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1. Introduction

Planar systems of type

Xnt+1 = O1LnYn + 02.nXn (1)

Yn+1 = Brxpetn bninTC2n)n (2)

where oy, By, Oin, Ci .y are non-negative numbers for i = 1,2 and n > 0 have been used to
model single-species, two-stage populations (e.g. juvenile and adult); see [4,8,9,13,19].
Early examples of stage-structured matrix models can be seen in [2,10,11], and their
comprehensive treatment is given in [3]. The exponential function that defines the time
and density dependent fertility rate classifies the above system as a Ricker model ([14]).
The coefficients o, are typically composed of the natural survival rates s; and possibly
other factors. For example, they may include harvesting parameters, as in [13,19]:

oi=0—=hjs;, B=QA—-h)b, ca=10—-h)y, =0 (3)

All parameters in (3) are assumed to be independent of ». In this case, h;,s; € [0, 1],
i = 1,2 denote harvest rates and natural survival rates, respectively. The study in [13]
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shows that the system (1) and (2) under (3) generates a wide range of different behaviors:
the occurrence of periodic and chaotic behaviour and phenomena such as bubbles and the
counter-intuitive ‘hydra effect’ (an increase in harvesting yields an increase in the over-all
population) are established for the autonomous system

Xnt1 = (1 — h))s1yn + (1 — hy)saxy
Va1 = (1 — hy)bx,e®~ I-hren

Our results in this paper complement the existing literature, e.g. [1,4,6,8,9,13,19]. In
the next section we obtain general results on the uniform boundedness and convergence
to zero for the non-autonomous system (1) and (2). We also discuss a refinement of the
convergence to zero results when the parameters of the system are periodic (simulating
extinction in a periodic environment). In particular, these results show that convergence
to zero occurs even if the mean value of 03, exceeds 1 (as in case of stocking or migrations
into a population).

In Section 3 we study the dynamics of orbits for a special case of (1) and (2) in which
02, = 0. This special case was studied with constant parameters (autonomous case) in [8]
where conditions were obtained for the occurrence of a globally attracting positive fixed
point as well as for the occurrence of attracting two-cycles that are not asymptotically stable
(neither locally nor globally).

This latter issue of particular interest to us in this section. In this case, the system reduces
to a second-order equation with a non-hyperbolic positive fixed point. A semiconjugate
factorization of this equation is known even with variable parameters and we use it to
prove the occurrence of complex dynamics, including multiple stable (or multistable)
periodic and non-periodic solutions generated from different initial values. Our results
not only extend the period-two result in [8] to a wider parameter range while allowing
some parameters to be periodic, but they also explain the stability nature of the two-cycles
observed in [8].

2. Uniform boundedness and global convergence to zero
For the system (1) and (2) we generally assume that for all n > 0:

afb ,Bn’ai,n) Ci,n Z 0’ l = 1)2 (4)

Bn>01,, >0 for inifinitely many n

2.1. General results
We begin with a simple, yet useful lemma.
Lemmal: Leta >0,0< S <landxg > 0.Ifforalln>0

Xnt1 < o + Bxy (5)

then for every ¢ > 0 and all sufficiently large values of n

o

1-p

Xp < +&.
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Proof: Let up = x¢ and note that every solution of the linear, first-order equation u,4; =
o + Buy, converges to its fixed point /(1 — B). Further,

x1 <o+ Bxg=a+ Buy = u

X <o+ pBx; <a+Pu=u

and by induction, x,, < u,. Sinceu, — o/(1— p) for every ¢ > 0 and all sufficiently large

n
o

1-p

Xp < Up =

+ &.

O

The following result from the literature is quoted as a lemma. See [16] for the proof and
some background and references on this result which holds in a more general setting than
discussed here.

Lemma2: Leta € (0,1) and assume that the functions f, : [0,00)¥T1 — [0, 00) satisfy
the inequality
fu(uo, ..., u) < o max{ug,...,ur} (6)
for all (ug,...,ux) € [0,00) and all n > 0. Then every solution {x,} of the difference
equation
Xn41 :fn(xm Xn—1s > Xn—k) (7)

satisfy the inequality

n/(k+1)

Xn <« max{xg,X_1...,X_k}. (8)

Note that (6) implies that x, = 0 is a constant solution of (7) and further, (8) implies
that this solution is globally exponentially stable.

Theorem 3: Assume that (4) holds and further, let o, be bounded and limsup,_,
Oon < 1.

(a) Ifoy,y is bounded and there is M > 0 such that 8, < Mcy, for all n > 0 then every
orbit of (1) and (2) in [0, 00)? is uniformly bounded.

(b) If By is bounded and the following inequality holds then all orbits of (1) and (2) in
[0, 00)? converge to (0, 0):

lim sup (al,nﬂne“” + 02,,,) <1. (9)

n—o0

Proof:

(a) For u,v > 0 and all n > 0 define
Pn(u,v) = B brimen?

If c1,, # 0 for all n then elementary calculus yields

udy(u,v) < udy (L,0> = ﬁe"‘”_1 (10)

Cl,n Cl,n

If ¢, = 0 for some n then B, < Mc;, = 0 and ¢, (1, v) = 0 for such n.
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Next, by the hypotheses there are numbers M1, M, > 0 and ¢ € (0, 1) such that for
all sufficiently large values of n

Oln <My, on <M, o034=<0
Since B, < Mcy,y, it follows that for u,v > 0 and all n
ugp,(u,v) < MMt = M,
It follows that y, < M for n > 1 so by (1)
Xnt1 < MoMy + 02,0 (4, V)X < MoM; + 0 xp

Next, applying Lemma 1 with ¢ = /(1 — &) we obtain for all (large) n

- MoM; + o

0<x, <

1—¢6
as claimed.
(b) If ¢, is as defined in (a) above then (2) implies that
Yn = ,Bneanxn—l
By (9) thereis § € (0, 1) such that oy,,8,e*" + 02, < 8 for all (large) # so from (1)

it follows that

Xp+1 = ,Bneano'l,nxn—l + 02,nXn
=< (Ul,nﬂnean + Uz,n) max{xy, Xu—1}

< d max{x,, xy—1}

Lemma 2 now implies that lim, .~ x, = 0. Further, since both «, and B, are
bounded, there is i > 0 such that 8, < u for all n. Thus,

lim y, <p lim x,_; =0
n— oo n— o0

and the proof is complete. 0
Remark 4:

(1) In Part (a) of the above corollary it is more essential to have ¢;, # 0 than g, be
bounded. Indeed, unbounded solutions occur in the following autonomous linear
system

Xpt1 = O1Yn + 02Xy

Ynt+1 = ,Beaxn
in which ¢;, = 0 for all n and B, = B is bounded. Note that

o
Xnt+2 = O1Ynt1 + 02Xnt1 = Be” 01Xy + 02Xn41
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so unbounded solutions exist unless o1 8e“ < 1 — 05.
(2) For the autonomous system above (9) is equivalent to

o1
<1

ea
IB 1— (op)
Thelefthand side of the above equation represents the fundamental net reproductive
rate Ro; see [5,7]. For non-autonomous matrix systems, the definition of Ry is not
straightforward (see, e.g. [6] for the case where the matrix P is periodically forced).
If we think of the quantity

as the net reproductive rate at each period » then (9) implies that the population
growth rate in each period is less than 1 in the long run, a fact that in the light of the
preceding discussion is not surprising (but also see Section 2.3).

(3) Thearbitrary nature of the parameters in the above theorem preserve its conclusion
in the presence of low-level fluctuations in the parameters. For example, the param-
eters can be stochastic, i.e. random numbers that satisfy the condition in (9). These
can be drawn from distributions with bounded support (for example, uniform)
whose upper bounds satisfy the condition in the autonomous case discussed in
Item 2 above.

2.2. Global convergence to zero with periodic parameters

Theorem 3 gives general sufficient conditions for the convergence of all non-negative orbits
of the planar system to (0,0). In this section we assume that all parameters are periodic and
study convergence to zero in this more restricted setting. In particular, the results in this
section indicate that global convergence to zero may occur even if (9) does not hold; see
Section 2.3 below. Recall from the proof of Theorem 3 that

Xnt1 = ,Bneanal,nxnfl + 02 nXn. (11)

The right hand side of the above inequality is a linear expression. Consider the linear
difference equation

Upt1 = Anliy + bptin—1, An+py = An> bn+p2 = by (12)
where the sequences a,, b, have periods p1, p, that are positive integers. If p = lcm (p1, p2)
is the least common multiple of the two periods, we say that the linear difference Equation
(12) is periodic with period p. We assume that

anb, >0, n=01,2,... (13)

In the biological setting, these parameters are defined as follows:

an = O02,n> b, = ,Bneanal,n (14)
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Of interest is the fact that the biological parameters «y, 8, 01,, need not be periodic
in order for ay, by, to be periodic. As long as the combination of parameters f,e*" o1, is
periodic along with 03, we obtain periodicity. This allows greater flexibility in defining
some of the system parameters.

By Lemma 2 every solution of (12) converges to zero if a, + b, < 1 for all n. However,
it is known that convergence to zero may occur even when a, + b, exceeds 1 (for infinitely
many # in the periodic case). We use the approach in [17] to examine the consequences
of this issue when the planar system has periodic parameters. The following result is an
immediate consequence of Theorem 13 in [17].

Lemma 5:  Assume that (12) has period p > 1 and §;,0; forj = 1,2, ..., p are obtained by
iteration from the real initial values

5020,5121; 9021,9120 (15)
Suppose that the quadratic polynomial
8p1 4+ (B — 8p )7 — Opy1 =0 (16)

is proper, i.e. not 0 = 0 and has a real root r; # 0. If the recurrence

b

n
Tyl = An + — (17)
T'n
generates nonzero real numbers ra, . .., 1y then {r,}2 is periodic with preiod p and yields

a semiconjuagte factorization of (12) into a pair of first order equations as follows:

n
thy1 = ——1ty, 1 = U — g (18)
Tn

Un4+1 = Tpp1Un + tpg1. (19)

For an introduction to the concept of semiconjuagte factorization see [15] which also
contains the application of this method to linear equations over algebraic fields. A more
general application of semiconjugate factorization to linear equations in rings appears in
[17].

The sequence {r,} that is generated by (17) is said to be an eigensequence of (12).
Eigenvalues are constant eigensequences, since if p = 1 in Lemma 5 then (16) reduces to

2

2 —8r—0,=0 or rP—air—b =0

The last equation is recognizable as the characteristic polynomial of (12).
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Each of Equations (18) and (19) readily yields a solution by iteration as follows

ty =t (— 1" (M) , (20)
rry---rp—1
Uy = Tpty—1 UL + Tplp—1 13ty + - Tty + 1y
n—1
= turp—1---T2r1ug + Z TnTn—1 - Tit1ti + ty (21)

i=1
Lemma 6: Suppose that the numbers §,, and 0,, are defined as in Lemma 5, although here
we do not assume that (12) is periodic. Then

() 6,=0foralln>2ifandonlyifb; = 0.
(b) If(13) holds then for alln > 2

Op > amay---ay—1, Oy >biay---a,— (22)
Son—1 = baby---byy—z, 62y = bibz-- by (23)

Proof:

(a) Let by = 0. Then 6, = b; = 0 and since 6; = 0 by definition it follows that 63 = 0.
Induction completes the proof that ,, = 0 if n > 2. The converse is obvious since
bl = 6.

(b) Since 8, = a; and 6, = b; the stated inequalities hold for n = 2. If (22) is true for
some k > 2 then

Sk+1 = akbk + bibk—1 = ard > aray - - - ax_1ax
Ok+1 = arbk + brbi—1 > axbx > bray - - - ax_a

Now, the proof is completed by induction. The proof of (23) is similar since
83 = axdy + by81 > by and 04 = a303 + b30, > bsby
and if (23) holds for some k > 2 then

82k+1 = babok—1 = baby - - - bag_rbog
Ork+2 = bog162k = b1bz - - - bog—1baii

which establishes the induction step. 0

Lemma 7: Assume that (13) holds with a; > 0 fori = 1,...,p and (12) is periodic with
period p > 2. Then

(a) Equation (12) has a positive eigensequence {r,} of period p.
(b) Ifb;>0fori=1,...,pthen

1
rnry-ccrp = 5 <8p+1 + QP + \/(SP-H — 9}7)2 + 45P0p+1> (24)
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Hence, riry -+ 1p < 1if
8p0p+1 < (1 — 8pr1)(1 — 6p) (25)

() Ifbi<lfori=1,...,pthenriry---r, >biby---by.
Proof:

(a) Lemma 6 shows that§; > 0fori =2,...,p+ 1. Now, either (i) b; > 0 or (ii) b; = 0.
In case (i), the root r of the quadratic polynomial (16) is positive since by Lemma 6
0p+1 > 0 and thus

— _ 2
n _ 8p+1 9]7 + \/(8p+1 9}7) + 45p9p+1 S 8p+1 — Qp + ’(Sp+1 — 0P| ~ 0.
26, 25, -

r

Ifr; = r* then from (17) r; = aj—1 + bi—1/ri-1 > ai—y >0fori=2,...,p+ 1.
Thus by Lemma 5, (12) has a unitary (in fact, positive) eigensequence of period p.
If by = 0 then by Lemma 6 6, = 65,1 = 0 and (16) reduces to

5p72 - 8p+1r = 0

which has a root r+ = 8p+1/8p > 0. As in the previous case it follows that (12) has
a positive eigensequence of period p.
(b) To estalish (24), let r; = rT and note that (16) can be written as

_ Sppiri + Op

26
aprl + Qp ( )

Since {ry} has period p, r,11 = 1 so from (17) and the definition of the numbers §,,
and 0,, it follows that

bp 8p+1r1 + 9p+1 (apap + bp(Sp_l)Tl + aPGP + bpep_l
ap + = = rp+1 = =
p (Sprl + Gp 8p7'1 + Op
_ ap(8pr1 + 6p) + bp(8p—171 + Op—1)
6177’1 + ep
bP

= a, +
P Gpri + 0p)/(Sp-1r1 + Op-1)
Since b, # 0 it follows that

_ 51)7'1 + ep
rp =
dp—111 + Op—1

We claim thatif b; # 0 fori =1,...,p then

8p—jr + Op—

= , j=0,1,...,p—2 (27)
Sp—j1ri + 61 P

Tp—j



JOURNAL OF DIFFERENCE EQUATIONS AND APPLICATIONS . 527

This claim is easily seen to be true by induction; we showed that it is true for j = 0
and if (27) holds for some j then by (17)
by_i—
p—j—1
ap—i—1 + = Trp_j
p—j—1 o1 p=i
_ap—j18p—j—1+bp_j18p—j—2)r1 + (ap—j—16p—j—1 + bp—j—10p—j—2)

Sp—j—111 + Op—j-1
_ ap—j—1(8p—j—171 + Op—j—1) + bp—j—1(8p—j—2r1 + Op—j—2)

8p—j—171 + bp—j-1
bp—j—1(8p—j—2r1 + 6p—j—2)

=dp_i_1 +
e Sp—j—111 + Op—j-1

from which it follows that

. . 8p—j—lr1 +9P—j—1
Tp—i—1 =
p—J S

p

—j—2r1 + Op—j—2
and the induction argument is complete. Now, using (27) we obtain

5p7‘1 +9P 5p_11’1 +9p_1 ”.527'14-927’
dp—111 + Op—1 8p—2r1 + Op—2 o111 + 61

Fotpy e rar = L =8r +6, (28)

Given that r; = r* (28) implies that

Sp41 = Op + [ Bpi1 — 0p)% +48y0p11
+0p
25,

1
=3 <5p+1 +6p + \/(3p+1 —6,)? + 45p9p+1>

rlrz...rpz p

and (24) is obtained. Hence, ryry - - -1, < Lif

8pi1 + 0p [ Bpe1 — 0)% + 48,041 <2
Upon rearranging terms and squaring:
Bpt1 — Op) + 48p0p41 < 4 — 4(Sp11 + Op) + (Bps1 + 0))?

which reduces to (25) after straightforward algebraic manipulations.
(c) First, assume that p is odd. Then by (23)

8pbp+1 = (babg -+ bp—1)(b1b3---bp) = b1by--- by

so from (24)

rry---1p >\/5p9p+1 =\/b1b2--~bp

Ifb; < 1fori = IL...,p then blbz'-'bp < 1so 1/blbz"-bp > blbz"'bp as
required. Now let p be even. Then from (24) and (23)

. 8p+1+0p . b2b4"'bp+b1b3~-bp_1

riry .-t
172 P 5 >



528 N.LAZARYAN AND H. SEDAGHAT

If b,’ < 1fori = 1,...,p then bzb4~-bp > blbzn'bp and blbg,--'bp_l >
byb; - - - by and the proof is complete. g

Theorem 8: Assume that the sequences B,e“" o1, and o, are strictly positive and periodic
and let p be the least common multiple of their periods. All non-negative orbits of (1) and
(2) converge to (0,0) if Bie%io1,; < 1 fori=1,...,p and (25) holds.

Proof: Let {u,} be a solution of the linear Equation (12) with a,, b, defined by (14). If
up = xo and u; = x then by (11)

(04 (04
x3 < Poe™o1,1x0 + 02,1x1 = Poe”Co1,1up + 021U1 = up

o o
x3 < Bre®to1ax2 + 020x0 < Prelorpur + 020U = u3

By induction it follows that x,, < u,. If (25) holds then by Lemma 7, lim,_, oc u, = 0 so
{xn} converges to 0. Further, lim,_. o y, = 0 as in the proof of Theorem 3 and the proof
is complete. 0

Recall that the individual sequences ay, By, 01, need not be periodic; see the note
following (14). Therefore, Theorem 8 applies to the system (1) and (2) even if the system
itself is not periodic as long as the combination 8,e¢*" 01, of parameters is periodic along
with 07 .

2.3. Stocking strategies that do not prevent extinction

Condition (25) and Theorem 8 have some interesting consequences. In particular, in a
periodic environment Theorem 8 applies where Theorem 3 may not. Recalling Remark 4,
Theorem 3 is a general expression of the fact that when the net reproductive rate Ry < 1in
the long run then extinction occurs. Theorem 8 shows that in a periodic environment, this
restriction maybe replaced with (25), which may include boosts to the adult population
through stocking or migrations.

Condition (25) involves the numbers §;, ; rather than the coefficients of (12) directly.
To illustrate the biological significance of (25) and of Theorem 8 with regard to extinction
in a periodic environment when (9) does not hold, consider the case of period p = 2 where
the role of a;, b; is more apparent. Inequality (25) in this case is

8203 < (1 —=463)(1 —62)
araby < (1 — by —araz)(1 —by)

Simple manipulations reduce the last inequality to
aja; < (1 — bl)(l — bz) (29)

In this form, it is easy to see the significance of (25) with regard to extinction. For if
b1, by < 1 then (29) holds even if a; > 1 or a; > 1 (recall that these inequalities may
occur through stocking or migrations of adults into the system) so global convergence to
(0,0) my occur when (9) does not hold. Further, it is possible that (29) holds, together with

arbitrarily large mean value
ap +az

2

>1 (30)
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if, say a; — 0 as a; — 00. In population models this implies that if (29) holds with
ai =02, bj = pie”io;  i=12

then extinction may still occur after stocking the adult population so that the mean value
of the composite parameter o3 , exceeds unity by a wide margin.

3. Complex multistable behaviour

In this section we consider the reduced system

Xn+1 = O1nYn (31)
Vn+1 = ﬂnxnean_cl,nxn_cln}’n (32)

where we assume that
GI,H) Cl,n: CZ,H) ,B}’l > 0) Oln 2 0 (33)

In the context of stage-structured models the assumption 0, = 0 applies in particular,
to the case of a semelparous species, i.e. an organism that reproduces only once before
death. Additional interpretations in terms of harvesting, migrations or other factors may
be possible if o3 ,, includes additional factors beyond the natural adult survival rate.

The system (31) and (32) with ¢ , = 0 has been studied in the literature; for instance, an
autonomous version is discussed in [13,19]. The assumption ¢;, > 0, which adds greater
inter-species competition into the stage-structured model, leads to theoretical issues that
are not well-understood. We proceed by folding he system (31) and (32) to a second-
order difference equation. The process here is simple and self-contained but for a broader
introduction and other applications of folding to the study of discrete planar systems we
refer to [18].

From (31) we obtain y, = x,+1/01,,. Now using (31) and (32) we obtain:

_ Uy —Cl nXn—C2, _ A —ClpXn—(C2n/01,1) Xn+1
xn+2 — Gl,n+1ﬁnxne n nXn nyn — Ul,n/gnxne n nXn—( n/ n) n+

This can be written more succinctly as

Xpy1 = xn_leun_cl,nxn—l_(CZ,n/O-l,n)xn (34)

where
an, = oy +In (,Bngl,n+1)«

3.1. Fixed points, global stability

It is useful to start by examining the fixed points of (34) when all parameters are constants,
i.e.if (31) and (32) is an autonomous system. Then (34) takes the form of the autonomous
difference equation:

Xpy1 = Xp_ et X1 (@2/01)%n (35)

This equation clearly has a fixed point at 0. The following is consequence of
Theorem 3(b).
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Corollary 9:  Assume that the system (31) and (32) is autonomous, i.e. oy = o, By = P,
O1,n = 01, C1,n = €1 and ¢y, = ¢, are constants for all n.

(@) Ifa=a+In(Bo1) < 0 then 0 is the unique fixed point of (35) in [0,00) and all
positive solutions of (35) converge to zero.

(b) The eigenvalues of the linearization of (35) at 0 are +e%/%; thus, 0 is locally asymp-
totically stable if a < 0.

If a > 0 then (35) has exactly two fixed points: 0 and a positive fixed point

— ao]
X=—",
C101 + (%)
Substituting r, = c1x, in (35) yields
_ _ (%)
Fup1 = Fpoge® 1T = = (36)
o1(C1

The positive fixed point of this equation is

a
1+b

r= = C]J_C.

The next result is proved in [8].
Theorem 10: Leta € (0,1].

(a) Ifb e (0,1) (ie. cz < o1c1) then the positive fixed point ¥ of (36) is a global attractor
of all of its positive solutions.

(b) Ifb=1 (i.e. co = o1c1) then every non-constant, positive solution of (36) converges
to a 2-cycle whose consecutive points satisfy r, + ru41 = a, i.e. the mean value of the
limit cycle is the fixed point r = a/2.

The two-cycle in Theorem 10(b) is not unique-it is determined by the initial values. We
derive the precise mechanism that explains this, and much more complex behaviour below.
In particular, we extend Part (b) of Theorem 10 by showing that it holds for a € (0,2] and
even some parameters need not be constants.

3.2. Orderreduction

The semiconjugate factorization method that we used earlier for linear equations also
applies to (34) if the following condition holds:

Cn =011y n=0,1,2,... (37)

In the autonomous case this reduces to the condition in Theorem 10(b), i.e. ¢c; = o7c¢;.
This condition that is restrictive but admissible in a biological sense, leads to interesting
non-hyperbolic dynamics that we explore in the remainder of this paper.

If (37) holds then we substitute r, = ¢} ,x, in (34) to obtain

CLntl Tn—1 ean_rnfl —TIn

nyl1 =
Cl,n—1
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which can be written as

Tagl = Tp_1edn =177 (38)

dn =a,+ ln[cl,n—i-l/cl,n—l]-

Note that if ¢; ,, has period 2 or is constant then ¢; ,+1 = ¢1,4—1 S0 d, = a,. In any case,
a solution x,, = r,,/c1,, of (34) is derived in terms of a solution of (38) when (37) holds.
Equation (38) admits a semiconjugate factorization that splits it into two equations of
order one. Using the concept of form symmetry from [15], we define
Tn

by = —"7—
rnile*rn—l

for each n > 1 and note that

n+1 'n nt1
tht1tn = — — = = edn
rpe ™ ry_1e -1 rp—1€ n=1""n

or equivalently,

Q

tny1 = (39)

Now

4 n e dn

-,
n__eo= I —

Tne1 = eMr_1e e = ¢ rpe " =tyyirpe " (40)

tn n

The pair of Equations (39) and (40) constitute the semiconjugate factorization of (38):

d,

e’ 1o
tha] = , = — 41
n—+ t, 0 r_le—rfl ( )
Tngl = tug1Tne ™ (42)

Every solution {r,} of (38) is generated by a solution of the system (41) and (42). Using
the initial values r_;, 7y we obtain a solution {¢,} of the first-order Equation (41). This
solution is then used to obtain a solution of (42), and thus also of (38).

3.3. Complex behaviour for the autonomous equation

If p = 1thend, is constant, say d,, = d for all n. In this case (38) reduces to the autonomous
equation:

Fppl = tp_1ed 17" (43)

although (34) may not be autonomous, e.g. if c1 , has period 2, as noted above.
If d < 0 then Corollary 9 implies that all solutions of (43) converge to 0. Let d > 0 so
that there is a positive fixed point

r=—->0.
2
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Figure 1. Bifurcation of multiple stable solutions in the state-space.

The eigenvalues of the linearization of (43) at 7 are —1 and —d/2, showing in particular
that 7 is nonhyperbolic. The behaviour of solutions of (43) is sufficiently unusual that we
use the numerical simulation depicted in Figure 1 to motivate the subsequent discussion.

In Figure 1,d = 4.5, r_; = d/2 = 2.25 is fixed and ry € (0, 00) acts as a bifurcation
parameter. The changing values of ry are shown on the horizontal axis in the range 2.5-
6.5. For every grid value of ry in the indicated range, 300 points of the corresponding
solution {r,} are plotted vertically. In this figure, coexisting solutions with periods 2, 4,
8 and 16 are easily identified. The solutions shown in Figure 1 are stable since they are
generated by numerical simulation, so that qualitatively different, stable solutions exist for
(43) for different initial values. In the remainder of this section we explain this abundance
of multistable solutions for (43) using the reduction (41) and (42).

All solutions of (41) with constant d,, = d and ¢y # e/2 are periodic with period 2:

, et 1o r_jed
0>~ = 5 .
to r_ije~ "1 )

Hence the orbit of each nontrivial solution {r,} of (43) in its state-space, namely, the
(rn, Tnr1)-plane, is restricted to the class of curve-pairs

d
e

and g (r,tp) = tire”’, t = - (44)
0

r

go(r,to) = tore”

These one-dimensional mappings form the building blocks of the two-dimensional,
standard state-space map F of (43), i.e.

F(u,r) = (r,ue®"").

There are, of course, an infinite number of initial value-dependent curve-pairs for the
map F.

The next result indicates the specific mechanism for generating the solutions of (43)
from its semiconjugate factorization.
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Lemma 11: Let d > 0 and let {r,} be a solution of (43) with initial values r_1, 79 > 0.

(a) Fork=0,1,2,...and t as defined in (41)

Tak+1 = g1 0 g0(r2k—1>10)>  Tak+2 = o © g1 (2k> o)

Thus, the odd terms of every solution of (43) are generated by the class of one-
dimensional maps g1 o gy and the even terms by gy o g1;
(b) If the initial values r_1, ro satisfy

ro = r_pe/? "1 (45)
then go(r,t) = g1(r,tp) = re?/27; ie. the two curves go and g1 coincide with the
curve

glr) = ref>77
The trace of g contains the fixed point (v,7) in the state-space and is invariant under
F.
Proof:

(a) Fork =0,1,2,... (42) implies that

"ok+1 = bkg1rake 2 = tirge” " = g1(rax, to)

ok = bkrak—1e 71 = torap_1e” "1 = go(rar—1, to)

Therefore,
r2k+1 = §1(go(r2k—1, t0)> to) = g1 © go(r2k—1-t0)
A similar calculation shows that

rak+2 = o0(g1(r2k> t0)> to) = go © g1 (r2k> to)

and the proof of (a) is complete.

(b) Note that g(r) = 7¢1/27 = 7 so the trace of g contains (7,7). The curves gy, g1
coincide if ty = €4 /to, i.e. tg = /2 This happens if the initial values r_j, ry satisfy
(45). In this case, (r_1, rp) is clearly on the trace of ¢ and by (42)

d
e
rn = tirge " = t—Toe_rO = foroe” " = g(ro)
0
Therefore, the point (rg, ;) is also on the trace of g. Since t, = ty for all n if
to = e?/? the same argument applies to (r,, r,,+1) for all n and completes the proof
by induction. 0

Note that the invariant curve g does not depend on initial values. There is also the
following useful fact about g.

Lemma 12:  The mapping g has a period-three point for d > 6.26.
Proof: Leta = d/2. The third iterate of g is

g3(7‘) =rexp (3a 27 4 eﬂ—re“*’)
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In particular,
g3(1) < exp (3a —1-— e“_l) = h(a)

Solving h(a) = 1 numerically yields the estimate a & 3.12. Since h(a) is decreasing if
a > 2.1 it follows that h(a) < 1 if a > 3.13. Therefore, g3(1) < 1for d > 6.26. Further, for
e €(0,a)

g a—e)>(a—e)exp [Za 4+e&—2(a—¢g)e + e“(l_es)]
> (a—¢) exp[e_“(es_l) —2a(ef —1)]

For sufficiently small ¢ the exponent is positive so we may assert that
3 3
g)<l<a—e<gi(a—ce)

Hence, there is a root of g3 (r), or a period-three point of g in the interval (1,a) if
a>3.13,ie.d > 6.26. O

The function compositions in Lemma 11 are specifically the following mappings:

— —r
g10g(r,tg) = redr=hre,

— e
80 Ogl(r’ tO) = red_r_tlre r) h=—.

To simplify our notation, for each ¢ € (0, 00) define the class of functions f; : (0,00) —
(0,00) as

r

ft(r) — red—r—tre_ )

We also abbreviate f;, as fo, f;, as f1, g0(» to) as go and g1 (-, fp) as g1. Then we see from
the preceding discussion that

giog =fo. gog =f. (46)

According to Lemma 11, iterations of fy generate the odd-indexed terms of a solution
of (43) and iterations of f; generate the even-indexed terms.
The next result furnishes a relationship between f; and g; for i = 0, 1.

Lemma 13: Let ty € (0,00) be fixed and t; = ed/to. Then

fiogo=goofo and foogi =giofi. (47)

Proof: This may be established by straightforward calculation using the definitions of the
various functions, or alternatively, use (46) to obtain

fiogo=(g081) o8 =g o (g1 08)=2gofo

This proves the first equality in (47) and the second equality is proved similarly. O

The equalities in (47) are not conjugacies since gy and g; are not one-to-one. However,
the following is implied.
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Lemma 14:

(@) If{s1,52,...,34} is a q-cycle of fo, i.e. a solution (listed in the order of iteration) of
Swt1 = fo(sn) = e o0 (48)

with minimal (or prime) period q > 1 then {go(s1),g0(52); - - ., go(sq)} is a q-cycle of
f1, i.e. a solution of

Unt1 = fi(tn) = e tn=itme™ (49)

with period q (listed in the order of iteration). Similarly, if {uy, u, . . ., ug} is a g-cycle
of f1,i.e. asolution of (49) with minimal period q > 1then {g1(u1),g1(42), . .., g1 (ug)}
is a g-cycle of fo, i.e. solution of (48) with period q.

(b) If{sn}is a non-periodic solution of (48) then {go(s,)} is a non-periodic solution of (49).
Similarly, if {u,} is a non-periodic solution of (49) then {g1(u,)} is a non-periodic
solution of (48).

Proof:
(a) By the hypothesis, fo(sy44) = s» for all n and in the order of iteration

fo(sk) =sgy1 fork=1,...,g—1 and fo(sy) = s1.

By Lemma 13,
fl (g0(5n+q)) = gO(fO(5n+q)) = gO(Sn)

and also

f1(goGK) = go(fo(sk)) = go(sk41) fork=1,...,9—1,
f1(80(s9)) = go(fo(sg)) = go(s1)

It follows that {go(s1), g0(s2); - - . 0(s4)} is a periodic solution of (49) with period g,
listed in the order of iteration. The rest of (a) is proved similarly.

(b) Let {s,,} be a solution of (48) such that {go(s ,,)} is a periodic solution of (49). Then
{g1(go(s n))} is a periodic solution of (48) by (a). Since g1(go(sn)) = fo(sn) by (46)
we may conclude that there is a positive integer g such that foq (sn) = fo(sn) = Sn41
for all n. Thus s,4+1 = foq_l(an) for all n and it follows that {s,} is a periodic
solution of (48). This proves the first assertion in (b); the second assertion is proved
similarly. 0

The next result concerns the local stability of the periodic solutions of (48) and (49).

Lemma 15:  If{s1,s2,...,34} is a periodic solution of (48) with minimal period q such that
sk #1fork=1,2,...,qand

q
[ 6o <1 (50)

k=1
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then {go(s1), . . ., §0(s9)} is a solution of (49) of period q with ]_[Zzlfl’(go (sx)) < 1. Similarly,
if{fui, us, ..., ug} is a periodic solution of (49) with uy # 1 fork = 1,2,...,q and

q
[1A o<1

k=1

then {g1(u1),g1(u2), . . ., §1(uq)} is a solution of (48) of period q with ]_[Zzlfo/(gl(uk)) <1.
Proof: By Lemma 13 and the chain rule

fl(go(M)gy(r) = gy(fo(r)fg(r)

Now go(r) = (1 — r)tge™" # 0if r # 1. Thus if sx # 1 fork = 1,2,...,q then

o & (ols)fy (s1) gy (fo(s))fy (s2) 8o (fo(s))fy (sq)

[ 1A @) = == : ... Gt
k=1 8(s1) 8o(s2) 2(sq)

_ 8(fg (1) &$3)fg(s2) g s0fg(s9)

go(s1) 8,(s2) 2(sq)
q
= Hfo/(sk) <1
k=1
The second assertion is proved similarly. 0

We are now ready to explain some of what appears in Figure 1.
Theorem 16: Letd > 0.

(a) Except among solutions whose initial values satisfy (45) there are no positive solutions
of (43) that are periodic with an odd period.

(b) Ifd > 6.26 then (43) has periodic solutions of all possible periods, including odd
periods, as well as chaotic solutions in the sense of Li and Yorke.

(c) Let r_y1,r9 > 0 be given initial values and define ty by (41). Assume that ty #*
¢4/ and the sequence of iterates {fo'(r—1)} of the map fo converges to a minimal
g-cycle {s1, .. .,sq}. Then the corresponding solution {r,} of (43) converges to the cycle
{51,80(51)s - - - » 59> 80(89)} of minimal period 2q in the sense that

lim IT2k+j)—1 — sjl = lim [T2k+j) — &o(s))| =0 for j=1,...,q (51)
k—00 k—o00

(d) If{s1,...,sq} in (c) satisfies (50) and s; # 1 for j = 1,...,q then for intial values
r'y > 0and ry = go(r’ ) where |r'_| — r_i| is sufficiently small, the sequence
{fg1(r )} converges to {si, . .., s4} and (51) holds.

(e) Letr_y,ro > 0 be given initial values and define ty by (41). If the sequence of iterates
{fo'(r—1)} of the map fy is non-periodic then (43) has a non-periodic solution.
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Proof:

(a) This statement is an immediate consequence of Lemma 11 since the number of
points in a cycle must divide two, i.e. the number of curves gy,g1. An exception
occurs when (45) holds and the curves gy, g1 coincide.

(b) Suppose that the initial values r_j, ro satisty (45). Then go = g1 = g and the trace
of g contains the orbits of (43) since the trace of g is invariant by Lemma 11. By
Lemma 12 g has a period-three point if d > 6.24 and in this case, (43) has solutions
with all possible periods in the state-space, including odd periods. In addition,
iterates of g also exhibit chaos in the sense of [12]. For (43) this is manifested in
the state-space on the trace of g if the initial point (r_;, 7o) is on the trace of g.
For arbitrary initial values, odd periods do not occur by (a) and chaotic behaviour
generally occurs on the pair of curves g, ¢1; see the Remark following this proof.

(c) This is an immediate consequence of Lemmas 11 and 14.

(d) If |r", —r_1| is sufficiently small then Lemma 15 implies that the sequence {f]'(r"_,)}

converges to {s,...,sq}. Now, if rj = go(r’ ) then ;’{)/r/_le’/—1 = tg and thus, (51)
holds by Part (c).
(e) This is clear from Lemmas 11 and 14. O
Remark 17:

(1) Theorem 16 explains how qualitatively different solutions in Figure 1 are generated
by different initial values. Changes in the initial value o of (43) while r_; is fixed
result, by (41) in changes in the parameter value ty in the mapping fy. The one-
dimensional map f; generates different types of orbits with different values of #,
in the conventional way that is explained by the basic theory. All of these orbits,
combined with the iterates of the shadow map f; appear in the state-space of (43) as
points on the aforementioned pair of curves.

(2) Part (d) of Theorem 16 explains the sense in which the solutions of (43) are stable
and therefore appear as shown in Figure 1. This is not local or linearized stability
since if ) # go(r”_,) then

and with the different parameter value ;, {fj'(r"_;)} may not converge to {si, . . ., 54}
even if |r’ | — r_1| is small enough to imply local convergence for the iterates of fy
defined with the original value f.

(3) InParts(a)and (b) of Theorem 16 if the initial point is not on the trace of g then the
occurrence of all possible even periods and chaotic behavior is observed for smaller
values of d. In fact, since g involves d/2 but fy involves d it follows that fy actually
has period 3 points for d > 3.13 if the initial values yield a sufficiently small value
of tp. In Figure 2 a stable three-cycle is identified for d = 3.6 and initial values
satisfying ro = r_1e~"~! (so that #p = 1). Odd periods do not occur for (43) in this
case but all possible even periods, as well as chaotic behaviour (on curve-pairs) do
occur.
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Figure 2. Occurrence of period 3 for the associated interval map.

3.4. Further results: convergence to two-cycles

The preceding results indicate that the solutions of (48) and (49) determine the solutions
of (43). From Theorem 16 it is evident that complex behaviour tends to occur when d is
sufficiently large. Otherwise, the solutions of (43) tend to behave more simply as noted
in Theorem 10. We now consider the occurrence of two-cycles for a range of values of d
that are not too large but extend the range in Theorem 10(b), by examining the following
first-order difference equation that is derived from (48) and (49)

edrymeT™ 50 (52)

Th+1l = Tn
Lemma 18: If0 < d < 2 then (52) has a unique positive fixed point x.
Proof: Existence: Let n(x) = d — x — yxe *. The nonzero fixed points of (52) must
satisfy e"™ = 1,ie. n(x) = 0. Since n(0) = d > 0 and n(d) = —yde’d < 0 there is a real

number x € (0, a) such that (x) = 0. This proves existence.
X

Uniqueness: Note that n'(x) = —1 — ye ™ + yxe .

Casel y < ¢; The function xe ™ is maximized on (0, c0) at h(1) = e~ ! so

Nx)=—-1—ye " +yxe " <—1+1—ye*=—ye *<0

It follows that 1(x) is decreasing on (0, 00) for this case and has a unique zero that
occurs at x.

Case2 e < y < e* Consider the function p(x) = x + yxe . Now

X

PxX)=1+ye*—yxe " =e (" +y—yx)
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The function q(x) = e 4+ y — yx attains a minimum value at x = In(y) since
q (x) = ¢* — y. Furthermore,

g(In(y)) =2y —yIn(y) =y2—In(y)) >0

for y < e2. This implies that P/ (x) > 0on (0, 00) and therefore p(x) is increasing on (0, 00).
Since n(x) = d — p(x), this implies that n(x) is decreasing on (0, c0) and therefore it has
a unique zero that occurs at Xx.

Case 3 y > ¢2; In this case, we know that (x) is decreasing on [0, 1] and n(x) < 0 for
x € [d, 00). Thus it remains to establish that 1(x) < 0 on (1, d).

nx)=d—x—yxe *<d—1—-e>*<d—2<0

Thus 7(x) has a unique zero that occurs at X and this completes the proof for all the
above cases. O

The above observations also indicate that n(x) > 0 for x € (0,%) and n(x) < 0 for
x € (X, 00), which we will use in our further analysis. Before examining the stability profile
of X, we need to explore the properties of the function f (x).

Since f(x) = xed ¥V = xe"™ then f'(x) = "™ 4 xn/(x)e"™. By direct
calculations, f’(x) can be written as

() = "™ (1 —x)(1 — yxe™)

It follows that f has critical points when x = 1and 1 — yxe™™ = 0. Now we consider the
function ¢ (x) = 1 — yxe™*, which has a critical pointat x = 1, since ¢'(x) = ye (1 —x).
Hence it is decreasing on (0, 1) and increasing on (1, 00) and ¢ (1) = 1— % is the minimum
of the function.

(i) When y < e, then ¢(1) > 0, so ¢(x) > 0 on (0,00), hence f(x) has only one
critical point at x = 1. When y = e, ¢ (1) = 0, and again, the only critical point of
f(x) occurs at x = 1. We further break down the case of y < e into the following
subcases:

(a) Whend < 1+ %, nl) =d-1- % < 0, thus x < 1. Moreover, f(1) =
d—1-— % < 1, which lets us conclude that f (x) < 1 for all x € (0, 00).

(b) Whend > 1+ %, 5(1) =d — 1 — £ > 0. This implies that X > 1ifd > 1+ L
andx =1lifd =1+ L.

(ii) When y > e, ¢ (1) < 0, so f(x) has three critical points at x’ < 1,x' = 1,x” > 1.
On (0,x"), 1 —x > 0 and ¢(x) > 0, so f is increasing. On (x/,1), 1 — x > 0 and
¢(x) <0, so f is decreasing. On (1,x”),1 — x < 0 and ¢(x) < 0, so f is increasing.
On (x”,00), 1 —x < 0and ¢(x) > 0, so f is decreasing. By the above observations,
it follows that x’, x”" are local maxima and 1 is a minimum point. Next observe that

f) =10 <1
Given that yx'e™ = yx"e ¥ =1,

Al /—X, Al Al Al
f(x'):x’ed x'—yx'e :x/ed X 1<xleZ X lzx/el X
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Similarly, f (x”) < x"e!=*". Now, the function s(x) = xe! ™ attains its maximum at
x = 1, since s'(x) = (1 — x)e! ™. Since s(1) = 1, this implies that s(x) < 1 for all
x # 1,x > 0. This implies that f(x"), f(x”) < 1 as well, thus for this case f(x) < 1
for all x € (0, 00).
Now we establish the global stability of x.

Lemma 19: If0 < d < 2 then every solution to (52) from positive initial values converges

to X.

Proof: We establish convergence to x by showing that |[f(x) — X| < |x — x| for x # X.

This is equivalent to

x<f(x)<2x—x for x<Xx (53a)
x>f(x)>2x —x for x>Xx (53b)

The first inequalities in (53a) and (53b) are straightforward to establish: since 1(x) > 0
for x < x and n(x) < 0 for x > X, then f(x) = xe"® > xifx < X and f (x) = xe"® < x if
x> X.

To establish the second inequalities in (53a) and (53b), let

t(x) =f(x) +x —2x

Notice that t(0) = —2x < 0 and #(x) = 0. We now show that the inequalities f(x) <
2x — x for x < x and f(x) > 2x — x for x > X are equivalent to ¢(x) < 0 for x < x and
t(x) > 0 for x > X, respectively. We establish this by showing that ¢ (x) is strictly increasing
on (0, 00), i.e.

t'(x)=f'(x) +1>0 for x>0
We establish the above result by considering two cases:

Case 1 y < ¢ recall that f(x) is maximized at the unique critical point x = 1. Thus
f'(x) > 0forx < 1andf'(x) <0 forx > 1. We also showed that 1 — yxe™ > 0 for x > 0.
Thus forall x > 1, sinced < 2

@) < 777 (x = 1)(1 — yxe™)
= (x — De! el 7r¥* (1 — yxe ™)
<ele! T — yxe ™)

=e " (1 —yxe M) < 1

i.e. t'(x) > 0 for x > 0 and inequalities in (53a) and (53b) follow.

Case2 y > e;in this case, f (x) has three critical points occurring at x’ < 1, 1and x” > 1,
where x” and x” are maxima and 1 is a minimum. Thus

f'(x) >0 and 1 —yxe ™ >0 for x € (0,x")
f'(x) <0 and 1 —yxe ™ <0 for x € (x',1)
f'(x) >0 and 1 —yxe ™ <0 for x € (1,x")
f'(x) <0 and 1 —yxe™ >0 for x € (x”,00)
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Thus f'(x) < O if eitherx < 1and 1 — yxe ™ <0orx >1land1l—yxe ™ >0.Ifx < 1
and 1 — yxe ™ < 0, then
If ()] < 75777 (1 — x)(yxe™ — 1)
= (yxe * — Del v l=x (1 — x)
<e (1 —x)

=e*(1—-x)<1
Ifx>1and 1 — yxe ™ > 0, then
') < 777 (x = 1)(1 = yxe™)
= (x — el ™ (1 — yxe ¥)el7r¥e
< e lelrxe ™ — yxe )

—e 71— yxe ¥) <1

X

In either case, if f (x) is decreasing then —1 < f'(x) < 0, thus t'(x) = f'(x) + 1 > 0,
thus #(x) is increasing for x > 0, from which the second inequalities in (53a) and (53b)
follow. O

By Lemmas 11 and 19, the even and odd terms of (43) converge to M = x;, > 0 and
m = X;, > 0, proving the existence and stability of a two-cycle in the sense described in
Theorem 16(c). Since M and m must satisfy

m= MM and M = met—mM

and
we conclude that M + m = d. Thus the following extension of Theorem 10(b) is obtained.

Theorem 20: Let 0 < d < 2. Then every non-constant, positive solution of (43) converges,
in the sense of Theorem 16(c), to a two-cycle {p1, p2} that satisfy p1 + p2 = d, i.e. the mean
value of the limit cycle is the fixed point r = d /2.

As previously mentioned, (43) is valid when ¢;, > 0 has period 2. In this case, the
solution of (34) corresponding to {r,} of (43) is x, = r,/c1,, which also converges to a
sequence of period 2. Thus we have the following corollary.

Corollary 21: Assume in the system (31) and (32) that 01, = 01, o0y = &, By = B are
positive constants and ¢, = 01c1,, for all n where ¢y, has period two with ¢) 55— = &1 and
12k = & where 1,6, > 0.

(a) Ifa+In(o1B) € (0,2] then every orbit {(x,, yn)} is determined as

'n Tn+1
Xn = —> h = ——.
Cln 01C1,n+1

(b) Every orbit in the positive quadrant converges to a two-cycle

(5at) (2]
& o1& ) \& o0&
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where p; = limy_, o 12— fori = 1,2 and p1 + p2 = a + In (01 8).

3.5. A concluding remark on multistability

We finally mention a feature of (43) that may make its multistable nature less surprising.
Consider the following class of nonautonomous first-order equations

—0Opx
Xnt1 = xne)’n nXn

where v, 6, are given sequences of period 2 with 6, > 0 for all n. The change of variable
Uy = 6,x, reduces this equation to

9n+1
On

Cn—Un
bl

U1 = Une cn=Yn+In (54)

This equation can be written as

Cp—1tCp—uUp—1—u
un+1=un_lenl n n—1 n

Since ¢, has period 2, the sum ¢,_1 + ¢, = d is a constant and (43) is obtained.

If r=1 = up and ryp = u; = upe® " then the corresponding solution of (43) is the
solution of (54) with the arbitrary initial value uy. Therefore, all solutions of (54) appear
among the solutions of (43) but not conversely. In fact, if ¢}, is any other sequence of period
2 such that ¢, 4+ ¢, _; = d then while

Unp1 = Upen ™™
is a different equation than (54), it yields exactly the same second-order Equation (43).
Hence, the following assertion is justified:

Proposition 22:  The solutions of (43) include the solutions of all first-order equations of
type (54) with ¢, + ¢4—1 = d.

The coexistence of solutions of so many different first-order equations among the
solutions of (43) is a further indication of the diversity of solutions that the latter may
exhibit.

4, Conclusion and future directions

In this paper we examine the dynamics of the non-autonomous system (1) and (2) whose
special cases appear in stage-structured models of populations that are of Ricker type, or
overcompensatory. In Section 2 we obtain conditions that imply uniform boundedness
as well as global convergence to zero with variable parameters. In biological models these
results give general conditions for the species’ extinction. We have also shown that in
periodic environments certain stocking strategies do not prevent extinction.

In Section 3 we study the dynamics of a special case of the system that is mathematically
interesting. We use semiconjugate factorization to show that in a wider range of parameters
than what is considered in [8] complex and multistable behaviour occurs. Multistability of
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periodic and non-periodic solutions is possible because such solutions are attracting, yet
neither locally nor globally asymptotically stable.

The results in Section 3 concern Equation (43) which is autonomous (even if the system
is not). For future investigation one may consider the more general, non-autonomous
Equation (38) with periodic d,. Preliminary work on this periodic case shows that the
dynamics of (38) where d, has an odd period (including the autonomous case p = 1) is
substantially and qualitatively different from the case where d,, has an even period.

Another generalization of (43), namely the autonomous equation

Tag1 = rp_1e? U1 =Cm (55)

where b, ¢ > 0 exhibits different dynamics than (43) when b # c. In particular, we expect
that mulitstable orbits will not occur although complex behaviour is possible. There is
currently no comprehensive study of the dynamics of (55) that we are aware of so obtaining
significant details on the dynamics of this equation would be desirable.
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