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The two-parameter absolute-difference equation x,,+1 = |ax, — bx,—1| is studied. Based on the parameter values a, b
and a pair of initial values, we consider the existence and bifurcations of solutions having one or more of the
following properties: (i) unbounded, (ii) convergent (to zero or to a positive constant), (iii) monotonic, (iv) periodic
and (v) non-periodic oscillatory. The semiconjugate first order equation satisfied by the ratios {x,/x,—} is used to
significant advantage for points (a, b) in certain regions of the parameter plane. Some open problems and conjectures
are presented.
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Consider the second-order difference equation

Xnp1 = lax, = bx,—1l, a,b=0, n=0,1,2,.... (1)

An equation such as this may appear implicitly in smooth difference equations (or
difference relations) that are in the form of e.g. quadratic polynomials. In such cases, the
solutions of the quadratic equation include the solutions of Eq. (1) so statements can be made
with regard to the existence and stability of the solutions for the more general, smooth
equations based on the solutions of Eq. (1). We may assume that the initial values x_1, x¢ in
Eq. (1) are non-negative and for non-triviality, at least one is positive. Dividing both sides of
Eq. (1) by x,, we obtain a ratios equation

Xn+1 bxn—l
_— =g — R
X, Xy
which can be written as
b
Fp+1 = (1_7, n:O71525"'7 (2)
n
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818 C.M. KENT AND H. SEDAGHAT

where we define r, = x,/x,—1 for every n = 0. We may think of Eq. (2) as the recursion
T'nt1 = ¢ (ry,) where ¢ is the piecewise smooth mapping

b

a— —

d(r)= , r>0.

In this format, solutions {r,} of Eq. (2) can be written as r, = ¢"(r() for n = 1. Note that
Eq. (2) is a first order equation and a one-dimensional semicongjugate of Eq. (1) with the
ratio x/y as a link map; see Ref. [6]. Also see Refs. [2,3] for an application of ratio links.
Additional background material for this paper may be found in Refs. [1,6]. The special case
where a = b = 1 in Egs. (1) and (2) is studied in Ref. [9] where the following is proved:

THEOREM A Leta = b = 1 in Eq. (1) and let Q™ denote the set of all non-negative rational
numbers.

(@ Ifxo/x—1 & QT then the corresponding solution {x,} of Eq. (1) converges to zero.
() Ifxo/x—1 € Q" orx_; = 0 then the corresponding solution {x,} of Eq. (1) has period 3
eventually and for all large n it has the form

{07a7a707a7a707"'}7

where a > 0.
(¢) Eguation (2) has a p-periodic solution {ry,...,r,} for every p # 3 given by

1+45 V5—1
= 5 r:
2 S

1 / Yk—4T1 Yk—2
— 2 —
= _ + +4 ] = - -~ 2=k= , =4
ry 2 |:yp 4 yp—4 Vp—4Yp—1 |5 Ik Vi3 Vi_sr1 ) =K=Pp (p = )7

where y, is the n-th Fibonacci number; i.e. y,y1 = y, + yo—1 forn = —2 where we define

(p=2),

r

y-3=-1, ya=1

(d) The mapping ¢ has a scrambled set S; hence, if {x,} is a solution of Eq. (1) with initial
value ratio xo/x— € S, then the sequence {x,/x,—1} of consecutive ratios is chaotic.
Although Eq. (1) is a rather simple equation, Theorem A suggests that for some values of
the parameters a, b it exhibits interesting dynamics. In this paper, we study the asymptotic
behavior of Eq. (1) for different parameter values a, b = 0. For comparison, it is interesting to
note that Eq. (1) relates to certain other simple equations such as

Up41 = aly + bun—l Un+1 = max{avn, b'vn—l} Wil = min{awna bwn—l} (3)
through the relations

la = Bl = 2max{e, B} — (a+ B) = max{a, B} — min{a, B}.

In contrast to Eq. (1), each of the equations in (3) produces solutions with simple behaviors
for all parameter values a, b. Some indication of the major difference between these equations
and Eq. (1) may be had by looking at their semiconjugate factors through ratio links:

¢u(r) = a +é7 bolr) = maX{avé}v bu(r) = min{a,é}
r r r
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It is evident from a quick examination of these mappings that only the factor ¢ which was
defined for Eq. (1) is capable of generating complex behavior on the half-line. Indeed, an
important feature of ¢ is its nonsmooth critical point at b/a whose pre-image is the origin,
namely, the point of discontinuity of ¢. This source of complexity is lacking in the factors
b, ¢, and ¢, all of which are non-increasing maps.

THE UNIT SQUARE a,b =<1

We first consider the parameter values (a,b) in the unit square. The function f
(or equivalently, its vectorization Vy) in Lemma 1 below is said to be a weak contraction
on the set A,; see Ref. [6] for a general theory of weak contractions and weak expansions as
well as a proof of the lemma.

LemMmA 1 Let f: R" — R be continuous and let x be an isolated fixed point of
Xnt1 = FXn, Xn—1, -+ oy Xnepm)-
Let Vi(uy,...,um) = (fQui, ..., um), Ui, ..., uy—1) and for a € (0,1) define the set
Ao ={uy, .. up) : | fuy, ... uy) — X} = amax{|u; — xl,..., |lu, — x|}

If S is a subset of Ay such that V;(S)CS and (%,...,X) €S, then (X,...,X) is
asymptotically (in fact, exponentially) stable relative to S.

COROLLARY 1 Ifa,b <1 then the origin is globally asymptotically stable for Eq. (1).
Proof Define f(x,y) = |ax — by| and note that for x,y € [0, 00)*> we have
f(x,y) = max{ax, by} = max{a,b}max{x,y}.

Hence f is a weak contraction on [0, 00)?> and Lemma 1 applies. The proof is completed
upon recalling that for each solution {x,} of Eq. (1) x, = 0 for all n = 1. O

LeEMMA 2 Let O < a,b = 1 and either a =1 or b = 1. For each solution {x,} of Eq. (1)
if xp > xp—1 > 0 for some k = 0 then x,, < x; for all n > k.

Proof First,letb=1and 0 <a = 1. If ax; > x;—; then
Xip1 = axg — Xp—1 < axg = xi. 4
From this we infer that ax;; < ax; = x; So
Xpgo = Xp — aXpq1 < Xk ©)
Now from Eqgs. (4) and (5) it follows that
X3 = max{axe2, Xe+1} < X

The last step is easily extended by induction to all n > k. Next, assume that ax; = x;—.
Then

Xyl = Xp—1 — axp < Xp—1 < X

and it follows that ax;y; < ax; = x;. This again implies Eq. (5) and we argue as before.
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Now, assume that a = 1 and 0 < b = 1. Since x; > x;—1 = bxy—; > 0 by hypothesis,
it follows that

0 < xpp1 = xx — bxp—y < x¢.

If X441 = bxy, then xpyp = X3 — bxp < x4 SO that

X3 = max{ X2, bxgrr} < X

Inductively, x,, > x; for n > k. If x;4+; < bx; then
X2 = bxp — xpp < bxp = xy,
which implies x;4+3 < x; and by induction the proof is completed. 0

THEOREM | For all (a,b) € [0, 11 except at the three boundary points (1,1), (1,0) and
(0, 1), the origin is globally asymptotically stable for Eq. (1).

Proof 1In light of Corollary 1 it remains only to consider the boundaries where either a = 1
or b = 1. For such points (a, b), first assume that 0 < ab < 1 and let {x,} be a solution of
Eq. (1). Either x,, < x,,—; for all n in which case x,, converges to zero monotonically, or there
is k; = 0 such that x;, > x;,—; > 0. In the latter case, Lemma 2 implies that x,, < x;, for all
n > k. If the sequence {x,} is not eventually decreasing, then there is an increasing
sequence k; of positive integers such that

Xy S Xpy e > g >
and fori =1,2,3,...

Xo <Xy, ifki <n=kiy.

These facts imply that x, — 0 as n — oo. Stability of the origin follows from Lemma 2
also since x, = max{xg,x—;} foralln = 1.

It remains for us to examine the three boundary points mentioned in the statement of
the theorem. At (a,b) = (1,1) Theorem A shows that the origin is not globally attracting.
At (a,b) = (1,0), Eq. (1) reduces to the trivial equation x,+; = x,, whose solutions are the
constants xg. At (a, b) = (0, 1) each solution of x,,+1 = x,,—; trivially has period 2: {x_,x0}.

Since for a = 0(1) reduces to x,,+; = bx,—; and for b = 0 it reduces to x,.| = ax,, it is
evident that along the rays from the origin through (0, 1) and through (1, 0) all solutions of
Eq. (1) are unbounded when b > 1 or a > 1 respectively. Therefore, the points (0, 1) and
(1,0) are bifurcation points on their respective rays. The same is true for the ray through
(1, 1), though this is much harder to verify. In the remainder of this paper we consider the
behavior of solutions of Eq. (1) when (a, b) is outside the unit square. O

THE REGION b = a2/4

The semiconjugate factor map ¢ on the half-line can be used to further explore the behavior
of solutions in both convergent and non-convergent cases. The mapping ¢ always has a fixed
point 7 through its left half

b
¢>L(r)=é—a, 0o<r=-.
r a
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Solving ¢1.(r) = r gives the value of 7 as
1
725{\/a2+4b—a}.

It may be noted that 7 is an unstable fixed point for all positive values of a, b, since

b b
(P =5=——>1.
|40 72 b—ar
The right half of ¢, namely,
b b
¢R(r):a__7 r=-
r a

can have up to two fixed points if the equation ¢ r(r) = r possesses real solutions. Solving
the latter equation yields two values

1 1
rfzi{a— a2—4b], r’z":E[a+\/a2—4b

both of which are real if and only if a®> = 4b. Stated differently, ¢ has up to two additional
fixed points for all points (a, b) on or below the parabola b = a?/4 in the parameter plane.
On this parabola,

a
X __ k%
rn=n=j3

2

and the single fixed point of ¢ is semistable. In the sub-parabolic region b < a*/4,
b <ri<r
-<r r
p 1 2

with | unstable and rj asymptotically stable as may be readily verified. The tangent
bifurcation of the factor map ¢ that produces r}, r5 when a parameter point (a, b) crosses the
parabola b = a? /4 corresponds to significant behavioral changes in the solutions of Eq. (1)
as well. In this section, we examine the region below the parabola, beginning with the
following lemma whose straighforward proof is omitted.

LEMMA 3 Let b < a®/4.

(a) ry = a with equality holding if and only if b = 0.

(b) Let a <2. Then r{ <1; also r; <1 if and only if b > a — 1. Further, r; =1 if
b=a—1.

(c) Let a=2. Then r; = 1; also r{ =1 if and only if b =a— 1. Further, r{ =1
ifb=a—1.

In Lemma 3 notice that the line b = a — 1 is tangent to the parabola b = a*/4 at a = 2.

LEMMA 4 Let b < a”/4 and let {x,} be a solution of Eq. (1) such that x; = rixx—1 for some
integer k = 0.

() Ifb# a? /4 then there are real constants ¢y, ¢, such that

Xy =c1(r))" +er3)', n=k (6)
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(b) If b= a?/4 then there are real constants cy,c, such that

x, = (c; +cn)a/2)", n=k (7

with r{ =r; = a/2.

Proof By hypothesis, r, = x/x—1 = ri. If r, = ¢ (r,—1) for n > k, then since r, = r} for
n = k, we may write
Xn+1 bx,—1

= rut1 = Qgr(ry) =a —
n n

i.e. X,+1 = ax, — bx,— for n = k. The eigenvalues of the preceding linear equation are none
other than r{ and r} so Eq. (6) or Eq. (7) holds as appropriate for n = k and suitable constants
Cr, 2. O

THEOREM 2 Let a < 2.

@) If a—1<b=a?/4 then every nontrivial solution of Eq. (1) converges to zero
eventually monotonically.

®) If b=a—1 then every solution of Eq. (1) converges to a non-negative constant
eventually monotonically.

(¢) Ifb <a— 1witha > 1 then any solution {x,} of Eq. (1) for which x; > r{x;— for some
integer k = 0 is unbounded and stricly increasing eventually. On the other hand, if
a solution of Eq. (1) is bounded, then it is strictly decreasing to zero, such solutions do exist.

Proof

(a) First, let {x,} be a positive solution of Eq. (1), i.e. x,, > 0 forn = —1. Then the sequence
{r,} where r, = ¢ (r,—1) and ro = xo/x—; is well defined for all n. If x,, < rix,—1 for all
n = 0thenx, — Oasn — oo because r{ < 1 by Lemma 3. Otherwise, xx = rjx;— for
some k = 0 so by Lemma 4, Eq. (6) or Eq. (7) holds as appropriate, and since ; < 1 the
proof is completed. Next, suppose that x,, = 0 for some m = —1. Then x,,47» = ax;+1
and therefore,

Imt2 = T2 a
Xm+1
By Lemma 3, r; = aso r,4, = r; > ri. Letting k = m + 2 and applying the above
argument once more we obtain Eq. (6) or Eq. (7) and complete the proof.

(b) Here r; =1 and r{ < I; the proof is similar to that for Part (a).

() With ry > 1> r},if {x,} is a solution with ry = x;/x¢—; > r} for some k, then apply
Lemma 4 with Eq. (6) to show that {x,} is unbounded and eventually increasing. This
argument also shows that if {x,} is bounded, then it has to be strictly decreasing with
Xn = rix,— for all n = 0. It is clear in this case that x, — 0 as n — oo. Finally,
to verify that the latter type of solution does exist, let xo/x—; = ro belong to either of
the sets

B= L:JOW(?), B = g)w(r;*)
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of backward iterates of 7 or r} respectively under the inverse map ¢ ~!. Thenr, = 7 < 1
or r, = r{ <1 for all large n and x, converges to zero exponentially. ]

Remark 1 The region in the parameter plane that is mentioned in Theorem 2(a) contains
points outside the unit square. In addition to being globally attracting in this region, it is also
not hard to see that the origin is stable as well, using the facts that 7; < 1 and that the iterates
¢ take a fixed number (i.e. independent of x, x_) to drop below 1 on their way to ;.

Relating to Theorem 2(b), if » = a £ 1 then as might be expected the origin is not the
unique fixed point of Eq. (1).

LEMMA 5

(@ 7F=1lifandonlyifb=a+ 1. Alsof=1ifb=a+ 1.
() IfF=1and b =< a®/4 then a = 2 + /8 =~ 4.828.

Note that the line b = a + 1 intersects the parabola at @ = 2 4 /8. Further, on both lines
b=a=* 1, (1) is degenerate in the sense that if x_; = xy then x, = x¢ for all n = 0.
In particular, the origin is not the only fixed point of Eq. (1).

THEOREM 3 Let a =2 and b < a*/4.

(a) Any solution {x,} of Eq. (1) for which x > r{xy— for some integer k = 0 is unbounded
and strictly increasing eventually.

(b) If b<a+ 1, then there are solutions of Eq. (1) that converge to zero eventually
monotonically, and if b= a = 1, then there are also solutions that are eventually
constant and positive.

Proof

(a) This is proved similarly to Theorem 2(c), the only difference being that here it is
possible that r] = 1.

(b) If b <a+1, then by Lemma 5, 7 < 1 so if xo/x_| = ro € B where B is the set of
backward iterates defined in the proof of Theorem 2(c), then x, — 0 eventually
monotonically. If b = a + 1, then 7 = 1 so rp € B implies that r,, = 1 for all large n and
thus x, is eventually constant. For b = a — 1 it is the case that r{ = 1 so letting ro € B
we obtain an eventually constant solution. U

THE REGION b > a%/4

In this region, the absence of fixed points such as r{ and r; mandates the use of different tools
and methods. In particular, periodic solutions present themselves as interesting substitutes.
We observe that a positive, p-periodic solution {x,} of Eq. (1) induces a periodic ratio
sequence {x,/x,—} of the same period that satisfies the identity H‘;’:Ix,- /xi—1 = 1. It follows
that positive, period-p solutions of Eq. (1) correspond in a one-to-one fashion to the p-cycles
{r,} of Eq. (2) with the property that [[?_;r; = 1. We begin with the next lemma, which
shows in particular that unlike the fixed points r} and r}, we can always expect to find two-
cycles for Eq. (2), even when b > a?/4.
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LEMMA 6

(a) For fixed a,b > 0, Eq. (2) has a unique two-cycle {ry,r,} where

_é_\/a4+4b2—a2 _b+\/a4+4b2—a2

1 a 2a = a 2a ®
(b) For fixed a®> > b > 0, Eq. (2) has a unique three-cycle {ri,r,,r3} where
b b b
rn=9¢Lr) <-, rn=¢L0n)>—, r=¢rls)<-
a a a
and ry is given by
a(a® + 3b) — \/a%(a? + b)> — 4b3
ry= : ©)

2(a? + b)

Proof

(a) If {ry,r2} is a two-cycle of Eq. (2) with r; < r,, then it is the case that r; < b/a < r,.
This is true because ¢ is increasing and also d)i(r) = rimplies that » = 7. Hence both of
r1 and r, cannot be on one side of b/a. Now setting r, = ¢.(ry) and r| = ¢r(r,) gives

" b 0 bry _ab—(a2+b)r1
dL(r) b — ar b— ar '

ry =

Solving the above equation for r; we obtain the value in Eq. (8) as the only solution in
the interval (0,b/a). Then r, = ¢1.(r1) is the other value Eq. (8).

(b) We calculate the three-cycle indicated in the statement of the lemma similarly to Part(a),
although the algebraic manipulations are more extensive. The unique value for
r1 € (0,b/a) in the form (9) is defined only when the expression under the square root is
non-negative; i.e. rq exists if and only if

a(a® + b) = 2b32.
This inequality can be written as a cubic polynomial inequality in a

a’+ab —2bVb = 0.

Noting that a = /b is a root of the polynomial on the left hand side, we have a factorisation
(a — Vb)a® + ab +2b) = 0.

Since the quadratic factor is positive for a, b > 0 we conclude that r; (hence also the three-
cycle) exist when a = +/b or equivalently, a®> = b. If the equality holds, then we calculate
from Eq. (9)

b

r=a=-—,

a
where the last equality is equivalent to b = a?. However, b/a maps to zero and cannot be
a periodic point of ¢; therefore, the strict inequality > > b must hold. O
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In Lemma 6, we point out that » > 0 because it is necessary that ; > 0 in both Eqs. (8)
and (9). We need one more lemma before presenting our main theorem on periodicity.
The next lemma concerns solutions that contain zeros, i.e. they “pass through the origin”
repeatedly. Note that such solutions cannot be represented by the mapping ¢.

LemmA 7 Assume that b > 0 and let {x,} be a solution of Eq. (1) such that x;, = 0 for some
k = 0 and x;,—1 > 0.

(@) If xp42 = 0, then a = 0 and Xj42p—1 = b"x4—1 forn=1,2,3,...
() If xk43 = 0, then a’>=band Xppn = a" ' x_ forn#3j,j=1,2,3,...

Proof

(a) Wehave x;4; = bxy—; > 0 and 0 = x34p = axg4. Thus @ = 0 and the stated formula is
easily established by induction on n.

(b) Since xp13 = laxgio — bxy1| = 0, it follows that axiir = bx;; # 0. In particular,
a # 0 and x4, # 0. In fact,

Xjt2 = axpy1 = abxyg—y,
)
0 = xp3 = bla® — blx_,
and it follows that b = a%. We may now write x| = a’x;—1 and xp» = a’x;_,. Further,

_ _ 5 _ _ 6
Xpra = DXy = @Xp—1,  Xpys = s = @ Xp—1.

Induction on n now completes the proof. (|

THEOREM 4

(a) Equation (1) has a period-2 solution if and only if
b>—a*>=1 or equivalently b=+/a?>+1 fora=0. (10)
Further, if a > 0, then the period-2 solutions are positive and confined to the pair of
lines y = rix and y = ryx in phase space, where ry, r, are given by

— 1 1
Ll E (11)
a a

On the other hand, the only period-2 solutions of Eq. (1) that pass through the origin
occur at a =0 where b = 1.
(b) Equation (1) has a period-3 solution if and only if

al+ab—-0b*=1, a=1. (12)

Further, if a > 1, then the period-3 solutions are positive and confined to the three
lines y = rix in phase space where for i = 1,2,3, r; are given by
ab+1 b? —a b+a?

ry = r = (13)

a’+b’ ab+1

T b-a
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On the other hand, the only period-3 solutions of Eq. (1) that pass through the origin
occur at a =1 where b = 1.

Proof

(a) First, let us assume that @ > 0 and use Eq. (8) to compute
1
nr=s [Vat+ 407 - a?]. (14)

Setting rir, = 1 and simplifying, we obtain the quadratic curve in Eq. (10).
Next, using Eq. (10) we may simplify the formulas in Eq. (8) to obtain the values in
Eq. (11). For parameter values on the quadratic curve (10), if xo/x—; equals either r| or
ry then ¢ (xo/x—1) = rp and ¢ (x1/x¢) = ry or conversely, so the corresponding solution
{x,} of Eq. (1) with period 2 is confined to the lines y = r;x and y = r,x in phase space.

Now consider the case a = 0 in Eq. (10). Although ry, r, are not defined, it is clear that
for (a, b) = (0, 1) every solution of Eq. (1) has period 2 and by Lemma 7(a) these include
all the period-2 solutions that pass through the origin. Since every positive period-2
solution of Eq. (1) induces a two-cycle in the ratios, it follows from Lemmas 6 and 7 that
there are no other period-2 solutions of Eq. (1) than the ones already mentioned.

(b) With r; given by Eq. (9) and

b—ar a® +byr, — ab
rn=d¢L(r)= L r3:¢L("2):$
r b —ar
we see that
2 1 2 2
rirars = (a” +b)ry —ab = 3 [a(a +0b) — \/az(a2 + b)= — 4b3|. (15)

Setting r;rpr3 = 1 and re-arranging terms, gives the equation

\/aZ(a2+b)2 —4b3 = a(a® +b) — 2, (16)

which can hold only when (i) a(a® + b) — 2 = 0 or equivalently, b = 2/a — a* and
(ii) b < a? so that the square root is real and r; > 0. The curve 2/a — a? is strictly
decreasing and intersects the parabola b = a? at a = 1. It follows that Eq. (16) holds for
a > 1. Now, if we square both sides of Eq. (16) and simplify, we get the cubic equation in
(12). This equation in turn may be used to simplify the values ry, r,, r3 in Lemma 6(b) to
get the values in Eq. (13). It follows from Lemma 6 that positive period-3 solutions of
Eq. (1) exist if and only if the parameters a, b satisfy Eq. (12) with @ > 1 and in this case
the solution in the phase space is confined to the three straight lines mentioned in the
statement of the theorem.

Next, consider a = 1 in Eq. (12). Here, also » = 1, so Lemma 7(b) shows that all period-3
solutions that pass through the origin are accounted for. The proof is now complete. U

Remarks 2

(a) As seen earlier, for (a,b) = (1, 1) the period 3 solutions of Eq. (1) pass through the
origin and are not positive. Hence, they cannot correspond to three-cycles of Eq. (2),
a fact that is consistent with Theorem A(c). On the other hand, note that as (a,b)
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approaches (1, 1) along the curve (12) the quantities ry, 7, r3 in Eq. (13) have the
following limits
l =

lim r=1 lim rn=0, lim r=
(a,b)—(1,1) (a,p)—(1,1) (a,p)—(1,1)

These correspond to, respectively, the line y = x, the x-axis and the y-axis in the
phase plane of Eq. (1) which are indeed lines containing the period-3 solutions of
Theorem A(b) in the phase plane. Therefore, the non-positive period-3 solutions
of Eq. (1) may be interpreted as limiting values of the positive period-3 solutions as
(a, b) approaches (1, 1) along the curve (14). Also see Corollary 3 below.

(b) No period-2 or period-3 solution of Eq. (1) is stable, whether asymptotically or
structurally. Theorem 4 shows the structural instability; as for asymptotic instability,
recall that since a p-cycle {ry,...,r,} of Eq. (2) does not contain the minimum point of
&, it is unstable if

p

P
t<Ill¢'eal=11 r%= o
i=1 7 i

= i=1 s

—

i=1

that is, if

ﬁri <bp/2.

i=1

If p=2and a > 0, then r1r, < (a®> +2b — a*)/2 = b by Eq. (14), so the positive two-
periodic solutions are not asymptotically stable. The same conclusion clearly holds when
a=0andb = 1.Forp = 3anda > 1 we have from Eq. (15) that r;r,r3 < b3/? if and only if

a(a® +b) — \/a2(a2 +b)? — 4b3 < 2b32.

The preceding inequality reduces to 2b3/% < a(a® + b) which is true if r, is real. Hence,
positive period-3 solutions of Eq. (1) are not asymptotically stable. Also, Theorem A shows
that the period-3 solutions passing through the origin are unstable, although rather ironically,
these are the only solutions that appear in computer simulations because of their rationality!

We can now state the following result concerning the bifurcations of solutions of Eq. (1)
at the point (a,b) = (1, 1).

COROLLARY 2  Ewvery neighborhood of (1, 1) in the parameter plane contains a pair (a, b)
for which one of the following is true:

(a) Every solution of Eq. (1) converges to zero;

(b) There are unbounded solutions of Eq. (1) that are equal to zero infinitely often;

(¢c) There are positive solutions of Eq. (1) that are 3-periodic (hence also bounded but not
convergent).

Proof

(a) For each (a, b) in the open unit square every solution converges to zero by Theorem 1.
(b) On the parabola b = a? which contains (1, 1), Lemma 7 shows that the desired solutions
exist for every value a > 1. In fact, Lemma 7 shows that as (a,b) passes (1,1) on
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the curve b= a?, solutions of Eq. (1) change qualitatively from bounded and

convergent to unbounded and non-convergent, with an “uneasy compromise” taking
place at (1, 1).
(c) For each (a, b) on the cubic curve a3 + ab — b3 = 1 which contains (1, 1), Theorem 4
establishes the existence of positive period-3 solutions for every value a > 1. O
As the preceding results show, periodic ratios are useful in answering certain questions
about the dynamics of Eq. (1). The next result is another example of this usage.

THEOREM 5 Let b > a?/4.

@ If b < (a*>+ a)/(a+2) then there are solutions of Eq. (1) that converge to zero
eventually monotonically.

(b) If(@*>+a)/(a+2) < b < +a?+ 1 thenforall a = 0 there are solutions of Eq. (1) that
converge to zero in an oscillatory fashion.

(¢) Ifb > +a? + 1 then for all a = 0 there are solutions of Eq. (1) that are oscillatory and
unbounded. However, if b < a + 1, then there are also solutions that converge to zero
monotonically (eventually monotonically if b < 2a?).

(d) If b = a, then for all a > 0 there are solutions of Eq. (1) that converge to zero in an
oscillatory fashion as well as solutions that converge to zero eventually monotonically.

Proof (a) and (b) Setting r, = 1 in Eq. (8) and simplifying gives

a’>+a
<
a+2

A7)

with equality holding if and only if 7, = 1. Using Eq. (10) we find that r;r, < 1 if and only if
b < <a?+ 1. Further, for a > 0, we have a2+ 1 > a whereas (a*> +a)/(a +2) < a.
It follows that the region in Part (b) is nonempty and in there, r;r, < 1 but r, > 1. Hence,
if e.g. xo/x—1 = r; then the ratio sequence is 2-periodic. In this case, x| = raxp > xo while
Xy = riraxg < xo. Inductively, for all n = 1, it follows that

Xop—1 = FalXop—1 = F2Xoy = Xop1 = Xop = F1F2X2n = Xop42-

It is clear that {x,} in this case converges to zero in an oscillatory fashion. This proves
statement (b); we also note that the region of the parameter plane in this case contains a part
of the unit square. On the other hand, if Eq. (17) holds, then both r, and r;r, are less
than unity and the solution {x,} with xo/x_; = r; converges to zero monotonically. This
concludes the proof of Part (a).

(c)In this case riry > 1, so solutions of Eq. (1) with xo/x—; = r; are unbounded and
they oscillate because r; < 1. In fact, this last inequality holds provided that
b > (a®> — a)/(2a — 1) which is true because

(@*—a)/Qa—1)=al(a—1)/Qa—1)] <a<+a*+1<b.

If b <a+ 1, then by Lemma 5, 7 < 1 so if xo = 7x_; then x,, = 7x,,—; for all n and {x,}
converges to zero monotonically. If also b < 2a? (possible for a > [(1 + +/17)/8]'/?) then
we find that 7 < a so that ¢~ !(7) is not empty. In this case, we can find solutions {x,} of
Eq. (1) where there is k = 0 such that x; = 7x;—; and thus {x,} converges to zero eventually
monotonically. Note that these conclusions extend similar ones made in Theorem 3(b) for
the region b < a?/4.
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(d) The line b = a in the parameter space lies within the region in Part (b) so there are
solutions of Eq. (1) in this case that converge to zero in an oscillatory fashion. Further,
b<a+1so7<1andif {x,} is a solution of Eq. (1) with xo/x_; in the set B of backward
iterates of 7 under ¢, then x,, = 7x,,—; for all sufficiently large n. Clearly, such {x,} converges
to zero eventually monotonically. (|

If we raise the lower limit in Theorem 5(c) to » > a + 1 the following stronger conclusion
is obtained.

THEOREM 6 Let b > a’/4. If b > a+ 1, then every solution of Eq. (1) is unbounded.
If a solution {x,,} has the property that x; = x;—1 for some k = 0 then {x,} is unbounded and
oscillatory. There are also unbounded solutions of Eq. (1) that are monotonically increasing.

Proof Since the case a = 0 is discussed in Lemma 7, we assume from here on that a > 0.
Define ¢ = b — a and note that ¢ > 1. Let {x, } be a non-zero solution of Eq. (1) where there
is k = 0 such that x; = x;—;. Then

X1 = |bxg—y — axi] = lexe—1 — alo — x| = exp—1 = exye > x. (18)

Notice that a decrease is always followed by an increase in such a way that the post-
decrease high value x4 = cx;—; with x;— representing the pre-decrease high.
Next, X2 = |exx — a(xrr1 — xz)| and here are two possible cases: If
Xkt2 = CXk — A(Xpq1 — Xk) (19)

then clearly x40 < cxp = cxp—1 = x4+ Which implies that
X3 = lexipr — a(rr — Xy )| > g1 > X1 > Xpgo.

Therefore, the situation in Eq. (18) is repeated with the new low and high values x;,, and
Xi+3- If Eq. (19) does not hold, then its negative holds for possibly more than one index value:

Xirj = A(Xgpj—1 = Xkgj—2) = CXkgj—2 = AXppj—1 — bXpyj—2, j=2,3,4....  (20)

Equation (20) is linear with complex eigenvalues since b > a?/4. If A~ are these
eigenvalues, then [A*| = +/b > 1if b > a + 1. It follows that there is an integer jiay (a, b) =
2 such that

X1 = Xkt

and once again a situation analogous to that in Eq. (19) is obtained. We have shown that after
at most a finite number of terms (determined only by the values of a, b) there will be a drop in
the value of x,, for all n, i.e. {x,} is oscillatory. Further, if {n,,} where m = 0, 1,2, ... is the
sequence of indicies at which drops in x,, occur, then x4, = X|4n,_,, so from the preceding
arguments and Eq. (18) it may be concluded that
Xltn, = CX—14n, = CXi4n,,_,-
Therefore, inductively
Xltn, = CXi4n,, = C2X1+nm,2 > > "X g,

from which we may conclude that {x,} is unbounded.

Finally, if b > a + 1 then any strictly increasing solution of Eq. (1) must approach infinity,
since the origin is the only possible fixed point of Eq. (1). Such strictly increasing solutions
do exist; for example, since 7 > 1 by Lemma 5, a solution {x, } with xy/x_; = F converges to
infinity monotonically.
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We note here that if a + 1 < b < a?/4, then by Theorem 3 the solutions of Eq. (1) are
generally unbounded, approaching infinity eventually monotonically. g

The special role of period 3 in the Li-Yorke Theorem in Ref. [4] gives the following result
on the complex nature of the mapping ¢. The significant consequence of the following
corollary and its extensions is that regardless of whether a solution {x, } of Eq. (1) converges
or not, it may oscillate in a complicated way.

COROLLARY 3 Let b = a®. Then the mapping ¢ is chaotic in the sense of [4]; i.e. it has an
uncountable set S called a scrambled set with the following properties:

(i) S contains no periodic points of ¢ and ¢(S) C S;
(ii) For every x,y € S and x # y,

lim supll¢"(x) = * (Il > 0, liminfll$"(x) — * (Il = 0.

(iii) For every x € S and periodic vy,

ngsupw(x) — ¢ ()l > 0.

Proof Let [0, oo] be the one-point compactification of the closed half-line [0, o) and extend
¢ continuously to [0, co] as follows:

¢*(0) =00, P*(0)=a, ¢*(r) =) ifr€(0,0).

Then ¢* defines a continuous dynamical system on the compact interval [0, co]. Now, if
b < a? then by Lemma 6(b) ¢ has a three-cycle, which is also clearly a three-cycle for ¢*.
Also if b = a? then since
R AN

a= 00— 00— aq

QI

it follows that ¢* again has a three-cycle, namely, {a, 0, o}. In either case, since [0, o0] is
homeomorphic to [0, 1], by the Li-Yorke theorem ¢* has a scrambled set S* C [0, ].
Define

§=5% — [{oo} U U¢‘"(0)1.
n=0

Since U;” ¢ "(0) is countable for each n, it follows that S is an uncountable subset of
(0,00) N S* which satisfies conditions (i)—(iii) above because

¢|S = ¢* ls.
Hence, S is a scrambled set for ¢ as required. U

With the aid of a more general result on chaos from Ref. [5] Corollary 3 can be extended to
the region b = 2a? where ¢ may not have a period-3 point. Indeed, it can be shown that ¢
has a snap-back repeller (in the weak or non-smooth sense—see Refs. [5,7]) if and only if
b < 2a” and also when b = 2a? then ¢* has a snap-back repeller. We do not work out the
routine details of this extension here, but refer to [7,9] for similar problems.
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THE LINE b =1 : PERIODICITY

By Lemma 7 and Theorem 4 in the preceding section, periodic solutions of Eq. (1) occur when
(a,b) = (0, 1), (1, 1). These points are both located on the part of the line » = 1 that lies inside
the region b > a?/4 in the parameter plane. In this section, we find that this is not a
coincidence, but part of a larger picture. Let us begin with the next result, which extends
Lemma 7 to periods 4,5 and provides additional information with respect to periodic solutions
that pass through the origin.

Lemma 8  Assume that a,b > 0 and let {x,,} be a solution of Eq. (1) such that x; = 0 and
Xr—1 > 0 for some k = 0.

@) If xp44 = O then a®> = 2b and
Xerantj = b Xiran-1y, J=0,1,2,3, n=1 @1

In particular, {x,} is 4-periodic if and only if b= 1 and a = /2.
() Ifxiis =0 then a®> = yb, a*> = b/y or a®> = y*b where y= (\/5 + 1)/2 is the golden
mean. If a®> = b then

ab? .
xk+5n+j = ?xk+5(ﬂ—l)+ja J= 07 17 27 3747 n=1. (22)

In particular, {x,} is 5-periodic if and only if ab®/vy*> =1; i.e. b=y and
a=y*>.If a®> = b/y then

ab? )
Xk+5n+j = Txk+5(ﬂ—l)+ja J= 07 17 27 3747 n=1. (23)

In particular, {x,} is S-periodic if and only if ab*/y=1; ie. b= v33 and
a=y 5. Ifa* = ¥?b then

ab? .
XietSntj = Txk+5(n—l)+ja j=01,2,34, n=1. (24)

In particular, {x,} is 5-periodic if and only if ab*/y =1, i.e. b=1 and a = 1.
Proof 1In general, x;4; = bxy—1 > 0 and X342 = axg4; > 0.
(a) From 0 = xp44 = laxiz — bxgyo| we get
axpy3 = bxpy2 = abxy
i.e. Xer3 = bxgpr. But xgs = laxin — bxer| = la? = blxig so
la* — bl = b.
For positive a, b this equation is equivalent to a> = 2b. Further, we calculate

_ _ 12 _ _ )
Xpts = bxpy3 = b Xpq1,  Xepe = AXpgs = abxpyz = b x40
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These in turn imply that

2 3 2
X7 = lab X2 — b xp1| = b xpq3,
2 3 2
Xeps = lab X3 — b Xpp0| = b x4 = 0.
Now simple induction on n proves Eq. (21). The statement about 4-periodic solutions is now

obvious.
(b) Xp43 = laxers — bxgi1| = la® — blxy and

Xpra = laxpss — bxepal = lala® — bl — ablxgy .
Since 0 = Xk+5 = |axk+4 - bxk+3| we have AXp4+4 = bxk+3, i.e.
a*lla* — bl — bl = bla* — bl.
For positive a, b this equation is equivalent to one of three possible forms:
b2 —a’h—a*=0, da*><b
b>+a’b—a*=0, b<a’><2b
b?—3a*h+a*=0, a*>>2b.

For a? < b solving the corresponding quadratic equation for b in terms of a gives
a single positive solution

5+1 1
=\/_—+a2=ya2 or a’*=—b.

b
2 Y

For the range b < a? < 2b solving the corresponding quadratic equation also yields a
single positive solution
5—-1 a?
V5 a? = 2

— or a“=vvb

b:
2 0

and for the last range, we find two positive solutions only one of which is acceptable for
a’ > 2b, namely,

3—4/5 2
I)ZT\/—az:a—2 or a’=vy%b.
Y
First, let a> = yb. Then

ab?

_ _ 2 _
Xpr6 = bxpia = ablla® — bl = bl = —5 X411,
Y
a*b? ab?
Xk+7 = X6 = — 5 Xk+1 = —5 Xk+25
Y Y

ab? ab?
Xeys = laxips — bxirsl = —5laxers — bl = —5 xi43,

Y Y

ab? ab?
Xpro = laxpys — bxpys| = P laxiss — bxygal = PEREE

ab? ab?
Y10 = laxipo — bxiyg| = 2% laxira — bxiys| = ?karS =0.
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Now induction on n proves Eq. (22). The assertion about periodicity
follows immediately. The proofs of Egs. (23) and (24) being similar to the above, are
omitted. ]

For period-5 solutions of Eq. (1) that pass through the origin, Lemma 8 shows that they do
not all occur at the parameter value b = 1; 5 is evidently the least period with this property.
However, for » = 1 Lemmas 7 and 8 do show that eventually periodic solutions of Eq. (1) of
periods 25 exist that pass through the origin. In fact, if a, denotes the value of a at which
a period-p solution of Eq. (1) occurs with b = 1, then

O=a2<a3=1<a4<a5<2.

In particular, a, seems to be an increasing function of p and periods greater than 3 occur
when 1 < a < 2. In the remainder of this section, we see why this happens on the line
b = 1 and further, we establish the remarkable fact that periodic solutions of Eq. (1) for all
p >3 exist when 1 <a <2 and b= 1. We proceed by introducing a linear equation
corresponding to Eq. (1) that plays an important role in the proof of the existence of
periodic solutions

n+l = Ay — n—1, for n:0,1,...
25
T2 €00, a€(1,2) )
In particular, in the sequel we consider Eq. (25) with initial conditions
z—1=1 and zp=a. (26)
Next, let g1,2,...:[1,2] — R be recursively defined by
gn-H(x) = Xgn(x) - gn—l(x)a n= 07 17 BT (27)
where
g-1x)=1 and go(x)=x. (28)
Then, we define two more collections of functions.
Forn=0,1,..., let G, : 4, — R be defined by
Ga) = 522 29)
gn*l(x)
where
g,={xe€[l,2]: gkx)#0,0=k=n}. 30)
Forn=0,1,... and Z,(x) as defined in Eq. (30), let H,, : &, — R be defined by
1
H,(x)=G,x)——, n=0,1,.... 31
X

Observe that the particular solution {z,} - _, of Egs. (25) and (26) is also the sequence of
values {g,(a)}

o0
n=—1"

LEMMA 9  Consider the sequence of polynomials {g,(x)} as defined by Egs. (27)

n=—1
and (28), and the sequence of rational functions, {G,(x)},_,, together with their
sequence of domains {Z,},__, as defined by Egs. (29) and (30). Then {g,(x)},—_, and

n= n=
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{Gu(x)}72_, satisfy the following properties:

(P1) For all n = 0, G, is strictly increasing on its domain, ,,.
(P2) If, for some N € {1,2,...}, there exists agv) € [1,2] such that gN(af)N)) = 0, then agv)
is the unique zero of gn(x) in the interval [1,2] and gn(x) > 0 for all x € (a(()N), 2].

(P3) For every n = 1, there exists ag') € [1,2] such that g,l(agv)) = 0. Furthermore,

— (2)
1=adl <al <...<2.

Proof We first establish Property (P1). For each integer n =0, let 2(n) be the
proposition that

G,(x) < G,(y), forx,y € Z,andx <y.

We will show by induction that 2(n) is true for all n = 0. Clearly, 2(0) is true, where,
forx,y € 9o =[1,2] and x < y,

Go(x) = x <y = Go(y).
Next suppose that n = 0 is an integer such that 2(n) is true. We will show that Z(n + 1) is

true. Now, let x,y € Z,,41 and x < y. Then x,y € Z,, since ¥, C Z, by Eq. (30). Thus,
we have G,(x), G,(y) # 0 and by assumption, G,(x) < G,(y). We then can write

1
x—y<0< <y— .
Y G Y Guly)
It then follows that
! <
x - - b
G Y Gy

which, in turn, implies that
xgn(X) = gn—1(x) - Y& (Y) = gn-1(y)
gn(x) gn(y)
by Eq. (29). From Eq. (27), we then have

gn+1(x)<gn+1()’)
&) gy’

and, so, from Eq. (29) G,+1(x) < G,+1(y). Therefore, Z(n + 1) is true and Property (P1) is
established.

To prove Property (P2), suppose that for some N € {1,2,...}, there exists a(()N ), ng ) e
[1,2] such that gN(aBN )) =0 and gN(b(()N )) = 0. Without loss of generality, we assume that
af)N ) < ng ) Then, from Eq. (27), we have

v ) = ar-1 (o) = en-a(af?) =0

and

an(66") = g gn-1(b5") = gn-2(b") = 0.
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From these and the fact that @}’ =< 5" it follows that

(N) (N)
_1il(a —1(b
g1 ?N)) = v ?N)), while al™ = bV, (32)
gN—2(ao ) gN—z(bo )
On the other hand, note that
1) _ Gy 1o,
gn—2(x)

and Gy—_ is strictly increasing on Z,_1, by Property (P1). Hence, in Eq. (32), we must have
agN) _ ng)7

and, so, gy(x) has a unique zero in the interval [1,2].

Moreover, we claim that gy(x) > 0 for all x € (agv), 2]. For we have gy(2) > 0 by the
observation before this lemma and the fact that the particular solution of Egs. (25) and (26)
with a = 2 is

zZn=24+n n=-1,0,2,.... (33)

Hence, Property (P2) is established.

Given Properties (P1) and (P2), we can now show that Property (P3) is true. For each
integer n = 1, let Z(n) be the proposition that there exists ag’), ag’“) € [1, 2] such that for
i=n,n+1, g,»(ag)) =0 and ag) is a unique zero of g;(x) in the interval [1,2] and

1=d <a™ <2.

We show by induction that 2(n) is true for all n = 1.

Clearly, 2(1) is true, where, in the interval [1,2], g;(x) = x2 — 1 has the unique zero
af)l) =1, g2(x) = x> — 2x has the unique zero aéz) = /2, and agl) =1< agz) =.2.

Next suppose that n = 1 is an integer such that 2(n) is true. We will show that 2(n + 1) is
true. By assumption, we have that, in the interval [1,2], g,(x) has the unique zero af)”), Zur1(X)
has the unique zero aJ ™", and 4’ < aJ""". From Property (P2), we also have that g,(x),
gnr1(x) >0 for all x € (a(()'“'l), 2]. Thus, for some ag”") <a=2 g,(x) > gur1(x) for all
x € (a(()"H), a]. On the other hand, by the observation before this lemma and Eq. (33), we
have g,(2) < g,+1(2). Therefore, since g,(x) and g, (x) are continuous, there exists
a€E (ag“ﬂ), 2) such that

8n(@) = gnt1(@). (34)

So, we have the following:

(i) Gus1(af™") = 0, by Eq. (29).
(ii) Gpy1(a) = 1, by Eqgs. (29) and (34).
(iii)) G,41(x) is defined and continuous on the interval [ag‘H), 2], by Eq. (30) and Property
(P2), where aé") is the unique zero of g,(x) and ag’) < aE)"H).

Therefore, from Statements (i), (ii) and (iii), Eqs. (30) and (31), and the fact that
1 <ay"™V < a < 2, we have the following:

() Hyyi (ag™") <0.
(ii) H,+1(a) > 0, by Egs. (29) and (34).
(iii) H,,(x) is defined and continuous on the interval [a(()”H), 2].
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Hence, by the intermediate value theorem, there exists a € (ag’Jr')7 a) such that
Hn-‘rl(a) =0

which, in turn, implies that
gn+2(@) =0 (35)

by Eq. (27). Let "™ = a. Then, by Eq. (35) and Property (P2), a** is the unique zero of
gu2@ =0 and 1 =al""™" <al™"™ < 2. So, Z(n+ 1) is true and Property (P3) is
established. U

as defined by Eqs 27
(")} Then

LeMMA 10 Consider the sequence of polynomials {g,(x)} —

n=1»

and (28), together with the sequence of their unique zeros in the interval [1,2], {a

Jim ay’ =2.

n=1"

Proof From Lemma 9, Property (P3), and the fact that a(z) = /2 for 2 (x) = x3 — 2x,
we infer that

) hm a( ") exists;

(ii) a(") = lim, a(”) foralln = —1;
(i) \/— 2 < hma(”) =2
Let

and for the sake of contradiction, assume that L € (+/2,2). Observe that the particular
solution {u,};. _, of the initial value problem
{Mn+1 = Lu, — u,—, forn=0,1,...,

u—, =1, uy =1L, (36)

is also the sequence of values {g,(L)}
Eq. (36) is given by

+—_1- Also observe that the particular solution of

2

U, = Lcosn0+7_sinn0, n=—1,

VA —12

where

(i) Y=L € (0,4/3) forL € (v2,2) C (1,2), so that 6 = arctan (V4LL> € (0,7) U(m %)
2
(ii) L’\;;l—li >0
since L € (+/2,2). Therefore,

2

L —
2(L) = Lcosnf 4+ ——=sinnf, n= —1
§ V4 — 12
and, if for some N = 1, we have N0 € [m,37/2], then gy(L) < 0. Indeed, we have the
following, given that 6 € (0, 7/3) U (1, 41/3):

(i) If 6 € (m,%7), then for N = 1, we have gy(L) < 0.
(i) If 0 < 6 < Z, then there exists k = 2 such that 577
that for N = 3(k + 1), we have gy(L) < 0.

(iii) If = 6 < 37, then for N = 6, we have gy(L) < 0.

< 0 < I, which, in turn, implies

3(k+l) 3k
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(iv) If 3F = 6 < 37, then for N = 5, we have gy(L) < 0.

v) Ifsl—g = 0 <7, then for N = 4, we have gy(L) <O0.

Hence, there exists N = 1 such that
gv(@) <0,
a result which contradicts Property (P2) of Lemma 9 since
a’ =L foralln = —1.
Therefore, our original assumption that L € (+/2,2) is false and we have L = 2. |
Note that Eq. (25) can be written as
Zn—1 = Ay — Zn+1 (37)

and that with initial conditions z_;, zo, we can determine not only the “future terms”,

21,22, . .., but the “past terms”, z_»,z—3,.... We will refer to Eq. (37) as the backwards-in-
time version of Eq. (25). We also note that for a difference equation

Xn+1 =f(-xn>xn—l)7 I’L=O,],..., (38)
and each integer N = —1, we refer to {xn}ﬁl\’:,1 as the partial solution of Eq. (38).

We now make several observations with respect to Eq. (25) and its backwards-in-time
version. Although these observations might be considered trivial in nature, we list them
explicitly in order to facilitate any references made to them in the proof of the main result of
this paper in the next section.

Remark 3 Let {z,},_, be a solution of Eq. (25). Let N = 0, and consider the equation

(39)

Witl = AWy — Wp—1, form=0,1,...,
Wi =2y, Wo = 2n-1, a € (1,2)

Then the solution, {wy},__,, of Eq. (39) is equivalent to the solution, {z,},, of the
backwards-in-time version of Eq. (25),

Zn—2 = AZy—1 — Zn, forn=N,N—1,...
IN=W_1,Zn—1 =Wy, a €& (1,2)

In particular, the partial solution {w,, }Ir:l’:_l of Eq. (39) is such that
{Wm}szl = 2IN,IN—15--+2053—1; (40)
where
Wy = IN-m—1, form=—1,0,....,N—1,N. “41)

Remark 4 Let {Z,}._, be a particular solution of Eq. (25) with initial conditions Z_, and

Zo. Let {z,},._, be another particular solution of Eq. (25) with
Z-1 =AZ-1 and Zy = AZ.

Then it is easy to show that z, = AZ,, for all n = —1.
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Remark 5 Let {x,}>_, be a solution of Eq. (1), and suppose there exists N = 1 such that

n=—1
ax, — x,—1 =0, forn=-1,0,...,N.
Let {z,},._, be a solution of Eq. (25) with
z-1=x-1 and zop=xp
and let {w,,}~__, be a solution of Eq. (39) in which we have

wW-1 = 2N and wo = IN—-1-

Then x, = z, = wy—,—1, forn = —1,0,...,N.

Remark 6 Let {z,},_, be a solution of Eq. (25) and let {w,,}»__, be a solution of
Wil = GWy, — Wy—1, form=20,1,...

with w_y = z_; and wo = zo. Then {wy,}or_ | = {z,} ;.

We now state the main result of this section.

THEOREM 7 Let b =1 in Eq. (1). There exists a strictly increasing sequence of values
{a, };°:3 with

such that foreachp = 3,4, ..., the particular solution {x,},__, of Eq. (1) withb = 1,a = a,

n=-—1
and initial values x—1 = 1, xo = a,, is periodic with period p.

Proof The proof is a consequence of the following two lemmas. 0

LEMMA 11 Lera € [1,2) and let {x, )}~ _, be a particular solution of Eq. (1) witha = & and

n=—1
x-1 =1 and xy=a.
Suppose there exists N = 0 such that
xy+1 =0 and x,#0 forn=-1,0,1,...,N.

Then {x,},_, is periodic with period N + 3.

Proof Leta € [1,2) and let {x,},~_, be a particular solution of Eq. (1) with a = & and
x-;=1 and xgp=a.
Suppose there exists N = 0 such that
xy+1 =0 and x,#0 for n=—1,0,1,....N.

Then, from Lemma 9 and the observation preceding it, and from Property (P2), we have
ax, — x,—1 >0, forn=0,1,...,.N— 1. (42)

[e9)

Therefore, if we let {z,},__,

from Remark 6 that

be a particular solution of Egs. (25) and (26), then it follows

X1 =z-1=1l,x0=z20 =0, =21,..,Xy = 2n,Xn+1 = 2v+1 = 0. (43)
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From Eq. (43) and the fact that xy4; = 0, we have xy—| = dxy — xy41 = axy. Letxy = A,
where A > 0 since xy > 0. Then
XN = A and XN—1 = )\Zl7 A>0. (44)

Thus, from Egs. (43) and (44), we have
zy=A and zy—;=Aa, A>0. 45)
Now, let {w,} 7 _, be the particular solution of
Witl = Wy, — Wy—1, form=0,1,...
with w_; = A and wy = Ad. Then we have the following:
1. From Eq. (45) and Remark 3,
W_] = 2N, W0 = ZN—1s++ s WN—1 = 20, WN = Z—1- (46)
2. On the other hand, from Eq. (45) and Remarks 4 and 6 we have
W_1 = AZ_1,Wo = AZ0, ..., Wn—1 = AZy—1, WN = AZy. 47)
Therefore, from Egs. (43), (45), (46) and (47), we have
l=x_y=z_1=wy=Azy =A%

Hence, A = 1, and this, in turn, implies that

xy—1=a and xy=1.
Therefore,
n+2 = laxysr —xyl =la-0— 1] =1,
xn43 = laxyis —xypl =la-1 -0 =a.
Clearly, then, {x,},—_, is periodic with period N + 3. O

LEMMA 12 Let b=1 in Eq. (1). There exists a strictly increasing sequence of values
{ap};":3 with
az=1 and plLrIgoap =2,

such that for each p = 3,4, ..., the particular solution {x,}'~_, of Eq. (1) with b =1 and

n=—1
initial values x—; = 1, xo = ap, is characterized by the following:

(i) x, =0.
@{i) x, #0forn=—1,0,1,...,p — 1.
(iii) apx, — x4,—1 >0 forn=—1,0,1,...,p — 2.

Proof The result follows from Lemma 9, Properties (P2) and (P3) and Lemma 10. O

OPEN PROBLEMS AND CONJECTURES

It is fitting to close this paper with a section on what remains to be done, which is
considerable. The preceding results clearly indicate that the two-parameter absolute
difference equation (1) is a simple equation exhibiting complex behavior over ranges that
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cover much of its parameter plane. The following is a partial list of open questions and
problems:

CONIECTURE 1 For every integer p = 2 there is an open subset U, of the parameter plane
such that for all (a,b) € U, there are p-periodic points of ¢.
Lemma 6 shows Conjecture 1 to be true for p = 2,3 and gives

U, = {(a,b): a,b >0}, Us={(a,b):a*>b>0}.

For p = 2,3 the points (a,, 1) where a,, is as defined in the previous section, are on the
boundaries dU,, dU; respectively. Such boundaries are obviously bifurcation curves in
the parameter plane, and Lemmas 6, 7 and 8 show that these boundaries are related to the
existence of periodic solutions of Eq. (1) that pass through the origin. Since in the preceding
section we found that p-periodic solutions of Eq. (1) for all values of p = 2 do occur when
b = 1, the following problem presents itself.

Open Problem 1 Determine the sets U, and their boundary curves in the parameter plane
for periods p = 4.

CONJECTURE 2 For each p = 4 the point (a,, 1) is on the boundary of U,,.

Open Problem 2  For p = 6, computations similar to those in Theorem 4 give ag = /3. Find
the values of a, for all p =7, or alternatively, give a formula for a, in terms of p.

In general, the instability of solutions of Eq. (1) is a matter that is related to the non-
smoothness of ¢ at its critical or minimum point » = b/a. This makes the following problem
interesting.

Open Problem 3 Determine the backward sets of b/aunder ¢ ' for a,b > 0; i.e. determine
the sets

Ba‘b = L:JO ¢7ﬂ (z)

and specify parameter values a, b for which B, is dense in the half line [0, 00).

By Theorem A, By  is the set of all non-negative rationals; see Ref. [9]. For additional related
ideas, see Ref. [8]. It is possible to determine the backward sets for the simpler monotonic maps
¢ and ¢ by solving a linear second order difference equation, similarly to what was done
in the proof of Lemma 4 and Theorem 7; see Ref. [2] for similar ideas. Recall also that since
¢ (b/a) = 0, it follows that if {x,} is a nonzero solution of Eq. (1) that hits zero, i.e. if x;, = 0
for some k =1 then the ratio x;/x;y—; € B,, because xy—i/xx—> = b/a. Therefore, the
existence and orbit-density of the set of solutions of Eq. (1), periodic or otherwise, that pass
through the origin are issues that are closely related to the nature of the sets B, .

Next, we consider chaotic solutions. In Corollary 3 a solution of Eq. (1) may have chaotic
ratios of consecutive terms without itself being chaotic (the solution may converge or be
unbounded). Hence the following problem is of evident interest.

Open Problem 4 Find parameter values/ranges for which all solutions of Eq. (I) are
bounded. These parameter values evidently include the unit square [0, 11*>. Among parameter
values that generate bounded solutions, determine those for which Eq. (1) has chaotic
solutions or show that there are no chaotic solutions for Eq. ().
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There are other regions and curves of interest in the parameter plane. The following are
samples.

CONJECTURE 3 If a=b > 1, then except for a countable set of initial conditions,
all solutions of Eq. (1) are unbounded and oscillatory.

CONJECTURE 4 If 1 < a <2 and a®/4 < b < 1 then every solution of Eq. (1) converges
fo zero.
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