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We consider general, higher order difference equations of type

Xn :f(xnfl PR xn*m)
in which the function f is non-increasing in each coordinate. We obtain sufficient conditions for the
asymptotic stability of a unique fixed point relative to an invariant interval. We also discuss various
applications of our main results.
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1. Introduction

Consider the higher order difference equation
Xn :f(xn—l7"'7xn—ln), n—= 1,2,... (D)

where m is a non-negative integer and f : R” — R is a given function. In the literature on
difference equations and their applications, problems involving the asymptotic stability of
fixed points of equation (1) in the case in which f is monotonic (non-increasing or non-
decreasing) in each of its arguments or coordinates arise frequently. In the sections that
follow our main results, we discuss several examples along with appropriate references.

For the non-decreasing case the following was established in [10] (also see [13] or [18] for
proofs).

THEOREM A  In equation (1) assume that f : I — I is continuous and non-decreasing in
each coordinate (with all other coordinates kept fixed), where I is a nontrivial interval in R.
If the function g(u) = f(u, . ..,u) has a fixed point x* € I and

gwy>u if u<x¥*, gw<u if u>x*u€l 2)

then x* attracts all solutions of equation (1) with initial values in I.
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There is also the following general result involving mixed monotonicity in coordinates
from [9]. Though a proof of this result is not given in [9], the argument seems to be similar to
those given for the second-order case (m = 2) in [14].

THEOREM B In equation (1) assume that f : [a,b]™ — [a, b] is continuous and satisfies the
following conditions:

(i) For each i € {1.,...,m} the function f(uy,...,u,) is monotone in the coordinate u;
(with all other coordinates kept fixed);
(1) If (w, v) is a solution of the system

f(,u'h:u'Za"-aMm): 1%

f(vi,va, .. vp) =V
then
L=v
where fori € {1,...,m} we set
nif f is non—decreasing in u;
K= i [ is non—increasing in u;
and
v if f is non—decreasing in u;
Vi =

w if f is non—increasing in u;

Then there is a unique fixed point x* € [a,b] for equation (1) that attracts every
solution of equation (1) with initial values in [a, b].

In this paper we consider the case where f is non-increasing in each of its arguments or
coordinates over some interval. Our main result, Theorem 1, complements Theorem A and
extends or complements previously known results about the non-increasing case. Theorem 1
also extends a special case of Theorem B (where f is non-increasing in all coordinates)
without assuming that f is continuous, and without requiring the domain of f be a compact
interval; see the Remarks following Corollary 1. Further, Theorem 1 establishes the stability
of the fixed point without requiring differentiability. A practical advantage of this is that we
do not need to examine the eigenvalues of possibly very large matrices.

2. The main results

We assume the following:

There exist ry, 5o with —00 = ry < 59 = oo such that:
(H1) f(uy,...,u,) is non-increasing in each uy, ..., u, € Iy where Iy = (rg, so]
if 59 < 00 and Iy = (rg, ) otherwise;
(H2) g(u) = f(u, ..., u) is continuous and strictly decreasing for u € Iy;
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(H3) There is r € [rg, so) such that r < g(r) = s¢. If rp = —© or lim,ﬁ,gg(t) =
then we assume that r € (rg, 5p).

LEMMA 1 If (H2) and (H3) hold then Equation (1) has a unique fixed point x* in the open
interval (r, g(r)).

Proof. Each fixed point of equation (1) is a solution of the equation u = g(u). Define
h(u) = g(u) — u so that the fixed points of equation (1) are zeros of /. Note that h(r) > 0 by
(H3) and

h(g(r)) = g(g(r)) — g(r) <0

because g is decreasing by (H2). Since /4 is continuous and decreasing by (H2) it follows that
h has a unique zero x* € (r, g(r)). O

Next, consider the additional hypothesis:

(H4) There is s € [r,x*) such that g2(s) = s, where g%(s) = g(g(s)).

LeEMMA 2 Let I = [s, g(s)]. If (H1)—(H4) hold then I is an invariant interval for equation
(1) and x* € I.

Proof. Note that by (H2)—(H4)
g(s) > g(x*) =x* >
so that x* € I. Let xo,x—1,...,X—+1 € I. Then by (H1)
X1 = f(X0, X1, Xopr1) = f(5,8,...,5) = g(s)

and also by (H1) and (H4)

X1 =f(x07x—17 .. '7x—m+l) Zf(g(s)ug(s)a .. ,g(S)) = gZ(S) = .
Thus x; € I. Now inductively assume that xi,...,x; € [ for some k = 1. Then an
argument similar to the one above for x; shows that x;; € I. Hence [ is invariant. (]

We now introduce the following stronger version of (H4).

(H5) There is s € [r, x*) such that g%(u) > u for all u € (s, x*).

THEOREM 1 [If (H1)—(H3) and (H5) hold then x* is stable and attracts all solutions of
equation (1) with initial values in (s, g(s)).

Proof. First we establish the attracting nature of x*. Let xp,...,x—,+1 be in the interval
(s, g(s)), and define

M1 = min {X*,XO, .. 'ax*m-‘rl}? M2 = max {X*,XO, . '7x*m+1}'
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Since g is continuous, we have g(u)— g(s) as u—s. Thus we can find g € (s, u1)
sufficiently close to s that g(q) € (w2, g(s)). Next, observe that since xg, ..., X—,+1 > ¢,

X1 :f(X(),)Cfl, .. ~7x*m+l) <f(‘1;61, .. ;C]) = g(CI)
Similarly, xg, . ..,x—,4+1 < g(q) implies
X1 = f(X0, X1, Xomp1) = [(2(9), 8(q), -, 8(@) = g7(q).

If (H5) holds, then g2(¢q) > ¢ so that x; € (g%(¢),8(9)) C (¢, 8(g)). Repeating a similar
calculation for x», ..., x, we conclude that

xe € (8%(9),8(q) C (q,8(@),k=1,....,m. 3)

Next, we move on to the next cycle and look at x,;;. Since by equation (3)
X1y ey Xm = gz(q),

Xt = [ @oms - X1) < f((Q); - 87(@) = 87(9);
further, xi,...,x, < g(g) gives

Xt = f Qs 1) > [(8(), 8(0), - - 8(q)) = g*(q)

Since by (H5) g3(¢) < g(q), this argument can be repeated for x,.42, . .., X, to yield
x € (87(9),8°(@) C (8%(q).8(q), k=m+1,...2m.
Continuing this argument inductively leads to the conclusion that
€ (€@ (g), k=mQn—2)+1,...,m2n—1)
)
X € (87(q), 87" (@), k=m@n—1)+1,... 2mn

From these relations and the following claim it is easy to see that x; converges to x* as
k— 00,

CLAIM  For every xy € (s,x%)

5 <xp < g(xg) <o < xF <k < g7(xg) < glxo) < g(s) Q)
and
lim g%'(xo) = lim g (xp) = x*. (6)

To prove the claim, note that g is decreasing, so if xy € (s,x*) then g(xg) > g(x*) = x*
and g(xo) < g(s). Thus

x* < g(xg) < g(s). (7N
Applying g to equation (7) in the above fashion gives
g%(s) < g%(xo) < x*.

Now equation (5) follows by simple induction. Statements (6) follow from (5) because g
has no fixed points in (s, g(s)) other than x* to which the odd and even iterates of g can
converge. The claim is proved.
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It remains to show that x* is stable (dynamically in the sense of Liapunov). Let € > 0 be
such that (x* — g, x* 4+ &) C (s, g(s)) and use the continuity of g to pick 6 € (0, &) small
enough that g(x* — 8) < x* + e. If xp,...,X—p+1 € (x* — 5, x* + ) then it follows from
equations (5) and (4) that

Xy € (xF — 0,g(x* — ) C (x* —eg,x* +e), k=1
Hence x* is stable. O

Condition (HS) is equivalent to x* being an asymptotically stable fixed point of the
function g relative to the interval (s, g(s)); see Theorem 2.1.2 in [18]. Hence, Theorem 1 may
alternatively be stated as follows.

THEOREM 2 [If (H1)—(H3) hold then x* is an asymptotically stable fixed point of equation
(1) if it is an asymptotically stable fixed point of the mapping g.

An obvious corollary of Theorem 2 is the following.

COROLLARY 1  Let (H1)-(H3) hold and assume that g is continuously differentiable with
g'(x*) > —1. Then x* is an asymptotically stable fixed point of equation (1).

Remarks.

(i) The converse of Theorem 2 (or of Corollary 1) is not true; see, e.g. the Remarks
following Corollary 2 below for an example where equation (1) is known to have an
asymptotically stable fixed point x* but g'(x*) = —1.

(i) By way of analogy, we note that since g in Theorem A is non-decreasing on I,
conditions (2) are equivalent to x* being an asymptotically stable fixed point of g; see
[18].

(iii) If fis continuous and (HS) holds, then the attractivity portion of Theorem 1 follows
immediately from Theorem B. By (HS), the system in Theorem B(ii), namely,

fv, v, v)=g(v) = p,
S, oy p) = g(p) = v

can have only one solution within the invariant interval [s, g(s)], namely, x* so that
n = x* = p.If (H4) holds but not (HS), then the smallest invariant interval containing
x* is the one bounded by the points s and g(s) of the smallest 2-cycle. But for this
invariant interval, the system of Theorem B yields distinct numbers w = s and v =
g(s) so Theorem B does not apply in this case, as might be expected.

It may be pointed out that (H5) may hold even if fis not continuous on [s, g(s)]". In that
case, Theorem B is not applicable but Theorem 1 can still be applied. As an example, let g be
continuous and strictly decreasing on (—o0, o) and suppose that g has a fixed point x* such
that g(u) > x* if u < x* (note that x* is necessarily unique). Now define f as follows:

g(x*), if u; > x* and u, < x*

f(ulyl'iZ):{

g(up), otherwise
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Then f has the following properties:

flu, u) = g(u) when u; = u, = u;

x* is the only fixed point of f;

fis non-increasing on (— 0,00)?;

fis not continuous at points (x*, u,) for all u, < x%*;

f is continuous at (x*, x*) but it has points of discontinuity in every neighborhood
of (x*, x*).

If (HS) holds for g, then Theorem 1 shows that the fixed point x* is asymptotically stable
for the difference equation

Xn :f(xn—l 7xn—2)~

However, Theorem B cannot be applied to this equation.

3. Rational difference equations

Difference equations that involve rational functions are among the most persistently studied
among non-linear difference equations. Theorem 1 can be used in the study of asymptotic
stability in certain difference equations of this type regardless of their order. In this section,
we apply the results of the preceding section to establish the global asymptotic stability of the
positive fixed points of the following difference equations:

m P
ai
X, = <E P ) , n=1,2,... ®)

i=1 n—i

and
: ©)
Xn =t
[Zizlaixﬁ’fi}p
where fori = 1,...,m,
Xoivt, p > 0,45, pi =0,y a; >0, (10)
=1
Note that the substitution
1
Yn=— (1D
Xn

transforms (9) into (8), and conversely. The asymptotic stability of the unique positive
equilibrium of a special case of equation (9) in which p; = 1 and a; > 0 for all i is proved in
[1]; also see [12, Section 3.3]. We need only equation (8) here. Equations similar to (8) have
been studied extensively in the literature. For instance, results concerning the global
asymptotic stability of the positive fixed point of equations of this type (with p = 1) appear in
[7,13,15-17,19]. In [17] a particularly detailed account of equation (8) and its
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non-autonomous extension is given for p = 1 using general methods applicable in metric
spaces. In [16] the case with all powers p; = 1 is studied with the aid of the “full limiting
sequences” method discussed in [12]. Equation (11) in particular relates the work in [16] to
that in [1] and indicates that the hypothesis a; > 0 for all i in [1] is essential in this case; see
the remarks following the next corollary.

In addition to extending existing published work to a more general combination of powers,
our next result presents a new and completely different approach to the study of asymptotic
stability in equation (8) that is based on Theorem 1 above.

COROLLARY 2 Assume that equation (10) holds and further, we have

(@) a; > 0and 0 < p,p <1 for at least one q € {1,2,...,m},
®) pp=1lfori=1,...m.

Then equation (8) has a unique positive fixed point x* which is stable and attracts all
positive solutions of equation (8).

Proof. Define the functions

m \7?
f(ulal’th"'aum) déf (Z :;,)

and

m p
gw) = fluu,..u)= <Z j—,,) .

i=1

We show that fand g defined here satisfy Hypotheses (H1)—(HS). Clearly f (u1 JUD, ey um) is
non-increasing in each of its coordinates with positive values, and because of a,,p,, the
function g(u) is continuous and decreasing for # > 0. Therefore, f and g satisfy (H1) and
(H2) respectively with ro = 0 and sy = .

Next, since

Xlg(l)gg(x) =00
we see that (H3) is satisfied for any value of » = ¢ for € sufficiently close to zero. Hence, it
follows from Lemma 1 that equation (8) has a unique fixed point x* > 0. Note further that
g[(0,00)] C (0,0) since g is continuous and decreasing on (0, c0). It follows that g2 is
continuous and increasing on (0, o). We now show that (HS) also holds. Using the definition
of g above, we obtain

P
m

ai
W= > ———m
=1 (Z;”:]aju_”f)
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To establish (H5) it is more convenient to consider the function G defined as

P

def gz(u)_ S ai

piP
u i=1 ul/P (Z}n:laju_m)

G(u)

We first show that G is decreasing on (0, ). Let ¢; be the function in the denominator, i.e.

m pip
@(u):uvv(z —) Cislm

J=1

Then for each i, the derivative of ¢; after routine calculation is seen to be

m pir—1
Ty — o, (/=1 4 1 \a
8w = (z ) S (L-pon) &

J=1 J=1

Condition (b) implies that ¢; (1) = 0 and by Condition (a), the gth term of the last sum
above is positive for every i. Thus, ¢{(u) > 0 for u > 0 and each i. Therefore, ¢; is
increasing for every i, which implies that G is decreasing on (0, o). From this we may
conclude that for u € (0,x*),

G(u) > G(x*) = 1.

But for u > 0, G(u) > 1 if and only if g?(u) > u so (H5) is satisfied with s = r = . Thus
by Theorem 1 the fixed point x* is stable and attracts all solutions of equation (8) that start in
(g, g(e)). Since & was chosen arbitrarily, we may let e — 0" to conclude that x* will attract
all solutions starting in (0, 0), as required. g

Remarks

(i) Condition (a) or some other restriction is necessary in Corollary 2 for ensuring
asymptotic stability. For example, consider the case where p,, = p = 1 and a; = 0 for
all i # m (in particular, if m = 1) which would violate (a). In such a case (b) holds, but

g = = g2w) = u
u

and (HS5) cannot hold. Indeed, in this case equation (8) reduces to

am

Xn =
Xn—m

whose positive solutions all have period 2m. In [15], Corollary 2 is proved (with p = 1)
under the hypotheses a; > 0 for all i and p; < 1 for at least one i. They use a direct
argument pertaining to equation (8) that is different from that used in the proof of
Corollary 2.

(i) Although Theorem 1 does not apply when p,=p =1 for i=1,...,m, it does
apply when p; € {0, 1} for all i; i.e. in the following situation: p = 1 and there is
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anonempty, proper subset KC{1,...,m} such that p; = O for all j € K with a; > 0 for
some kK € K, and p; =1 for all i € K with @; > 0 for some [ &€ K. In this case,
Condition (a) in Corollary 2 does not hold, but equation (8) reduces to

i "~ b; )
=t Y M=t L c>0,b=a if i€K and b=0
igk n—i im1 Y

if ieK

to which Theorem 1 applies; see [19]. Of course, if p; = 1 for all i but with p < 1, then
Corollary 2 ensures the asymptotic stability of x*.

The next variation of Corollary 2 shows that under suitable hypotheses, x* may be
asymptotically stable if p = 1 and p; > 1 for some i. We note the restrictions involving the
coefficients a;.

COROLLARY 3 Assume that equation (10) holds and further, we have the following
conditions:

(a) ag,pq > 0 for some g € {1,2,...,m};
(b) amax > 1, where amaxdgmax{ai i=1,2,...,m}
(©) prmmdgmin{pi ci=1,2,...,m} then

m e 1+pmin
g pia; < max{a;””' ti= 1,2,...,m} .

i=1
Then equation (8) has a unique positive fixed point x* that is asymptotically stable.

Proof. The existence and uniqueness of x* is proved similarly to Corollary 2. The asymptotic
stability follows from Corollary 1 if we show that g'(x*) > —1 where g is the function
defined in the proof of Corollary 2 with p = 1. Note that

Xt = g(x*) = Em: &

@
so dividing by x* gives

Xm: _ 4

P (x*)Pitl

Thus each term of the above sum is bounded above by 1 which implies that

pit+1) .
x*Zai/(p’+),l=l,...,m.
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From this and assumption (b) it follows that

x* = max{a””" ti= 1,2,...,m} > 1.

i
For convenience, let us define
IL
p=max<a, "1 i=1,2,....m

and note that fori =1,...,m

1 _ 1 _ 1
(x*)pi+l - (x*)Pmin"’l - MPn)in"'l '

Hence, by assumption (c),

m m

/ _ api . 1 .

8 (x* ) - Z (x* ) pi+1 = Mpnlin+1 Z aipi = 1
i=1 i=1

as required. g

For a further application of Theorems 1 and A to difference equations of rational type, see
[6] where the equation

m
_at )l ax

= —= =1,2,...
B+S T by T

Xn

is studied in some detail.

4. Models from biology and medicine

The generality of Theorem 1 makes it applicable to a wide range of applied problems. In this
section, we present applications of Theorem 1 to two different equations taken from
mathematical models in the fields of biology and medicine.

4.1 A single reproductive age class model

Consider a single species that has multiple age classes or stages. Assume that only one of
these age classes or stages are capable of reproduction. Define x, to be the nth age class or
generation of the species. In order to predict the population of the next age class we use a
Kolmogorov-type equation where the generation that is capable of reproducing is multiplied
by a growth function. In particular, we will examine

X, = axnike_(b]xnfl+b2xn72+...+bmxn7m) (12)

where | = k = m, a is a measure of the fecundity of generation n — k, and the coefficients b;
are a measure of how age class k consumes the available resources. It may be inferred from
the context of the model that

a>0, b;=0, i=1,...m, with b > 0. (13)
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This model limits the growth of the species by restricting the amount of resources available
to the species. As the population of the species increases the growth function, g decreases
toward 0. If b; > 0 for all 7, then each age class is competing for the available resources.
Similar models have been used in [3,4,8]. We use Theorem 1 to show that equation (12) has a
positive, attracting solution for certain conditions on the parameters.

COROLLARY 4 Let b = Z;n:lbi and note that b = by > 0 by equation (13). If
Y bi<b and '™ <a<e? (14)
i=1,i#k

then x* = (Ina)/b is a stable fixed point of equation (12) that attracts all solutions with
initial conditions in the interval (1/by,e %/%a/by).

Proof. Define f(uy,uy,...,u,) : [0,00)" — [0, 00) as

_ —(byuy+byur+...4+byuy,
f(ulaub"'aum)_auke Guis o2ty )

Then the partial derivatives of f are

i — (Cl _ bkauk)e—(171Ll1<|-bzl£2<|-...-i-l7mum)7 (15)
auk
and
z?_f = —biauge ~Prothret b)) < i< i # k. (16)
u;

From equations (15) and (16) it follows that f is decreasing for u; > 1/b; and for u; > 0
with i # k. In particular, Hypothesis (H1) is satisfied on the interval (1/b, ). Next, we
define

gu) = aue™, u=0.

Solving the equation g(u) = u easily gives the fixed point x* of g and also of equation (12)
as stated above. Note that g is not monotonic but it is decreasing beyond its maximum point
at u=1/b. Since 1/b; = 1/b, Hypothesis (H2) is satisfied on the same interval as (H1).
Further, we may take ro = r = 1/b; and note that (H3) is satisfied because

" 1 a . 1
r)=— —_— = — — =7
& & bk bkeb/b"' bk

where the inequality holds by equation (14) since a > e?/%. Note that this inequality also
assures us that x* > 1/b;. At this stage, we can apply Corollary 1. Since

&) = ae (1 — bu)

it follows that g’(x*) = 1 — bx* = 1 — Ina > —1 because Ina < 2, a fact that follows from
(14) where a < e2. Thus by Corollary 1, x* is asymptotically stable for (12). Note that the
first inequality in equation (14) is necessary to assure that b/b; < 2 and hence the stated
range for a is not empty.
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To obtain the interval of attractivity, we examine (HS5). Let s = 1/b; and consider
— —bu
gZ(M) — a2ue bu(1+ae )71/‘ = 0.

It is necessary to show that g2(u) > u for u € (s, x*). Let bu = y so that

() = i
8 b bey(tale?)”
Now note that

A safey _ pvafen [ L & D
ey ey :

dy
Fore <a<e?and 1 <y < In(a), it is true that [1 4+ a/e” — ay/e’] > 0 since
d 1 -
e _ad—y)_a
dy ey e ey ey
and the right hand side above is zero when y = 2. This is a minimum and since a < e?,

y<In(a) < 2and{l +3—‘Ly] > 0.
ey eY

This imples that ¢”!+%/¢") has a positive derivative and so
ey(1+a/e~") < eln(a)(l-&—a/e‘"“”) _ 612

which implies that g*(y/b) > (y/b)a?/a* = y/b.Thus (H5) holds for (s, g(s)) where g(s) =
e b/"q /by and the proof is complete. O

Although the ranges on the parameters are restrictive in Corollary 4, the method is
quite general and applies easily to other types of growth functions. For instance, the proof
of the following result is sufficiently similar to the proof of Corollary 4 that we may
omit it.

COROLLARY 5 Assume that equation (13) holds and let b= b; so that

b=b>0. If

> bi<biande"? <a<e, a17)
i=1,i#k

then x* = \/(Ina)/b is a stable fixed point of the difference equation

n—m

X, = axnike—(blek]+b2x,2172+..‘+b,,,x2 )

that attracts all solutions starting in the interval (l/\/2bk,e_b/Zbka/\/Zbk).

See [2] for additional results involving the applications of Theorems 1 and A to the more
general exponential type model of population dynamics

(p ok k x
Xn = (alxn—l +- 4+ amxn—m) e Brx,_ +box,ytetbux,, )
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4.2 Pulse circulation in a ring of cardiac tissue

In [20] it is shown that the circulation of a reentrant action potential pulse in a homogeneous
ring of cardiac tissue (or more generally, a ring of excitable media) may be modelled by the
higher order non-linear difference equation

m

X, = ; Cn-i) — A=) (18)

where A : (0,00) — (0, %) is a continuous and increasing function called the “restitution of
action potential” and C : (0,00)— (0,00) is a non-increasing continuous function that
represents the “restitution of conduction time”. The integer m represents the number of
cardiac units (usually aggregates of cells) in the ring and x,, represents the “diastolic interval”
or the recovery period of each cardiac unit in cycle (or beat) n. Equation (18) holds when an
action potential pulse reenters the ring and causes abnormal fast beating of the heart
(tachyarrhythmia) that may lead to cardiac arrest. For additional background information on
the ring model and equation (18) see [5,11,20].

Equation (18) which provided the initial motivation for Theorem 1, was shown in [20] to
have an asymptotically stable fixed point x* under certain conditions on A and C. This result
may now also be stated as a corollary of Theorem 1. We define

flur, ) = Cluy) = Aluy)
i=1

and

gw)=f(u,...,u) = mC(u) — A(u).

The following is an immediate consequence of Theorem 1.
COROLLARY 6

(a) Assume that there is r > 0 such that mC(r) > A(r) + r (i.e. g(r) > r). Then equation
(18) has a unique fixed point x* € (r, g(r)).

(b) If the hypothesis in (a) is satisfied and there is s € [r,x*) such that gz(u) > u for all
u € (s,x*) then x* is a stable fixed point of equation (18) that attracts every solution
starting in the inverval (s, g(s)).

The physical interpretation of Corollary 6 is that the period of the circulating pulse
approaches the fixed value x* that in cardiac physiology is usually measured in milliseconds.
Often exponential type functions are used to represent A and Cin the cardiac ring literature, e.g.

A)=a—be ", Ct)=c+de
where the parameters a,b,c,d, o, w > 0. Over certain ranges of these parameters the

hypotheses of Corollary 6 are satisfied and thus every solution of

m

X, =d g e Y4 be T - me —a
=1
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that starts in a suitable invariant interval converges to a unique fixed point x*. See [20] for
examples and more details.

5. Conclusion

The preceding corollaries indicate a range of different problems that can be studied with the
aid of Theorems 1 and 2. However, it is clear that we cannot give a full indication of the range
of applicability of Theorems 1 and 2 and their mirror image version Theorem A in a single
paper. Other applications have appeared in the literature as sited above and additional uses of
these theorems will undoubtedly be observed again. These facts also highlight the potential
importance of the more recent Theorem B in future applications because of the high degree
of versatility of that result.

Certainly what may be known about the one dimensional map g in Theorem A or
Theorem 1 often tells us just a part of the story as far as the full behavior of the difference
equation (1) is concerned. This is especially apparent in the case of equation (12) and similar
equations that involve mappings that are not monotonic over their entire domains, though
the non-necessity exists also in the completely monotonic cases as well. On the other hand,
Theorems A, B and Theorem 1 can provide, in many cases where other tools are lacking,
a solid starting point from which a deeper study of a particular equation of higher order may
commence.
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