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Global attractivity in a quadratic-linear rational difference equation
with delay

C.M. Kent and H. Sedaghat*

Department of Mathematics, Virginia Commonwealth University, Richmond, VA 23284-2014, USA

(Received 8 February 2008; final version received 5 March 2008 )

We investigate the global behaviour of non-negative solutions of the following rational
difference equation with arbitrary delay and quadratic terms in its numerator:

xnþ1 ¼
Ax2n þ Bxnxn2k þ Cx2n2k þ Dxn þ Exn2k

axn þ bxn2k þ g
;

where all coefficients are non-negative and Aþ Bþ C þ Dþ E . 0 and g . 0. In this
case, the origin is the only non-negative fixed point and we establish the asymptotic
stability of the origin relative to an invariant set and behaviour of positive solutions
outside that invariant set. We also state conditions implying that the invariant set is
½0;1Þkþ1, i.e. the origin is a global attractor of all non-negative solutions.

Keywords: rational difference equation; arbitrary delay; quadratic terms; global
attractor

1. Introduction

We study the asymptotic behaviour of positive solutions of the quadratic-linear rational

difference equation with arbitrary delay,

xnþ1 ¼
Ax2n þ Bxnxn2k þ Cx2n2k þ Dxn þ Exn2k

axn þ bxn2k þ g
; n ¼ 0; 1; . . . ;

k [ {1; 2; . . . };

8><
>: ð1Þ

where all parameters are non-negative, with Aþ Bþ C þ Dþ E . 0 and g . 0.

We determine sufficient conditions on the parameter values that guarantee the following:

(i) The asymptotic stability of a unique non-negative fixed point, the origin, of equation

(1) relative to an invariant set.

(ii) The behaviour of solutions outside of that invariant set.

Our results in this paper considerably strengthen and extend Theorems 1 and 3 in Ref. [1]

that were proved for the second-order equation

xnþ1 ¼
Ax2n þ Bxnxn21 þ Cx2n21 þ Dxn þ Exn21 þ F

axn þ bxn21 þ g
;
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where F is non-negative. For the past decade or so there has been a burgeoning library of

systematically and thoroughly studied rational equations with linear expressions in both

the numerator and the denominator; see, for example, [3–5]. However, rational equations

with quadratic terms in the numerator or the denominator have not been systematically

studied; see Refs. [1] and [2] for some comments and references. These equations exhibit a

rich variety of dynamic behaviours and offer substantial insights – and significant

challenges – into the dynamics of rational difference equations.

2. Preliminaries

In this section, we consider equation (1) and define f : ½0;1Þkþ1 ! ½0;1Þ as

f ðu1; u2; . . . ; ukþ1Þ ¼
def Au21 þ Bu1ukþ1 þ Cu2kþ1 þ Du1 þ Eukþ1

au1 þ bukþ1 þ g
:

We find sufficient conditions for the origin to be asymptotically stable relative to some

invariant set. Below is a list of all such conditions which will be useful in determining the

appropriate invariant set for each given theorem.

(C1) A;B;C;D;E;a;b $ 0 and g . 0.

(C2) Aþ Bþ C # aþ b.

(C3) Dþ E , g.

(C4) A # a and C # b.

(C5) A . a.

(C6) C . b.

(C7) Bb $ Ca, Ba $ Ab, and jDb2 Eaj # Bg.

(C8) (a) Either Bb , Ca or Bgþ Db2 Ea , 0.

(b) Ba $ Ab and Bgþ Ea2 Db $ 0.

(C9) (a) Either Ba , Ab or Bgþ Ea2 Db , 0.

(b) Bb $ Ca and Bgþ Db2 Ea $ 0.

(C10) (a) Either Bb , Ca or Bgþ Db2 Ea , 0.

(b) Either Ba , Ab or Bgþ Ea2 Db , 0.

(C11) ðAþ BÞb . Ca.

(C12) ðBþ CÞa . Ab.

In our determination of conditions that are sufficient to guarantee convergence of positive

solutions equation (1) to the origin, we start by defining regions in ð0;1Þkþ1 based onwhether

or not f u1 and f ukþ1
are increasing or decreasing; but, first observe that f u2 ¼ f u3 ¼ · · · ¼

f uk ¼ 0 in ð0;1Þkþ1. So, we define the following (not necessarily disjoint) sets and points:

Definition 1.

1. Let N # ð0;1Þkþ1 denote the region in which f u1 $ 0 and f ukþ1
$ 0.

2. Let V # ð0;1Þkþ1 denote the region in which f u1 # 0.

3. Let H # ð0;1Þkþ1 denote the region in which f ukþ1
# 0.

4. Let D denote the set {ðu1; u2; . . . ; uk; ukþ1Þ [ ð0;1Þkþ1 : u1 ¼ ukþ1}.

5. Let Y denote the set {ðu1; u2; . . . ; uk; ukþ1Þ [ ð0;1Þkþ1 : u1 ¼ 0}.

6. Let X denote the set {ðu1; u2; . . . ; uk; ukþ1Þ [ ð0;1Þkþ1 : ukþ1 ¼ 0}.

C.M. Kent and H. Sedaghat914



Important for the sequel is the following notation:

Notation 2. Given ðu1; u2; . . . ; ukþ1Þ [ ð0;1Þkþ1 define

u*ðu1; u2; . . . ; ukþ1Þ ¼ max{u1; u2; . . . ; ukþ1};

and where when it is obvious from the context, we make the abuse of notation

u* ¼ u*ðu1; u2; . . . ; ukþ1Þ ¼ max{u1; u2; . . . ; ukþ1}:

We need the following lemmas for our main result.

Lemma 3. Suppose that Conditions (C1)– (C3) hold in equation (1). Then, the following

is true:

(i) In D, we have f ðm; u2; . . . ; uk;mÞ , f ðM; u2; . . . ; uk;MÞ; for any 0 # m , M.

(ii) In Y, we have f ð0; u2; . . . ; uk;mÞ # f ð0; u2; . . . ; uk;MÞ, for any 0 # m , M.

(iii) In X, we have f ðm; u2; . . . ; uk; 0Þ # f ðM; u2; . . . ; uk; 0Þ, for any 0 # m , M.

(iv) Suppose ðu1; u2; . . . ; ukþ1Þ [ N , and let M $ u1; ukþ1. Then, f ðu1; u2; . . . ;
uk; ukþ1Þ # f ðM; u2; . . . ; uk;MÞ.

(v) Suppose ðu1; u2; . . . ; ukþ1Þ [ V, and let M $ ukþ1. Then, f ðu1; u2; . . . ; uk; ukþ1Þ

# f ð0; u2; . . . ; uk;MÞ.

(vi) Suppose ðu1; u2; . . . ; ukþ1Þ [ H, and let M $ u1. Then, f ðu1; u2; . . . ; uk; ukþ1Þ

# f ðM; u2; . . . ; uk; 0Þ.

Proof. We first compute f u1ðu1; u2; . . . ; ukþ1Þ and f ukþ1
ðu1; u2; . . . ; ukþ1Þ and obtain the

following:

f u1 ðu1;u2; . . . ;ukþ1Þ ¼
Aau21þ2Abu1ukþ1þ2Agu1þðBb2CaÞu2kþ1þðBgþDb2EaÞukþ1þDg

ðau1þbukþ1þgÞ2
;

ð2Þ

and

f ukþ1
ðu1;u2; ...;ukþ1Þ ¼

Cbu2kþ1þ2Cau1ukþ1þ2Cgukþ1þðBa2AbÞu21þðBgþEa2DbÞu1þEg

ðau1þbukþ1þgÞ2
:

ð3Þ

We next consider the following six cases.
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Case 1. ðu1; u2; . . . ; ukþ1Þ [ D. Then, u1 ¼ ukþ1. If we let u1 ¼ ukþ1 ¼ m and we assume

that 0 , m , M, then f ðm; u2; . . . ; uk;mÞ , f ðM; u2; . . . ; uk;MÞ, where

f ðm;u2; . . . ;uk;mÞ, f ðM;u2; . . . ;uk;MÞ ()

ðAþBþCÞm2þðDþEÞm

ðaþbÞmþg
,
ðAþBþCÞM 2þðDþEÞM

ðaþbÞMþg
()

ðAþBþCÞðaþbÞm2MþðAþBþCÞgm2þðDþEÞðaþbÞmMþðDþEÞgm

, ðAþBþCÞðaþbÞmM 2þðAþBþCÞgM 2þðDþEÞðaþbÞmMþðDþEÞgM()

ðAþBþCÞðaþbÞmMðM2mÞþðAþBþCÞg ðMþmÞðM2mÞþðDþEÞg ðM2mÞ.0;

which is true by assumption and (C1).

Case 2. ðu1; u2; . . . ; ukþ1Þ [ Y. Then, u1 ¼ 0. If we let ukþ1 ¼ m and we assume that

0 , m , M, then f ð0; u2; . . . ; uk;mÞ # f ð0; u2; . . . ; uk;M Þ, where

f ð0; u2; . . . ; uk;mÞ # f ð0; u2; . . . ; uk;MÞ ()
Cm 2 þ Em

bmþ g
#

CM 2 þ EM

bM þ g
()

Cbm2M þ Cgm 2 þ EbmM þ Egm # CbmM 2 þ CgM 2 þ EbmM þ EgM()

CbmMðM 2 mÞ þ Cg ðM þ mÞðM 2 mÞ þ EgðM 2 mÞ $ 0;

which is true by assumption and (C1; with equality holding if C ¼ E ¼ 0).

Case 3. ðu1; u2; . . . ; ukþ1Þ [ X . Then, ukþ1 ¼ 0. If we let u1 ¼ m and we assume that

0 , m , M, then f ð0; u2; . . . ; uk;mÞ # f ð0; u2; . . . ; uk;MÞ, where

f ðm; u2; . . . ; uk; 0Þ # f ðM; u2; . . . ; uk; 0Þ ()
Am2 þ Dm

amþ g
#

AM 2 þ DM

aM þ g
()

Aam 2M þ Agm2 þ DamM þ Egm # AamM 2 þ CgM 2 þ DamM þ EgM()

AamMðM 2 mÞ þ AgðM þ mÞðM 2 mÞ þ Dg ðM 2 mÞ $ 0;

which is true by assumption and (C1; with equality holding if A ¼ D ¼ 0).

Case 4. ðu1; u2; . . . ; ukþ1Þ [ N . Then, we have f ðu1; u2; . . . ; ukþ1Þ # f ðu*; u2; . . . ; uk; u*Þ,

as shown in the following subcases.

Subcase a. u1 ¼ ukþ1. We are done, by Case 1 above.

Subcase b. u1 , ukþ1. We have that ukþ1 ¼ u*. Observe that, from equations (2)

and (3), f u1 ðu; u2; . . . ; uk; ukþ1Þ is non-decreasing in its first argument on the interval

ðu1; ukþ1Þ ¼ ðu1; u*Þ, and, by Definition 1, f u1ðu1; u2; . . . ; uk; ukþ1Þ $ 0.

Thus, f u1 ðu; u2; . . . ; uk; ukþ1Þ $ 0 for all u [ ðu1; ukþ1Þ ¼ ðu1; u*Þ, and so, with

u1 , ukþ1 ¼ x *, we have f ðu1; u2; . . . ; uk; ukþ1Þ # f ðu*; u2; . . . ; uk; u*Þ:
Subcase c. u1 . ukþ1. We have that u1 ¼ x*. Observe that, from equations (2) and (3),

f ukþ1
ðu1; u2 . . . ; uk; vÞ is non-decreasing in its (k þ 1)st argument on the interval

ðukþ1; u1Þ ¼ ðukþ1; u*Þ and, by Definition 1, f ukþ1
ðu1; u2; . . . ; uk; ukþ1Þ $ 0. Thus,

C.M. Kent and H. Sedaghat916



f u1 ðu1; u2; . . . ; uk; vÞ $ 0 for all u [ ðukþ1; u1Þ, and so, with x* ¼ u1 . ukþ1, we have

f ðu1; u2; . . . ; uk; ukþ1Þ # f ðu*; u2; . . . ; uk; u*Þ:

It then follows from Subcases a–c and Case 1 that f ðu1; u2; . . . ; uk; ukþ1Þ #

f ðM; u2; . . . ; uk;MÞ; for any M $ u1; ukþ1.

Case 5. ðu1; u2; . . . ; ukþ1Þ [ V. Observe that, from equations (2) and (3), f u1 ðu; u2; . . . ; uk;
ukþ1Þ is non-decreasing in its first argument on the interval ð0; u1Þ and, by Definition 1,

f u1ðu1; u2; . . . ; uk; ukþ1Þ # 0. Thus, f u1 ðu; u2; . . . ; uk; ukþ1Þ # 0 for all u [ ð0; u1Þ, and
so we have f ðu1; u2; . . . ; uk; ukþ1Þ # f ð0; u2; . . . ; uk; ukþ1Þ: Furthermore, by Case 2,

we have for any M $ ukþ1, f ð0; u2; . . . ; uk; ukþ1Þ # f ð0; u2; . . . ; uk;MÞ; and thus

f ðu1; u2; . . . ; uk; ukþ1Þ # f ð0; u2; . . . ; uk;MÞ:

Case 6. ðu1; u2; . . . ; ukþ1Þ [ H. Observe that, from equations (2) and (3), f u1 ðu1; u2; . . . ;
uk; vÞ is non-decreasing in its (k þ 1)st argument on the interval ð0; ukþ1Þ and, by

Definition 1, f u1 ðu1; u2; . . . ; uk; ukþ1Þ # 0. Thus, f u1ðu1; u2; . . . ; uk; vÞ # 0 for all

v [ ð0; ukþ1Þ, and so we have f ðu1; u2; . . . ; uk; ukþ1Þ # f ðu1; u2; . . . ; uk; 0Þ. Furthermore,

by Case 3, we have for any M $ u1, f ðu1; u2; . . . ; uk; 0Þ # f ðM; u2; . . . ; uk; 0Þ, and thus

f ðu1; u2; . . . ; uk; ukþ1Þ # f ðM; u2; . . . ; uk; 0Þ: A

Remark 4.

(i) If Condition (C6) holds, then, by Condition (C2), Condition (C5) does not hold and

we have that A , a. If Condition (C5) holds, then, by Condition (C2), Condition

(C6) does not hold and we have that C , b.

(ii) If Condition (C7) holds, then neither Condition (C5) nor (C6) can hold. Otherwise,

either we would have A . a, which would imply that B . b, thereby contradicting

Condition (C2); or we would have C . b, which would imply that B . a, thereby

contradicting Condition (C2).

(iii) If Condition (C8) holds, then Condition (C5) cannot hold. Otherwise, we would have

that A . a implies that B . b in Part (b) of Condition (C8), which would contradict

Condition (C2).

(iv) Similarly, if Condition (C9) holds, then Condition (C6) cannot hold. Otherwise, we

would have thatC . b implies that B . a in Part (b) of Condition (C9), which would

contradict Condition (C2).

(v) If Condition (C6) holds, then we must have Bb , Ca, for otherwise Bb $ Ca and

C . b impliesB . a, which contradicts Condition (C2). Therefore, if Condition (C6)

holds, then Condition (C8) or Condition (C10) holds and V – Y for u1 sufficiently

small and ukþ1 sufficiently large.

(vi) If Condition (C5) holds, then we must have Ba , Ab, for otherwise Ba $ Ab and

A . a impliesB . b, which contradicts Condition (C2). Therefore, if Condition (C5)

holds, then Condition (C9) or Condition (C10) holds and H – Y for u1 sufficiently

large and ukþ1 sufficiently small.

(vii) From Statements # (i)–(vi), we have that the only possible combinations of Conditions

(C4)–(C10) are the following: (a) Conditions (C7) and (C4); (b) Conditions (C8) and

(C4); (c) Conditions (C8) and (C6); (d) Conditions (C9) and (C4); (e) Conditions (C9)

and (C5); (f) Conditions (C10) and (C4); (g) Conditions (C10) and (C5) and/or (C6).

Given Definition 1 and Remark 4, we have the following.
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Lemma 5.

(i) If Condition (C 7) holds, then N ¼ ð0;1Þkþ1 and f ðu1; u2; . . . ; ukþ1Þ , u*, for

ðu1; u2; . . . ; ukþ1Þ [ ð0;1Þkþ1.

(ii) If Condition (C8) holds, then N < V ¼ ð0;1Þkþ1 (with possibly N ¼ Y or V ¼ Y)
and

f ðu1; u2; . . . ; uk; ukþ1Þ , u*

for u1; ukþ1 [ ð0;1Þ; if Condition ðC4Þ holds;

for u1; ukþ1 [
�
0; g2E

C2b

�
; if Condition ðC6Þ holds:

8<
:

(iii) If Condition (C9) holds, then N <H ¼ ð0;1Þkþ1 (with possibly N – Y or H ¼ Y)
and

f ðu1; . . . ; ukþ1Þ , u*
for u1; ukþ1 [ ð0;1Þ; if Condition ðC4Þ holds;

for u1; ukþ1 [ 0; g2D
A2a

� �
; if Condition ðC5Þ holds:

8<
:

(iv) If Condition (C10) holds, then N < V <H ¼ ð0;1Þkþ1 (with possibly N ¼ Y,
V ¼ Y, or H ¼ Y) and

f ðu1; . . . ; ukþ1Þ , u*

for u1; ukþ1 [ ð0;1Þ; if Condition ðC4Þ holds;

for u1; ukþ1 [ 0; g2E
C2b

� �
; if Condition ðC6Þ; but not ðC5Þ; holds;

for u1; ukþ1 [ 0; g2D
A2a

� �
; if Condition ðC5Þ; but not ðC6Þ; holds;

for u1; ukþ1 [

0; max g2D
A2a

; g2E
C2b

n o� �
; if Conditions ðC5Þ and ðC6Þ hold:

8>>>>>>>>>><
>>>>>>>>>>:

Proof. We look at each of Statements (i)–(iv), separately.

Statement (i): Suppose that Condition (C7) holds. Then, it follows from equations (2)

and (3) and Condition (C1) that f u1 ðu1; . . . ; ukþ1Þ . 0 and f ukþ1
ðu1; . . . ; ukþ1Þ . 0 for all

ðu1; . . . ; ukþ1Þ [ ð0;1Þkþ1. Thus, by Definition 1, N ¼ ð0;1Þkþ1. Since u1; u2; . . . ;
ukþ1 # u*, then by Lemma 3, for ðu1; u2; . . . ; ukþ1Þ [ ð0;1Þkþ1, we have f ðu1; u2; . . . ;
uk; ukþ1Þ # f ðu*; u2; . . . ; uk; u*Þ. Also, it follows from conditions (C1)–(C3) that

f ðu*; u2; . . . ; uk; u*Þ ¼
ðAþ Bþ CÞðu*Þ2 þ ðDþ EÞu*

ðaþ bÞu* þ g

¼
ðAþ Bþ CÞðu*Þ2 þ ðDþ EÞu*

ðaþ bÞu* þ g
�u* , u*:

Therefore, if Condition (C7) holds, we have f ðu1;u2; ...;uk;ukþ1Þ# f ðu*;u2; ... ;uk;u*Þ,u*:

Statement (ii): Suppose that Condition (C8) holds. Then, it follows from equations (2)

and (3) and Condition (C1) that, for any given u2; . . . ; uk [ ½0;1Þ,

1. f u1ð0; u2; . . . ; uk; 0Þ . 0,

2. limv!1 f u1ð0; u2; . . . ; uk; vÞ ¼ 21,

3. f ukþ1
ðu; u2; . . . ; uk; vÞ . 0 for all u; v [ ½0;1Þ.

C.M. Kent and H. Sedaghat918



Thus, by Definition 1,

1. if N – Y, then N contains the origin and bisector set;

2. N < V ¼ ð0;1Þkþ1 (with possibly N ¼ Y or V ¼ Y).

If ðu1; u2; . . . ; uk; ukþ1Þ [ N , then by Lemma 3 and Statement (i), we have

f ðu1; u2; . . . ; uk; ukþ1Þ # f ðu*; u2; . . . ; uk; u*Þ , u*: If ðu1; u2; . . . ; ukþ1Þ [ V, then by

Lemma 3, we have f ðu1; u2; . . . ; uk; ukþ1Þ # f ð0; u2; . . . ; uk; ukþ1Þ; and, by Condition (C3)

and Remark 4, Statement (ii) is true.

Statement (iii): Suppose that Condition (C9) holds. Then, it follows from equations (2)

and (3) and Condition (C1) that, for any given u2; . . . ; uk [ ½0;1Þ,

1. f u1ð0; u2; . . . ; uk; 0Þ $ 0,

2. limu!1 f ukþ1
ðu; u2; . . . ; uk; 0Þ ¼ 21,

3. f u1ðu; u2; . . . ; uk; vÞ $ 0 for all ðu; vÞ [ ½0;1Þ.

Thus, by Definition 1,

1. If N – Y, then N contains the origin and bisector

2. N <H ¼ ð0;1Þkþ1 (with possibly N ¼ Y or H ¼ Y).

If ðu1;u2; . . . ;ukþ1Þ[N , then by Lemma 3 and Statement (i), we have f ðu1;u2; . . . ;
uk;ukþ1Þ# f ðu*;u*; . . . ;u*;u*Þ, u*: If ðu1;u2; . . . ;ukþ1Þ[H, then by Lemma 3, we

have f ðu1;u2; . . . ;uk;ukþ1Þ# f ðu1;u2; . . . ;uk;0Þ; and, by Condition (C3) and Remark 4,

Statement (iii) is true.

Statement (iv): Suppose that Condition (C10) holds. Then, it follows from equations

(2) and (3) and Condition (C1) that, for any given u2; . . . ; uk [ ½0;1Þ,

1. f u1ð0; u2; . . . ; uk; 0Þ # 0,

2. limv!1 f u1ð0; u2; . . . ; uk; vÞ ¼ 21,

3. f ukþ1
ð0; u2; . . . ; uk; 0Þ # 0,

4. limu!1 f ukþ1
ðu; u2; . . . ; uk; 0Þ ¼ 21.

Thus, by Definition 1,

1. If N – Y, then N contains the origin and the bisector

2. N < V <H ¼ ð0;1Þkþ1 (with possibly N ¼ Y, V ¼ Y, or H ¼ Y).

From a combination of the arguments used to establish Statements (ii) and (iii), we see that

Statement (iv) is true. A

In order to prove the two main results below, we need the following two definitions,

which are motivated by Lemmas 3 and 5, Remark 4, and Definition 1.

Definition 6.

1. Let Condition (C1) represent all parameter values such that any one of these

four (sets of) conditions holds: a. Condition (C7); b. Conditions (C8) and (C4);

c. Conditions (C9) and (C4); d. Conditions (C10) and (C4).

2. Let Condition (Cy) represent all parameter values such that any one of these two

(sets of) conditions holds: a. Conditions (C8) and (C6); b. Conditions (C10) and

(C6; with or without Condition (C5) also holding).

Journal of Difference Equations and Applications 919



3. Let Condition (Cx) represent all parameter values such that any one of these two

(sets of) conditions holds: a. Conditions (C9) and (C5); b. Conditions (C10) and

(C5; with or without Condition (C6) also holding).

Note that Conditions (Cy) and (Cx) are not mutually exclusive.

A special case of a result in which parameters satisfy Condition (C1) is Theorem 3 in

Ref. [1] where the conditions with d [ ½0; 1�, Aþ dB # a; C þ ð12 dÞB # b and

ðDþ E , gÞ, imply that A # a and C # b (i.e. Condition (C4)). as may occur along with

Condition (C7), (C8), (C9) or (C10). Theorem 3 then shows that the trivial equilibrium

solution of equation (1), with delay k ¼ 1 (although, clearly, this result holds for k . 1

also) is globally asymptotically stable.

Based on the definitions given in Definition 6, we define the following.

Definition 7.

t ¼
def

1; if Condition ðC1Þ holds;

g2E
C2b

; if Condition ðCyÞ only holds;

g2D
A2a

; if Condition ðCxÞ only holds:

max g2D
A2a

; g2E
C2b

n o
if Conditions ðCyÞ and ðCxÞ hold:

8>>>>>>><
>>>>>>>: ð4Þ

3. Results

We now show that the origin is asymptotically stable with respect to the open rectangle,

ð0; tÞkþ1, under one of three sets of conditions, C1;Cy;Cx, whose primary components are

Conditions (C7) and (C10), (C8) and (C10), and (C9) and (C10), respectively.

Theorem 8 (Convergence to the Origin). Suppose that Conditions (C1)– (C3) hold in

equation (1). Then, the origin is a fixed point of f and the following is true:

(i) The origin is asymptotically stable with respect to ð0;1Þkþ1 if, in addition to having

Conditions (C1)–(C3) hold, we have Condition (C1) hold.

(ii) The origin is asymptotically stable with respect to

0;
g2 E

C 2 b

� �kþ1

if, in addition to having Conditions (C1)–(C3) hold, we have Condition (Cy; and not

Condition Cx) hold.

(iii) The origin is asymptotically stable with respect to

0;
g2 D

A2 a

� �kþ1

if, in addition to having Conditions (C1)–(C3) hold, we have Condition (Cx) (and not

Condition (Cy)) hold.

(iv) The origin is asymptotically stable with respect to

0; max
g2 D

A2 a
;
g2 E

C 2 b

� �� �kþ1

if, in addition to having Conditions (C1)– (C3) hold, we have both Conditions (Cy)

and (Cx) hold.
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Proof. First of all, we can summarize the results in Lemma 3 as follows: For

ðu1; u2; . . . ; uk; ukþ1Þ [ ð0; tÞkþ1, with t as defined in Definition 7),

f ðu1; u2; . . . ; uk; ukþ1Þ , u* for ðu1; u2; . . . ; ukþ1Þ [ ð0; tÞkþ1: ð5Þ

Next let {xn}
1
n¼2k be a positive solution of equation (1), with k [ {1; 2; . . . } and suppose

that x2kþ1; . . . ; x21; x0 [ ð0; tÞ, where t as defined in Definition 6. Next define

x*n ¼
def

max{xn; xn21; . . . ; xn2k}; for all n $ 0:

Clearly, max{xn; xn2k} # max{xn; xn21; . . . ; xn2k}: Thus, given equation (5) and the

assumption that ðx0; x21; . . . ; x2kÞ [ ð0;1Þkþ1, we have

x1 ¼ f ðx0; x21; . . . ; x2kÞ # max{x0; x21; . . . ; x2k} ¼ x*0 , t:

By induction,

xnþ1 ¼ f ðxn; xn21; . . . ; xn2kÞ # max{xn; xn21; . . . ; xn2k} ¼ x*n , t; for all n $ 0; ð6Þ

and so equation (5) holds for ðu1; u2; . . . ; ukþ1Þ ¼ ðxn; xn21; . . . ; xn2kÞ for all n $ 0.

Also, from equation (6), we have x*nþ1 ¼ max {xnþ1; xn; . . . ; xn2kþ1} # x*n; for all

n $ 0. This means that {x*n}
1
n¼0 is a nonincreasing sequence, and so there exists L $ 0

such that limn!1 x*n ¼ L and x*n $ L for all n $ 0. We show that L ¼ 0 by

contradiction. Assume that L . 0. Let us define three functions, fi : ½0;1Þ! R, for
i ¼ 1; 2; 3, as follows:

f1ðxÞ ¼
def

½ðaþ bÞðL2 xÞ2 ðAþ Bþ CÞðLþ xÞ�ðLþ xÞ þ gðL2 xÞ2 ðDþ EÞðLþ xÞ;

f2ðxÞ ¼
def

½bðL2 xÞ2 CðLþ xÞ�ðLþ xÞ þ gðL2 xÞ2 EðLþ xÞ;

f3ðxÞ ¼
def

½aðL2 xÞ2 AðLþ xÞ�ðLþ xÞ þ g ðL2 xÞ2DðLþ xÞ:

8>>>><
>>>>:

Then, from Conditions (C1)–(C3) and our assumption that L . 0, we have that

f1ð0Þ ¼ ½ðaþ bÞ2 ðAþ Bþ CÞ�L2 þ ½g2 ðDþ EÞ�L . 0; if Condition ðC1Þ holds;

f2ð0Þ ¼ ½b2 C � L2 þ ½g2 E� L . 0; if Condition ðCyÞ holds;

f3ð0Þ ¼ ½a2 A � L2 þ ½g2 D � ðLÞ . 0; if Condition ðCxÞ holds:

8>><
>>:

By the continuity of each of the functions, f1, f2 and f3, on R, there exists e . 0 such

that fiðeÞ . 0 for i ¼ 1; 2; 3. Thus, we have the following:

ðAþ Bþ CÞðLþ eÞ2 þ ðDþ EÞðLþ eÞ

ðaþ bÞðLþ eÞ þ g
, L2 e : ð7Þ

CðLþ eÞ2 þ EðLþ eÞ

bðLþ eÞ þ g
, L2 e : ð8Þ

AðLþ eÞ2 þ DðLþ eÞ

aðLþ eÞ þ g
, L2 e : ð9Þ
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Now, there exists N $ 0 such that for all n $ N,

xn2k; . . . ; xn21; xn # x*n # Lþ e : ð10Þ

We next consider the following three cases:

Case 1. ðxn; xn21; . . . ; xn2kÞ [ N > ð0; tÞkþ1. It follows from equations (7) and (10) and

Lemma 3 that

Ax2n þ Bxnxn2k þ Cx2n2k þ Dxn þ Exn2k

a xn þ bxn2k þ g
#

ðAþ Bþ CÞðLþ eÞ2 þ ðDþ EÞðLþ eÞ

ðaþ bÞðLþ eÞ þ g

, L2 e :

Case 2. ðxn; xn21; . . . ; xn2kÞ [ V > ð0; tÞkþ1. It follows from equations (8) and (10) and

Lemma 3 that

Cx2n2k þ Exn2k

bxn2k þ g
#

CðLþ eÞ2 þ EðLþ eÞ

bðLþ eÞ þ g
, L2 e :

Case 3. ðxn; xn21; . . . ; xn2kÞ [ H> ð0; tÞkþ1. It follows from equations (9) and (10) and

Lemma 3 that

Ax2n þ Dxn

a xn þ g
#

AðLþ eÞ2 þ DðLþ eÞ

aðLþ eÞ þ g
, L2 e :

Hence, by induction, xn2k; . . . ; xn21; xn , L2 e for all n $ N; and so

L¼ lim
n!1

x*n ¼ lim
n!1

max{xn;xn21; . . . ;xn2k}# lim
n!1

max{L2 e;L2 e; . . . ;L2 e}¼ L2 e;

which is impossible. The proof is complete. A

We also have some results on the global behaviour of solutions outside of ðt;1Þkþ1

under certain conditions.

Theorem 9 (Infinite Limits). Let {xn}
1
n¼2k be a solution of equation (1), and assume that

Conditions (C1)– (C3) hold in Equation (1). Let

Dp1 ¼ ð2Agþ Bgþ Db2 EaÞ2 2 4ðAaþ 2Abþ Bb2 CaÞDg;

Dq1 ¼ ðAgþ Bgþ Db2 EaÞ2 2 4ðAbþ Bb2 CaÞDg;

Dp 2
¼ ð2Cgþ Bgþ Ea2 DbÞ2 2 4ðCbþ 2Caþ Ba2 AbÞEg;

Dq2 ¼ ðBgþ Cgþ Ea2 DbÞ2 2 4ðBaþ Ca2 AbÞEg:
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Then, define the following:

p1 ¼
def

2ð2AgþBgþDb2EaÞþ
ffiffiffiffiffiffi
Dp1

p

2ðAaþ2AbþBb2CaÞ
; if Dp1 $ 0;

0; if Dp1 , 0;

8<
:

q1 ¼
def

2ðAgþBgþDb2EaÞþ
ffiffiffiffiffiffi
Dq1

p

2ðAbþBb2CaÞ
; if Dq1 $ 0;

0; if Dq1 , 0;

8<
:

m1 ¼
def

max
g2 E

C 2 b
; p1; q1

� �
;

p2 ¼
def

2ð2CgþBgþEa2DbÞþ
ffiffiffiffiffiffi
Dp2

p

2ðCbþ2CaþBb2AbÞ
; if Dp2 $ 0;

0; if Dp2 , 0;

8<
:

q2 ¼
def

2ðBgþCgþEa2DbÞþ
ffiffiffiffiffiffi
Dq2

p

2ðBaþCa2AbÞ
; if Dq2 $ 0;

0; if Dq2 , 0;

8<
:

m2 ¼
def

max
g2 E

C 2 b
; p2; q2

� �
:

Then, we have the following:

(i) If Conditions (C6), (C8) and (C11) hold, and x2k; . . . ; x21; x0 [ ðm1;1Þ, then

limn!1 xn ¼ 1.

(ii) If Conditions (C5), (C9) and (C12) hold, and x2k; . . . ; x21; x0 [ ðm2;1Þ, then

limn!1 xn ¼ 1.

Proof. We consider Statements (i) and (ii), separately.

Statement (i): First of all, observe that Condition (C11) and Equation (2) imply the

following.

(O1) f u1 ðu1; u2; . . . ; uk; ukþ1Þ . 0 for all u1 $ ukþ1 . p1, and thusN . {ðu1; u2; . . . ;
uk; ukþ1Þ [ ð0;1Þkþ1 : u1 $ ukþ1 . p1}; where N is as defined in Definition 1.

(O2) Let u1 ¼ ukþ1 ¼ v . q1 and let u2; . . . ; uk . 0 be arbitrary. Then, f ðv; u2; . . . ;
uk; uk; vÞ . f ð0; u2; . . . ; uk; vÞ; where

f ðv; u2; . . . ; uk; vÞ . f ð0; u2; . . . ; uk; vÞ()
ðAþ Bþ CÞv2 þ ðDþ EÞv

ðaþ bÞvþ g
.

Cv2 þ Ev

bvþ g
()

ðAþ Bþ CÞvðbvþ gÞ þ ðDþ EÞðbvþ gÞ . ðCvþ EÞ½ðaþ bÞvþ g �()

ðAbþ Bb2 CaÞv2 þ ðAgþ Bgþ Db2 EaÞvþ Dg . 0;

which is true since Condition (C11) holds (so that Abþ Bb2 Ca . 0) and by the

definition of q1.

We make further observations.

(O3) Let V and N be as defined in Definition 1.
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1. Suppose that ðu1; u2; . . . ; uk; ukþ1Þ [ V. Then, f u1 # 0, by definition, but also

f ukþ1
$ 0 by Remark 4, where Conditions (C8) and (C6) hold. Hence, if u1 , ukþ1,

then

f ðu1; u2; . . . ; uk; ukþ1Þ . f ðu1; u2; . . . ; uk; u1Þ and f ðukþ1; u2; . . . ; uk; ukþ1Þ ¼)

f ðu1; u2; . . . ; uk; ukþ1Þ . min{ f ðu1; u2; . . . ; uk; u1Þ; f ðukþ1; u2; . . . ; uk; ukþ1Þ}:

2. Suppose that ðu1; u2; . . . ; uk; ukþ1Þ [ N (so that f u1 $ 0; f ukþ1
$ 0). The following

is true:

a. If u1 , ukþ1, then

f ðu1; u2; . . . ; uk; ukþ1Þ . f ðu1; u2; . . . ; uk; u1Þ

$ min{f ðu1; u2; . . . ; uk; u1Þ; f ðukþ1; u2; . . . ; uk; ukþ1Þ}:

b. If u1 $ ukþ1, then

f ðu1; u2; . . . ; uk; ukþ1Þ $ f ðukþ1; u2; . . . ; uk; ukþ1Þ

$ min{ f ðu1; u2; . . . ; uk; u1Þ; f ðukþ1; u2; . . . ; uk; ukþ1Þ}:

3. Thus, in general,

f ðu1; u2; . . . ; uk; ukþ1Þ $ min{ f ðu1; u2; . . . ; uk; u1Þ; f ðukþ1; u2; . . . ; uk; ukþ1Þ}:

for ðu1; u2; . . . ; uk; ukþ1Þ [ ð0;1Þkþ1.

(04) Let u1 ¼ 0 and ukþ1 ¼ v . ðg2 EÞ=ðC 2 bÞ, and let u2; . . . ; uk [ ð0;1Þ be

arbitrary. Then, f ð0; u2 . . . uk; vÞ . v, where, given Condition (C6), we have

f ð0; u2; . . . ; uk; vÞ . v ()
Cv2 þ Ev

bvþ g
()

g2 E

C 2 b
:

(05) m1 . 0 since ðg2 EÞ=ðC 2 bÞ . 0 by Conditions (C3) and (C6).

Combining observations (O1)–(O4), we have that, for u1; ukþ1 . m1 and u2; . . . ;
uk [ ð0;1Þ,

f ðu1; u2; . . . ; uk; ukþ1Þ $ min{ f ðu1; u2; . . . ; uk; u1Þ; f ðukþ1; u2; . . . ; uk; ukþ1Þ}

. min{ f ð0; u2; . . . ; uk; u1Þ; f ð0; u2; . . . ; uk; ukþ1Þ}

. min{u1; ukþ1} $ min{u1; u2; . . . ; uk; ukþ1}

Therefore, in summary, we can say that

f ðu1; u2; . . . ; uk; ukþ1Þ . min{u1; u2; . . . ; uk; ukþ1}; for ðu1; u2; . . . ; ukþ1Þ[ ðm1;1Þkþ1:

ð11Þ

Now let {xn}
1
n¼2k be a positive solution of equation (1), with k [ {1; 2; . . . } and suppose

that x2kþ1; . . . ; x21; x0 [ ðm1;1Þ, where m1 is as defined above. Next define

x*n ¼
def

min{xn; xn21; . . . ; xn2k}; for all n $ 0:

Clearly, min{xn; xn2k} $ min{xn; xn21; . . . ; xn2k}. Thus, given equation (11) and the

assumption that ðx0; x21; . . . ; x2kÞ [ ðm1;1Þkþ1, we have

x1 ¼ f ðx0; x21; . . . ; x2kÞ . min{x0; x21; . . . ; x2k} ¼ x*0 . m1:
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By induction,

xnþ1 ¼ f ðxn; xn21; . . . ; xn2kÞ . min{xn; xn21; . . . ; xn2k} ¼ x*n . m1; for all n $ 0;

ð12Þ

and so equation (11) holds for ðu1; u2; . . . ; ukþ1Þ ¼ ðxn; xn21; . . . ; xn2kÞ for all n $ 0. Also,

from equation (12), we have x*nþ1 ¼ min{xnþ1; xn; . . . ; xn2kþ1} # x*n; for all n $ 0. This

means that {x*n}
1
n¼0 is a non-decreasing sequence and so there exists m1 , L # 1 such

that limn!1 x*n ¼ L and x*n # L ðx*n , L if L ¼ 1Þ for all n $ 0. We show that L ¼ 1 by

contradiction. Assume that L , 1. Let us define the function f : ½0;1Þ! R as follows:

f ðxÞ ¼
def
½bðLþ xÞ2 CðL2 xÞ�ðL2 xÞ þ gðLþ xÞ2 EðL2 xÞ:

Then, from Conditions (C1)–(C3), (C6) and (C8) and the fact that L is positive (by

observation (O5)), we have that fð0Þ ¼ ½b2 C �L2 þ ½g2 E �L , 0: By the continuity of
f on R, there exists e . 0 such that fðeÞ , 0. Thus, we have the following:

CðLþ eÞ2 þ EðL2 eÞ

bðL2 eÞ þ g
. Lþ e : ð13Þ

Now, there exists N $ 0 such that for all n $ N,

xn2k; . . . ; xn21; xn $ x*n . L2 e : ð14Þ

It follows from equations (13) and (14) and Lemma 3, Case 2, that

Cx2n2k þ Exn2k

bxn2k þ g
$

CðL2 eÞ2 þ EðL2 eÞ

bðL2 eÞ þ g
. Lþ e :

Hence, by induction, xn2k; . . . ; xn21; xn . Lþ e for all n $ N, and so

L¼ lim
n!1

x*n ¼ lim
n!1

min{xn;xn21; . . . ;xn2k}$ lim
n!1

min{Lþ e;Lþ e; . . . ;Lþ e}¼ Lþ e;

which is impossible. The proof for Statement (i) is complete.

Statement (ii): The proof here is similar to that of Statement (i), with the exception that

fðxÞ ¼
def

½aðLþ xÞ2 AðL2 xÞ�ðL2 xÞ þ gðLþ xÞ2 DðL2 xÞ:

Hence, we omit the proof for Statement (ii). A
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