data log-likelihood
function in Eq. (2), namely
H� ¼ arg max
H

lðHjXÞ: ð3Þ
Typically, Eq. (3) can be solved by using a Lagrange multiplier:
ol

oH
¼ 0: ð4Þ
In many problems, however, Eq. (4) becomes nonlinear. Thus, it is hard to find a closed-form solution for Eq. (4) although
there exist iterative methods such as Newton or quasi-Newton for solving it. The general EM algorithm is an elaborate tech-
nique for obtaining H* [9,33,34]. Recall that Z = {X,Y} is a complete dataset, thus, the complete data log-likelihood function is
defined by
lðHjZÞ ¼ log pðZjHÞ ¼ log pðX; YjHÞ: ð5Þ
Given the current parameter estimates and the observed data X, the EM algorithm maximizes the incomplete data log-like-
lihood function by iteratively maximizing the expectation of the complete data log-likelihood function of Eq. (5). The EM
algorithm consists of these two basic steps:

– E-step: at time t, the EM computes the expected value of the complete data log-likelihood function l(H(t)jZ), given the
parameters at time t � 1 H(t�1) and the observed data X. The result is a function:
QðHðtÞjHðt�1ÞÞ ¼ E½log pðZjHðtÞÞjX;Hðt�1Þ� ¼
Z

log pðX;Y jHðtÞÞ � pðYjX;Hðt�1ÞÞdY ; ð6Þ

where p(YjX,H(t�1)) is the marginal distribution of the unobserved data Y computed by using Bayes’ rule:

pðYjX;Hðt�1ÞÞ ¼ PðX;Y jHðt�1ÞÞR
PðX;Y jHðt�1ÞÞdY

: ð7Þ

– M-step: the EM finds the parameter H to maximize the expectation computed in the E-step, that is
HðtÞ ¼ arg max
H

lðHjHðt�1ÞÞ: ð8Þ
Starting from the initial guess of parameter H(0), the EM’s two steps are iteratively repeated until convergence. At each iter-
ation the EM increases the incomplete data log-likelihood function l(HjX) and is guaranteed to converge to a local maximum
of the log-likelihood function [9,33,34].

In the mixture density parameter estimation problem, assuming that the incomplete data X is governed by k-cluster finite
mixture distribution, its density function now can be written as the following probabilistic model:
pðxijHÞ ¼
Xk

h¼1

ahphðxijhhÞ; ð9Þ
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where

– xi is a particulate d-dimension data point of the dataset X.
– H � {a,h} is the complete set parameter of the mixture.
– a = {a1, . . . ,ak} are the mixing probabilities satisfied ah P 0 "h and

Pk
h¼1ah ¼ 1.

– h = {h1, . . . ,hk} are the parameters defining clusters.
– ph is a Gaussian density function parameterized by hh = {lh,Rh}:
phðxijhhÞ ¼ phðxijlh;RhÞ ¼
1

2pd=2jRj1=2 e�
1
2ðxi�lhÞ

TR�1ðxi�lhÞ: ð10Þ
Consequently, the incomplete data log-likelihood function corresponding to the k-cluster mixture is defined by
lðHjXÞ ¼ log
YN

i¼1

pðxijHÞ ¼
XN

i¼1

log
Xk

h¼1

ah � phðxijhhÞ: ð11Þ
In the case of k-cluster finite mixtures, Eq. (5) for complete data log-likelihood function can be rewritten as
lðHjZÞ ¼ log pðZjHÞ ¼ log pðX;Y jHÞ ¼
XN

i¼1

Xk

h¼1

yh
i log½ah � phðxij/hÞ�; ð12Þ
where yh
i ¼ 1 and yj

i ¼ 0 with j 6¼ h if cluster h produced data point xi (see Definitions).
Given the initial guess of H(0) � {a(0),h(0)} at time 0, the two-steps EM algorithm iteratively operates until convergence:
Fig. 2. GAKREM’s behavior on the Old Faithful data; at the 1728th generation the optimal fitness value is �7.5568.

Fig. 1. Old Faithful data and the two-cluster result obtained by GAKREM; the optimal log-likelihood value is �8.9078.
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– E-step: at time t, computes the expected value of the complete data log-likelihood function in Eq. (12). Note that the
conditional expected values of for every data point yi of the unobserved data Y are derived by the Bayes’ rule:
Fig. 3.
data.
Eðyh
i jxi;H

ðtÞÞ ¼ pðyh
i ¼ 1jxi;H

ðtÞÞ ¼ aðtÞh pðxijhðtÞh ÞPk
j¼1a

ðtÞ
j pðxijhðtÞh Þ

: ð13Þ
– M-step: maximizes the log-likelihood function of the complete data Z by updating the parameters H at time t + 1 [4]:
GAKREM results on several datasets (the results were the same in all 100 trials) without prior knowledge of the number of clusters to be found in the
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aðtþ1Þ
h ¼ 1

N

XN

i¼1

Eðyh
i jxi;H

ðtÞÞ; ð14Þ

lðtþ1Þ
h ¼

PN
i¼1xiEðyh

i jxi;H
ðtÞÞPN

i¼1Eðyh
i jxi;H

ðtÞÞ
; ð15Þ

Rðtþ1Þ
h ¼

PN
i¼1Eðyh

i jxi;H
ðtÞÞðxi � lðtþ1Þ

h ÞTðxi � lðtþ1Þ
h ÞPN

i¼1Eðyh
i jxi;H

ðtÞÞ
: ð16Þ
Fig. 3 (continued)



Fig. 3 (continued)
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In addition to the initial guess of parameter H, the EM algorithm also requires the number of clusters to be specified a priori
to operate.

The objective of the K-means algorithm is to minimize total intra-cluster variance, namely, V ¼
Pk

h¼1

P
xj2ch
jxj � lhj !min

where ch is a cluster h, h = 1, . . . ,k, and lh is the mean point of all the points xj 2 ch. Briefly, given a k number, the K-means
algorithm performs these steps:

(1) Randomly select k points as initial medoids.
(2) Repeat
(3) Form k clusters by assigning each point to its closest medoid.
(4) Re-compute the medoid of each cluster as lh ¼ 1

jCh j
PjCh j

i¼1xi where jchj is the cardinality of cluster ch.
(5) Until medoids do not change.

Note that both EM and K-means algorithms are hill-climbing approaches to search for the optimal solutions, i.e. H* = arg
maxHl(HjX) in EM and V ¼

Pk
h¼1

P
xj2ch
jxj � lhj !min in K-means. Thus, EM algorithm is very similar to K-means algorithm

in each iteration in that the alternation between expectation and maximization steps in EM corresponds to the alternation
between reassigning points to closest medoids and recomputing of medoids in K-means.

2.2.2. GAKREM – pseudocode
GAKREM has three phases. In phase I, it computes the initial guess of parameters. Phase II is a novel method to evaluate

the fitness of the generated chromosomes, while in phase III GAs are used to simultaneously search the optimal fitness value
and the best number of clusters of the mixture.

2.2.2.1. Phase I: Computing the initial value of parameters H. We use GAs to perform a global search for the best solution to
address the drawbacks of EM and K-means, namely that they often end up in a local optimum. In contrast to the K-means and
EM’s use of a hill-climbing search, we use GAs to move the population away from local optima areas [8,14]. The GAKREM
starts with population P which is a set of the (a) initial guess of parameter H(0) and, (b) the number of clusters k used in
the EM, represented by chromosomes. A chromosome in P is encoded as a binary string of length N (corresponding to N data
points in the incomplete data X). The ith locus of a chromosome is set to 1 if the corresponding data point ith in dataset X is a
medoid of the cluster, otherwise 0. As a result, the number of 1-loci in each chromosome is also the k number of clusters
input to the EM. We illustrate the idea by means of the following example:

Example: Suppose that N is 10; the number of chromosomes in P is 3, then each chromosome can be randomly configured
by a uniform distribution as:
Position
 1234567890

Chromosome 1:
 0001000010

Chromosome 2:
 0100011001

Chromosome 3:
 1010100100



Fig. 4. Behavior of GAKREM on several datasets.
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This means that chromosome 1 specifies two clusters: the medoid of the cluster 1 is the 4th data point and the medoid of
cluster 2 is the 9th data point. Chromosome 2 has four clusters in which the medoids are the 2nd, 6th, 7th, 10th data
points, respectively. Similarly, the 1st, 3rd, 5th and 8th data points are the medoids of the four clusters represented by the chro-
mosome 3.



Fig. 4 (continued)
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To optimize the use of computer memory, instead of storing the full length of chromosomes, we encode only the posi-
tions of 1-loci in chromosomes, thus the chromosomes in the above example can be represented as a set of ordered num-
bers (4,9), (2,6,7,10), and (1,3,5,8), respectively. Each chromosome now specifies the k number of clusters plus the
medoids of clusters in the data. Our encoding scheme is similar to the one used in [11,20] except that the number of
1-loci in our chromosomes ranges from 2 to N1/2. In contrast to the label-based encoding, which usually has disastrous
consequences during standard crossover and mutation operations, as thoroughly discussed in [12], our encoding is not
context-sensitive. This is because any data point can be initially selected as a medoid. The only drawback of the proposed
encoding is that the number of 1-loci (i.e. the number of clusters) of the generated offsprings can be out of range. In such
cases, the generated offsprings are eliminated. On the other hand, the proposed encoding has one more advantage over the
label-based encoding in terms of computer memory (for k� N). To use the EM algorithm we need information about the
value of parameter H(0) at time 0. To do so, we compute parameters {a(0),h(0)} by performing K-means clustering as
follows:
Phase I: Computing initial parameters {a(0),h(0)}
Input: -a dataset X with N data points

-a chromosome C encoding k clusters: loci[1, . . . ,k]
Output: H(0) = {a(0),h(0)}
1 k length of chromosome C
2 For i 1 to N
3 For h 1 to k
4 Calculate the distance kx[i] � x[loci[h]]k

where x [loci[h]] is the medoid of cluster h
5 End For
6 Assign the data point xi to the cluster with the closest medoid.
7 End For
8 For h 1 to k
9 Calculate að0Þh ¼

jch j
N ;l0

h ¼ 1
jch j
Pjch j

i¼1xi,
P0

h ¼ 1
jch j
Pjch j

i¼1ðxi � l0
hÞðxi � l0

hÞ
T

where jchj is the cardinality of cluster ch

10 End For
11 Return {a(0),h(0)}
2.2.2.2. Phase II: Calculating the chromosomes’ fitness functions. In addition to the chromosome encoding scheme we need to
specify a function to evaluate their fitness. In the case of finite mixtures we cannot simply perform EM on each chromosome
and use the resulting log-likelihood function as a fitness value. The reason is that the EM suffers from monotonicity property,
namely, when the number of clusters increases the maximum log-likelihood l(hjX) also increases. Therefore, each chromo-
some is evaluated by its maximum log-likelihood function minus a penalty corresponding to the number of clusters encoded
by the chromosome. Using Occam’s razor [6], we apply the following simple fitness function to evaluate chromosome C:
fitðCÞ ¼ lðHjCÞ � logðkÞ; ð15Þ
where k is the number of clusters encoded by chromosome C and l(HjC) is log-likelihood function resulting from performing
the EM on chromosome C.



4216 C.D. Nguyen, K.J. Cios / Information Sciences 178 (2008) 4205–4227
Let us note that the GAs are still exhaustive search algorithms so Eq. (15) would be an expensive formula to use. To de-
crease the computational cost, instead of running a full EM on each chromosome until convergence we perform only a partial
EM in (a few) r initial steps. Then we use logarithmic regression to predict the log-likelihood function at a convergence point.
There are several papers on the convergence rate of the log-likelihood function l(HjC) of the general EM algorithm
[9,24,33,34]. In most of cases, the convergence curves of l(HjC) are fitted by logarithmic curves. The expected maximum
log-likelihood function is computed as
EðCÞ ¼ a logðtÞ þ b; ð16Þ
Fig. 5. LCV (all incorrect) results on three-, five-, seven-, eight- and nine-cluster mixture datasets.
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where
a ¼ r
Pr

t¼1t � lt �
Pr

t¼1t �
Pr

t¼1lt

r
Pr

t¼1ðtÞ
2 � ð

Pr
t¼1tÞ2

and b ¼
Pr

t¼1lt � a
Pr

t¼1t
r

with lt is the log-likelihood value at each iteration t in the EM and r is set to 5 in all experiments. The fitness value in Eq. (15)
now becomes
fitðCÞ ¼ EðCÞ � logðkÞ: ð17Þ
Several cluster validity techniques have been suggested to find an optimal number of clusters such as partition coefficient
[3], minimum description length [25,27] and Bayesian information criterion (BIC) [27]. We compare our approach to the like-
lihood cross-validation (LCV) technique presented in [28] to determine the most correct number of clusters. The LCV tech-
nique is briefly reported as follows. The dataset, D, is repeatedly partitioned into v-folds (say, 10). At the time ith, the fold ith,
Si, is used to build the parameter Hi of the model and the remainder of the data, D nSi, is used to evaluate the model. Let lk be
the cross-validated estimate of the test log-likelihood for the k-cluster dataset, then lk can be defined as:
lk ¼ 1

v

Pv
i¼1lkðD n SijHiÞ. Let ktrue be the ‘‘true” number of clusters of the dataset D. Starting with k equal to 1, the number k

is gradually increased until k locks on to the ktrue, i.e. ltrue 6 lk.

2.2.2.3. Phase III: Finding the optimal fitness value. This phase works iteratively in three steps, as outlined below.
Step 1 Initialize population and evaluate fitness value of chromosomes.
Generate distinct M chromosomes for the population. Each chromosome has k 1-loci, where k is a random number rang-

ing from 2 to N1/2. The positions of 1-loci in each chromosome are randomly distributed by uniform distribution (see exam-
ple in Section 2.2.2). We use M = 64 in our experiments.

For each chromosome C – a finite mixture model – we first compute the initial guess of parameter H(0) = {a(0),h(0)} by
using the method presented in phase I. Together with the number of clusters k encoded in the chromosome, the parameters
H(0) and k constitute input to the EM algorithm to calculate the fitness value, fit(C), by Eq. (17).
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1 M 64
2 For i 1 to M
3 k random number 2 . . .

ffiffiffiffi
N
p

5 For h 1 to k
6 chromosome[i].loci[h] random number 1, . . . ,N
7 End For
8 Use the method presented in phase I to compute H(0) of chromosome[i].
9 Use Eq. (17) in phase II to calculate fit (chromosome[i]).
10 End For



Fig. 6. Average maximum log-likelihood functions for GAKREM, EM and K-means algorithms, on two to nine-cluster datasets.
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Step 2 Generate new population.
Using roulette wheel method a pair of chromosomes (parents) in the population is selected for mating. This includes two

operators:

– Crossover, which selects loci from the parent chromosomes and creates a new offspring. GAKREM uses uniform crossover
prototype where loci are randomly copied from the first or the second parent. The new offspring may have a different
number of clusters and the 1-loci, thus changing the first guess of parameters.

– Mutation, which occurs with a probability rate. A randomly selected locus of the offspring is inversed, which may increase
or decrease the number of clusters in the offspring. The mutation operator might move the population away from local
optima areas.

By using genetic operators, equal parents may not create equal offspring. Thus, the number of clusters encoded by offspring
needs to be restrained to the interval from 2 to N1/2. The advantage is that the population may move to a global optimal solution.

Note that if the fitness value of the new offspring is higher than the lowest fitness value in the population then the cor-
responding chromosome is replaced by the new offspring. There are several methods to determine when to stop the algo-
rithm in stage 2 after a number of generations of evolutionary search [8,12,14]. One possibility is to use fitness convergence.
The algorithm stops if the fitness value of the population has not changed over n generations. In that case it is not guaranteed
that the solution has reached global optimum because the new offsprings (of the next generation n + 1) may have better fit-
ness values. Another option is to use fitness threshold: if the fitness value of the population is less than a specified threshold
then stop. However, it is difficult to come up with a proper threshold for a given dataset. In GAKREM stage 2 is repeated over
g generations to improve the fitness value of the chromosomes in the population; we use g = 4000 in all experiments.

11 g 4000
12 For i 1 to g
13 dad select a chromosome in population by roulette wheel method
14 mom select a chromosome in population by roulette wheel method
15 offspring crossover(dad, mom)
16 If (mutation rate is satisfied)
17 offspring mutation(offspring)
18 End If
19 Use the method presented in phase I to compute H(0) of the offspring.
20 Use Eq. (17) in phase II to compute fit(offspring).
21 If (fit (offspring) > the lowest fitness value in the population)
22 Replace the corresponding chromosome by the offspring
23 End If
22 End For



Fig. 7. Sensitivity to initialization for K-means and conventional EM. Note that for this dataset GAKREM’s average maximum likelihood function stabilized
at �6.9666.
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Fig. 8. Examples illustrating sensitivity to initialization of EM and K-means algorithms contrasted with GAKREM performance. The above data were
generated by our visualization tool available at http://www.egr.vcu.edu/cs/gakrem.

C.D. Nguyen, K.J. Cios / Information Sciences 178 (2008) 4205–4227 4221
Step 3 Use the general EM on the chromosome which has the highest fitness value, until convergence.

2.2.3. Analysis of computational time
In step 1 of initializing population, GAKREM requires the computation of initial parameter H(0): O(Nkd); the fitness value

for each chromosome: O(rNkd) (with r is set to 5 in our experiment), thus, the overall computational time is O(MrNkd) (with
M = 64). In step 2, the computational time takes O(M) for roulette wheel method; O(k) for genetic operators; O(Nkd) for com-
puting the first parameter H(0); O(rNkd) for the fitness value for each chromosome, thus, GAKREM takes approximately
O(grNkd) (with g = 4000). Finally, the computational time for the general EM in the last step is O(tNkd) where t is experimen-
tally set to 100. Let us note that k is length of chromosomes and thus, by using the encoding scheme described in Section
2.2.2, k is always less (or equal) than N1/2. Therefore, the computational time of GAKREM is O(grN2d) + O(tN2d) for the lower
bound and O(grN3/2d) + O(tN3/2d) for the upper bound. As a result, in terms of computational time, GAKREM is much more
efficient than multiple runs of the EM/K-means as discussed in [1].

3. Results and discussion

We have conducted extensive experiments using GAKREM on two kinds of data. The first are manually-generated data-
sets and the second are randomly-generated datasets as used in [16,34]. The probability of mutation was set experimentally
to 0.15 for all experiments.

3.1. Experiments on manually-generated data

3.1.1. Performance
The experiments are performed on cluster mixtures from two to nine clusters. To test the robustness of GAKREM we re-

peated the experiments 100 times for each dataset, and have found that it found correct number of clusters for each mixture,
in all trials.

http://www.egr.vcu.edu/cs/gakrem
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Fig. 1 illustrates the result of GAKREM on a two-cluster mixture derived from the Old Faithful dataset in [5]. This data-
set has two dimensions: duration of an eruption of the geyser in minutes and interruption time. GAKREM precisely rec-
ognizes a two-cluster mixture, of course, without the pre-defined number of clusters. Fig. 2 shows behavior of GAKREM in
a random trial, picked from 100 trials, in searching for global optimum fitness values of chromosomes in the Old Faithful
data.

The results of GAKREM on three to nine-cluster mixtures are shown in Fig. 3. These datasets are manually generated
by our tool available at http://www.egr.vcu.edu/cs/gakrem, which have 374, 402, 818, 724, 695, 988, 1122 data points
with two dimensions, respectively. GAKREM robustly generates the correct number of clusters for each mixture in all
trials.

The behavior of GAKREM in a random trial (out of 100 trials) is shown in Fig. 4. It performs a thorough search simulta-
neously for the number of clusters and the initial medoids of clusters.

3.1.2. GAKREM versus LCV
For comparison in determining the best number of clusters in each generated dataset, we use the LCV technique [28] from

Weka [32]. The very expensive LCV technique determined correctly the number of clusters only in two-, four- and six-cluster
mixture datasets while failed to recognize the underlying clusters in three-, five-, seven-, eight- and nine-cluster mixture
datasets, as shown in Fig. 5.

3.1.3. GAKREM versus EM and K-means algorithms
For comparison of the maximum log-likelihood functions of the mixtures performed by GAKREM, EM and K-means

algorithms, we implemented and used the last two algorithms 100 times on the same datasets as described above. It is
important to note that to operate the EM and K-means algorithms we must specify a priori the number of clusters. Thus,
we use from two to nine clusters as input parameters. Fig. 6 shows comparison for the average maximum log-likelihood
functions resulting from the EM, K-means and GAKREM while testing on two to nine clusters. As can be seen GAKREM

http://egr.vcu.edu/cs/gakrem
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significantly outperforms both the conventional EM and the K-means algorithms in terms of maximum log-likelihood
functions.

An example of the drawback of the very sensitive initialization of the EM and K-means is shown in Fig. 7 where the max-
imum log-likelihood functions converge to local maximum areas in the seven-cluster mixture.
Fig. 9. Accuracies of GAKREM and LCV on the 3 to 10-cluster mixtures over 1000 datasets (each consisting of 500-d dimensional (2–10) data points).
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3.2. Experiments on randomly-generated data

To randomly generate datasets we use the following algorithm based on the work reported in [16,34]:
Pseudocode to generate data:
Input: N = the data points to be generated

d = the dimension of data points
k = the number of cluster to be generated

Output: a clustered dataset N � d dimensions
1 For h 1 to k
2 Set the size of cluster h: ch N/k
3 For i 1 to d
4 Generate cluster center lh at uniform distribution over
[0 � � �100] for each dimension.
5 Scatter the appropriate number of points ch around lh according
to a Gaussian distribution centered on lh and having covariance matrix
Rh constantly set equal to 1.
6 End For
7 For j h � 1 to 1
8 Go to line 2 if cluster h overlaps cluster j
9 End For
10 End For
In this algorithm, the two clusters h and j overlap if mhþmj

chþcj
> 0, where mh and mj denote the number of misclassified points

from clusters h and j. Note that a data point xi belonging to cluster h has been misclassified if p(hjxi) < p(jjxi).

3.2.1. Performance
We used the above algorithm to generate 1000 datasets, with the number of data points is fixed at 500, while the dimen-

sion d is randomly set from 2 to 5 and the number of cluster k is randomly set from 3 to 10. For each generated dataset, we
ran the GAKREM, EM and K-means 100 times to gauge the robustness of the algorithms. GAKREM obtained the mixtures with
the correct number of clusters at the average accuracy of 97%, without the need to specify the number of clusters. Fig. 8 dem-
onstrates experiments for the generated 3-d dataset with 10 clusters in which GAKREM recognized the correct number of
clusters while EM and K-means failed to do so.

3.2.2. GAKREM versus LCV
Again, we used the LCV on the 1000 generated datasets to test the capability of obtaining the optimal number of clusters

underlying mixture. To gauge the robustness, we repeated the experiments 100 times for each generated dataset. The accu-
racy of the LCV is only 31%. More importantly, as shown in Fig. 9, the performance of the LCV is good only if the mixtures
have a small number of underlying clusters (less than 5), otherwise it fails to determine the best number of clusters in the
mixture datasets.

In further to compare clustering results against external criteria, we use the Rand index [23] as a measure of agreement.
While randomly generating datasets, if data points belong to the same cluster they will be labelled the same class. The Rand
index to evaluate the agreement between classes and output clusters is computed as aþb

aþbþcþd, where

a = the number of pair of data points having a different class and a different cluster.
b = the number of pair of data points having the same class and the same cluster.
c = the number of pair of data points having a different class and the same cluster.
d = the number of pair of data points having the same class and a different cluster.
Table 1
Comparison of average Rand index values for GAKREM and LCV on 3 to 10-cluster mixtures of 1000 datasets (standard deviation value)

# Clusters in dataset Rand index

GAKREM LCV technique

3 1 (±0) 0.91 (±0.03)
4 1 (±0) 0.85 (±0.03)
5 1 (±0) 0.40 (±0.04)
6 0.99 (±0.01) 0.20 (±0.06)
7 0.99 (±0.01) 0.10 (±0.07)
8 0.96 (±0.02) 0.10 (±0.07)
9 0.90 (±0.02) 0.10 (±0.09)
10 0.86 (±0.02) 0.15 (±0.09)



Fig. 10. Comparison of average maximum log-likelihood functions of GAKREM, EM, and K-means over 1000 datasets.
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Note that the Rand index lies between 0 and 1 and the higher value of the Rand index, the better agreement between
assigned classes and output clusters. The results in Table 1 show that GAKREM method outperforms the LCV technique in
terms of Rand indices in all experiments.

3.2.3. GAKREM versus EM and K-means algorithms
As noted, both the conventional EM and K-means require the number of clusters specified a priori, thus we compare the

performance of GAKREM, EM and K-means based on the average maximum log-likelihood functions and Rand indices in all
trials. Fig. 10 illustrates the performance of GAKREM, EM and K-means in 100 trials over 2, 3, 4 and 5 dimensional datasets,



Fig. 10 (continued)

Table 2
Comparison of average Rand indices of GAKREM, EM and K-means over 1000 datasets (standard deviation value)

# Dimensions in dataset Rand index

GAKREM K-means EM

2 0.95 (±0.01) 0.82 (±0.12) 0.81 (±0.12)
3 0.94 (±0.02) 0.81 (±0.13) 0.82 (±0.11)
4 0.91 (±0.01) 0.80 (±0.11) 0.81 (±0.10)
5 0.90 (±0.01) 0.75 (±0.15) 0.77 (±0.13)
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respectively. The average maximum log-likelihood values of GAKREM are significantly better than those of EM and K-means
in all tests.

In terms of Rand indices, Table 2 shows that there is a better agreement between the assigned class and the predicted
clusters for GAKREM than for the K-means or EM methods.

4. Conclusions

The paper introduced a powerful new clustering algorithm – GAKREM – able to perform clustering without the need to a
priori specify the number of clusters in the data. GAKREM is a hybrid of several methods such as genetic algorithms, K-
means, logarithmic regression, and expectation maximization. We have shown that GAKREM is hardly sensitive to initiali-
zation of parameters and thus instead of finding a local optimum might find a global one. The hybrid approach presented in
the paper can be extended to any type of mixture models that use EM and K-means for parameter estimation. We tested
GAKREM extensively and showed that it performed better than EM, K-means and LCV algorithms on the same datasets.
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